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LONDON  MATHEMATICAL  SOCIETY. 


VOL.  XIX. 


TWENTY-FOUETH  SESSION,  1887—1888. 

November  10th,  1887. 

Annual  General  Meeting^  held  at  22  Albemarle  Street,  W. 
Sir  JAMES  COCKLE,  F.R.S.,  Presideot,  in  the  Chair. 

Presentation  op  the  De  Morgan  Medal. 

Prof.  Sylvester,  being  incapacitated  by  an  accident  from  attending 
in  parson,  deputed  Mr.  J.  Hammond  to  act  as  his  representative. 

The  President  prefaced  the  presentation  with  the  following  re- 
marks, to  which  Mr.  Hammond  made  a  suitable  reply. 

"  It  is  my  duty,  acting  for  the  Society,  to  present  to  you,  on  behalf 
of  Professor  Sylvester,  our  De  Morgan  Medal.  This  award  is  but  a 
just  recognition  of  those  vast  mathematical  attainments  and  dis- 
coveries which  will  make  his  name  immortal.  To  detail  on  this 
occasion,  or  even  to  enumerate,  achievements  so  varied  is  impracticable. 
The  mere  phrase  *  Modern  Algebra  *  is  suggestive  enough.  But  in 
every  department  of  pure  mathematics  the  marks  of  his  strong  hand 
are  seen.  Take,  for  instance,  the  Theory  of  Equations.  Here, 
among  other  things,  we  owe  to  him  the  clearing  up  of  the  doctrine  of 
Newton's  Rules,  and  to  him  we  owe  those  researches  on  Linear  Solu- 
tion which  have  recently  culminated  in  his  papers  on  the  Hamiltonian 
NnmbeiVs  Were  it  desirable  to  dwell  at  length  on  his  laboutB^^Wm- 
ro£,  XIX.  ^NO.  305.  B 
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nation,  Partition,  Operation,  n-ads,  and  other  topics  would  crowd  in 
on  us ;  but  one  cannot  fai^bear  from  remarking  that  he  is  as  happy  in 
the  invention  of  new  weapons  as  he  is  dexterous  in  the  wielding  of 
the  older  ones,  ai^  from  hoping  that  his  new  and  splendidly  success- 
ful Theory  of  Reciprocants  may  not  be  his  last  boon  to  science.  This 
presentation  on  the  part  of  the  Society  is,  after  all,  only  the  expression 
of  an  admiration  which  is  felt  in  all  civilised  lands,  and  which  will  be 
felt  in  after  times,  so  long  at  least  as  men  continue  to  admire  grand 
powers  nobly  employed." 

The  following  gentlemen  were  elected  members  : — E.  G.  Gallop, 
M.A.,  Fellow  of  Trinity  College,  Cambridge  ;  E.  W.  Hobson,  M.A., 
Fellow  of  Christ's  College,  Cambridge ;  R.  W.  Hogg,  M.A.,  Fellow  of 
St.  John's  College,  Cambridge,  Mathematical  Master  at  Christ's 
Hospital ;  and  A.  M.  Nash,  M.A.,  formerly  Scholar  of  Queen's 
College,  Oxford,  Professor  in  the  Calcutta  University. 

The  Treasurer  (Mr.  A.  B.  Kempe)  read  his  Report.  Its  reception 
was  moved  by  Mr.  A.  G.  Greenhill,  seconded  by  Mr.  W.  J.  C.  Sharp, 
and  carried. 

The  Treasurer  subsequently  announced  that  the  application  of  the 
Society  to  the  Privy  Council  for  a  Charter  of  Incorporation  had 
failed. 

At  the  request  of  the  Chairman,  Mr.  A.  B.  Basset  consented  to  act 
as  Auditor. 

From  the  Report  of  the  Secretaries,  it  appeared  that  the  number 
of  members  since  the  General  Meeting,  held  November  11th,  1886, 
had  increased  from  184  to  192. 

The  Society  had  lost  one  member  by  death,  viz.,  Mr.  Frank  Scott 
Haydon,  B.A.,  of  the  Record  Office. 

• 

The  following  communications  had  been  made : — 

.    Certain  Operators  in  connection  with  Symmetric  Functions :  Mr. 
Lachlan. 

On  the  Transformations  of  the  General  Elliptic  Element  — — - , 

where[7,=aj— a.aj-/3.«— y.aj— 5(=a»*+46a!^+6caj'+4daj+e): 
Mr.  Robert  Russell. 

Discussion  of  a  Multilinear  -Operator,  with  applications  to  the 
Theories  of  Invariants  and  Reciprocants  :  Captain  MacMahon, 
R.A. 

The  Theory  of  Screws  in  Elliptic  Space  (Fourth  Note)  :  Mr. 
A.  Buchheim. 

The  Rectification  of  certain  Curves  :  Mr.  R.  A.  Roberts. 
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The  Bectification  of  a  Spbero-Conic  :  Mr.  H.  F.  Borstall. 

Third  Paper  on  Beciprocanis  :  Mr.  L.  J.  Rogers. 

The  "  Sine-Triple- Angle "  Circle:  Mr.  Tucker. 

The    Linear  Partial  Differential  Equations    satisfied    by  Pure 

Ternary  Beciprocants :  Mr.  E.  B.  Elliott. 
Circular  Notes :  Mr.  Tucker. 
The  Problem  of  the  Duration  of  Play  :  Captain  P.  A.  MacMahon, 

B.A. 
Notes  on  Two  Annihilators  in  the  Theory  of  Elliptic  Functions  : 

Mr.  J.  Griffiths. 
Conjugate  Tucker  Circles :  Mr.  Tucker. 
On  the  Incorrectness  of  the  Bules  for  contracting  the  processes 

of  finding  the  Square  and  Cube  Boots  of  a  Number :  Professor 

M.  J.  M.  Hill. 
On  the  Complex  Angle :  Mr.  J.  J.  Walker. 
On  the  Equation  of  Biccati :  the  President. 
The  "  Orthocentroidal "  Triangle :  Mr.  Tucker. 
On  Polygons  inscribed    in  a  Quadric  and  circumscribed  about 

two  Confocal  Quadrics :  Mr.  B.  A.  Boberts. 
On  the  Binomial  Equation    «'— 1  =  0,    Quinquisection  :    Prof. 

Lloyd  Tanner. 
Symmetrical    Determinant    FormuleB    in    Elliptic    Functions : 

Mr.  L.  J.  Bogers. 
A  Note  on  Curves :  Mr.  H.  M.  Taylor. 
Some  Generalisations  of  Formulae  connected  with  the  change  of 

the  Independent  Variable  in  a  Differential  Expression,  with 

application  to  a  new  class  of  Beciprocants :  Mr.  C.  Leudesdorf. 
A  Metrical  Property  of  Plane  Curves :  Mr.  B.  Lachlan. 
Note  on  the  Weierstrass  Functions  :  Mr.  A.  G.  Greenhill. 
Second  Paper    on  change  of   the  Independent  Variable,  with 

applications  to  some  Functions  of  the  Beciprocant  kind :  Mr. 

C.  Leudesdorf. 
Note  on  Knots :  the  Treasurer. 
On  the  Intersections  of  a  Circle   and   a  Plane  Curve :     Prof. 

Genese. 
A  new  Theory  of  Harmonic  Polygons :  Bev.  T.  C.  Simmons. 
On  some  Properties  of  Simplicissima,  with  especial  regard  to  the 

related  Spherical  Loci  :  Mr.  W,  J.  C.  Sharp. 
On  Briot  and  Bouquet's  Theory  of  the  Differential  Equation 

fU,  ^)  =  0  :  Prof.  Cayley. 

The  Cosine  Orthocentres  of  a  Plane  Triangle  and  a  Cubic  through 
them :  Mr.  Tucker. 
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Note  on  a  Tetrahedron  :  Dr.  Wolstenholme. 
General  Theory  of  Dnpin's  Space-extension  of  the  Focal  Pro- 
perties of  Conic  Sections :  Dr.  J.  Larmor. 
Snr  nne  propri6t6  de  la  Sphere  et  son  extension  aox  Surfaces 

qnelconqnes  :  M.  Manrice  d'Ocagne. 
On  the  Motion  of  Two  Spheres  in  a  Liquid,  and  allied  Problems : 

Mr.  A.  B.  Basset. 
Second      Note    on     Elliptic      Transformation     Annihilators : 

Mr.  J.  Griffiths. 
Note    on     the     Linear    Govariants    of    the    Binary    Quintic : 

Mr.  A.  Buchheim. 
The  Motion  of  a  Sphere  in  a  Yiscons  Liquid :  Mr.  A.  B.  Basset. 
On  the  Bieversion  of  Series  in  connection  with  Bieciprocants  : 

Captain  P.  A.  MacMahon,  B.A. 
Explanation  of  Illnstrations  of  a  Preliminary  Note  on  Diameters 

of  Cnbics :  Mr.  J.  J.  Walker. 

The  same  Journals  had  been  subscribed  for  as  in  the  preceding 
Session. 

The  following  additions  had  been  made  to  the  list  of  exchanges : — 
"  Annals  of  Mathematics,"  edited  by  Ormond  Stone,  of  Leander 
McCormick  Observatory,  University  of  Virginia ;  and  "  Circolo 
Matematico,"  of  Palermo. 

The  meeting  next  proceeded  to  the  election  of  the  new  Council. 

The  Scrutators  (Messrs.  G*.  Heppel  and  H.  Perigal)  having 
examined  the  Balloting  Lists,  declared  the  following  gentlemen  duly 
elected  : — President,  Sir  J.  Cockle,  Knt.,  P.R.S. ;  Vice-Presidents, 
J.  W.  L.  Glaisher,  P.R.S.,  Prof.  Hart,  M.A.,  Lord  Rayleigb,  F.  and 
Sec.  R.S. ;  Treasurer,  A.  B.  Kempe,  F.R.S. ;  Hon.  Sees.,  M.  Jenkins, 
M.A.,  R.  Tucker,  M.A. ;  other  Members,  A.  Buchheim,  M. A.,  E.  B. 
Elliott,  MA.,  A.  G-.  Greenhill,  M.A.,  J.  Hammond,  M.A.,  J.  Larmor, 
D.Sc,  C.  Leudesdorf,  M.A.,  Captain  P.  A.  MacMahon,  R.A., 
S.  Roberts,  F.R.S.,  and  J.  J.  Walker,  F.R.S. 

The  following  communications  were  made : — 

On  Pure  Ternary  Reciprocants  and  Functions  allied  to  them : 

Mr.  E.  B.  Elliott. 
On  the  General  Linear   Differential    Equation  of  the    Second 

Order :  the  President. 
On  the  Stability  of  a  Liquid  Ellipsoid  which  is  rotating  about 

a  principal  axis  under  the  influence  of  its  own  Attraction : 

Mr.  A.  B.  Basset. 
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(1)  On  Modnlar  Equations^  and  (2)  G^ometrj  of  tlie  Qnartic : 

Mr.  B.  Rnssell. 
The  Differential  Equations  satisfied  by  Concomitants  of  Qnantics : 

Mr.  A.  R.  Forsyth. 
On  the  Stability  or  Instability  of  certain  Fluid  Motions — II. :  Lord 

Rayleigh. 
Notes  on  a  system  of  Three  Conies  teaching  at  one  point :  Dr. 

Wolstenholme. 


The  following  presents  were  received  : — 

"  ProoeedizigB  of  the  Boyal  Society,"  Vol.  xLzn.,  No.  258. 

"  Educational  TimeBy"  for  November. 

'<  Bulletin  dee  Sciencee  Math^matiques,"  T.  xi.,  Nov.,  1887. 

"Bulletin  de  la  Sooi^t^  Mathtoatique  de. France,"  T.  xt.,  No.  6,  et  avant- 
demier. 

*<  L'Acadteie  Boyalede  Belgique—Bulletina,"  3*  aerie,  Tomes  9 — 13 ;  Annuaires, 
1886  and  1887. 

'*  Jomal  de  Sdencias  Mathematicaa  e  Astronomicas,"  Vol.  tiii.,  No.  1. 

"  BoUettino  delle  PubbHcanoni  Italiane,  ricevute  per  diritto  di  Stampa,"  Noe.  43 
and  44. 

'<  Memorias  de  la  Sociedad  Cientifica  '  Antonio  Alzate,' "  Tomo  i..  No.  3. 

"  Bendiconti  dell'  Accademia  delle  Scienze  Fisiche  e  Matematiche,"  Anno  xxv., 
Fasc.  4—12. 

«  Memorie  delle  Begia  Accademia  di  Scienze,  Lettere,  ed  Arti  in  Modena,"  Serie 
I.,  Tomo  XX.,  Parte  in. ;  Serie  u.,  VoL  iv. 

"  KonigHch-SacliBischen  Gesellschaft  der  Wissenschaften — Abhandlungen  der 
Kathematisch-plLysiBchen  Classe,"  Band  xiy.,  Nob.  1 — 4  ;  Leipzig. 

"  Yierteljahrsschrift  der  Naturforschenden  Gesellsschaft  in  Ziirich,"  Vol.  xxxii.. 
No.  1. 

<<  Annalee  de  I'Ecole  Polytechnique  de  Delft,"  T.  ui.,  2me  Uvr. ;  Leide,  1887. 
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On  Pure  Ternary  Beciproccmts,  and  Functions  allied  to  them. 

By  Mr.  E.  B.  Elliott. 

0 

[Siod  Nov.  lOth,  1887.] 

1.  In  the  present  paper  reference  will  from  time  to  time  be  made 
to  the  two  here  mentioned.  They  will  be  quoted  for  shortness  as 
Paper  I.  and  Paper  II.,  respectivelj, — 

I.  On  Ternary  and  n-ary  Beciprocants  (Proceedings,  Vol.  xvii., 
pp.  172—196). 

II.  On  the  Linear  Partial  Differential  Equations  satisfied  by  Pure 
Ternary  Beciprocants  {Proceedings,  Vol.  xviii.,  pp.  142 — 164). 

The  notation  used  will  be  that  of  Paper  II.    Thus,  for  instance,  Zr* 

will  thronghont  denote  —. — j  - — —^.     The  main  conolnsion  of  Paper 

r\  81  dz^dy* 

n.  was,  it  will  be  remembered,  that  pare  ternary  reciprocants  are 

those  homogeneous  and  donbly  isobaric  functions  of  derivatives,  snch 

as  Zny  which  have  four  annihilators  called  Oj,  il,,  Fj,  F,.     Of  these 

the  first  two  are 

0,  =  Sf(m-hl)««*i,n.i^],  n<t:l,  w+n<2 (1), 

0,=  S{(n-hl)««.,.n*i^},  t»  *  1,  m-h7i  <  2 (2), 

while  the  two  others  [c/.  Paper  II.,  §  9  (v.)]  may  be  most  compactly 
written 

F,  =  s{S(f«„«..,.„...)^} (3), 


the  inner  summation  in  which  is  limited  by  r-|-«  4^  2,  r  :J>  m  +  l,  5  :J>  w, 
r-\-s  "i^  m+w— 1,  and  the  outer  by  m+n  ^  3,  and 

F,=  S|2(*£?„«m-r,n4l-.)  ^ ]    (4), 

limited    by    r+«4:2,  r>m,    »>n+l,   r+«>m4-n— 1,   m-\-n^Z, 
Within  limits  as  stated  in  each  case,  the  summations  are  all  supposed 
to  be  taken  over  all  the  r&nge  of  positive  integral  (including  zero) 
values  of  »w,  n,  r,  5. 
It  s  proposed  to  base  most  of  what  follows  on  the  consideration  of 
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functions,  homogeneons  and  isobario  both  in  first  and  second  suffixes, 
which,  though  subject  to  annihilation  bj  both  F^  and  V^,  are  not 
annihilated  also  both  by  A^  and  A,,  and  consequently,  not  being  full 

invariants  of  the  emanants  (%»,  z^,  z^"^  (u,  v)',  &c.,  are  not  recipro- 
cants. 

2.  It  will  be  well  to  have  before  us  the  matrix 


hit  *ii>  *» 


%) 


Zm 


*«>  ^n>  ^  ^n»  ^10 

^M>  *lf»  ^«>  ^M»  ^n>  ^10 


'u>  »(»»  *1«J 


%>  ^1 


z, 


M' 


^M» 


'OS 


%>  %i»  ^4o>  ^n»  ^«o>        ^ii»  ^jo 

^>  ^M>  ^>  ^11»  *^ni  ^80»  ^WJ  ^11>  *so 


^i8>  ^i>  ^M>  ^oe>  ^ii»  ^ii> 


^W  *04»  %»» 


^06> 


i?, 


04' 


'03>  *11>  *20 


^0I>  ^11 


2f, 


01 


^00>  ^80» 


^40> 


*80> 


z, 


io 


%>  ^«» 

^80>  ^«l»  ^40» 

^m  ^M> 

^ii» 

^JO 

^4S>  ^831 

«41»  ^M»  %» 

^40?  ^U»  %> 

^80* 

^0J> 

^11  > 

^» 

%>  %» 

^»»  ^ii>  *^a» 

^n*  ^os>  ^u> 

^21» 

^I0> 

%» 

^11 »  ^» 

^J4>  ^4» 

^«>  ^04>  ^1S» 

^a»         %> 

^12» 

^Jl» 

^02>  ^11 > 

^20 

^16»  ^06> 

^14>             %» 

^18> 

^0S> 

^ir 

^OS, 

«11 

^08> 

^05» 

^04> 

%> 

^02 

•  •• 

•  •  •               •  •  • 

•  •  • 

•  •  • 

•  1  • 

■  •  • 

•  •  • 
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From  this  we  can  immediately  extract  any  number  of  determinants 
which  are  functions  obeying  the  laws  stated  at  the  end  of  the  last 
article.    In  fact,  we  have  the 

Theorem. — A  determinant  of  any  order  n,  obtained  by  selecting  from 
the  matrix  a  row  which  extends  to  the  n**  column  and  no  further,  and 
any  »— 1  preceding  rows,  is  a  homogeneous  and  doubly  isobaric  function 
of  the  derivatives,  and  is  annihilated '  by  both  F^  and  Fj.  Gall  this 
Peop.  I. 

For  instance,  any  one  of  the  first  three  rows  is  sach  a  determinant 
of  one  term,  any  three  qi  the  rows  4  to  7  give  sach  a  determinant  of 
the  third  order,  the  five  rows  8  to  12  with  any  previous  row  give  one 
of  the  fifth  order,  &c.,  Ac. 

That  snch  determinants  are  all  homogeneous  needs  no  proof ;  that 
they  are  separately  isobaric  in  first  and  second  suffixes  follows  from 
the  fact  that  the  differences  of  the  two  partial  weights  of  the  con- 
stituents in  two  chosen  columns  and  any  the  same  row  are  both  inde- 
pendent of  the  particular  row ;  and  that  they  are  annihilated  by  Vi 
and  F,  is  made  clear  as  follows. 

Adopt  for  the  moment  the  notation  c^  to  denote  the  constituent  in 
the  r***  row  and  s^  column  of  the  matrix.  It  is  easy  to  see  that,  the 
summations  extending  to  all  values  of  the  number  r, 

Fi  =  2  [{2«»Crt+ifnCrt+3«„CK+2%Crt,+«MCHi 

+4£f4oCr7H-3%Crt+20aC^+iPiiCrio-f ...}  ^J, 

and  F,  =  2  [{znC^+2z^c,^+z^Cri+2zi^Cri+Szf^Crt 

H-«siC,7+2ifa(V8H-3%c,«+4«o«Crto+...}  ^J; 

whence  it  follows  that  F^,  operating  on  the  first  column,  produces 
from  it  a  sum  of  multiples  of  succeeding  columns  ;  and  similarly  for 
F,.  Moreover,  if  any  other  column  than  the  first  be  chosen,  subse- 
quent columns  can  be  selected  in  which  its  constituents  are  followed 
by  other  constituents  exactly  in  the  same  arrangement  as  are  the 
same  constituents  where  they  appear  in  the  first  column.  Thus,  the 
operation  of  Fj  on  any  column  produces  a  column  which  is  a  sum  of 
multiples  of  following  columns  ;  and  similarly  for  F,.  Vi  and  F,  then 
both  annihilate  all  determinants  which  can  be  obtained  by  associating 
complete  rows  of  the  matrix. 

3.  It  is  of  great  importance  to  remark  that,  whatever  be  the 
function  operated  on,  the  following  four  surprisingly  simple  equiva- 


1887.]  -Pura  Ternary  Beeiproeants.  9 

lenoeB  of  operators  hold : — 

0,F,-F,O,  =  0 (6). 

Q,F,-F,Q,  =  0 (6), 

Q,F,-F,Q,=  r,  (7), 

O.F,-F,0,=  V,  (8). 

To  prove  the  first  of  these,  use  the  expressions  of  §  1  for  O,  and  F, 
Selecting  the  terms  which  give  -j—  in  0,F,  — F,0„  we  find  that  if 

'••■Ml 

n  >  0  the  coefficient  of  - —  is 

2{r  (r  +  1)  «r.l,.-l,   «m*l.r,».,}  +2  (r  (w  +  2-r)  «r.»m*l.r.-l-.} 

—  (m  +  l)2  [r«„«a,+2_r. i»-i-«}» 
the  first  range  of  summation  being  limited  by 

r  >  m+1,     »  <  1  >  n, 
the  second  by  r  ::J>  m+1,    »  :J>  n— 1, 

the  third  by  r  :J>  m+2,    «  :J>  n— 1, 

and  all  three  by  r+s  <  2  :J>  w-hn— 1. 

Now  the  ranges  of  the  second  and  third  summations,  though 
apparently  different,  are  really  the  same,  since  the  value  m+2  of  r, 
which  belongs  to  the  third  though  not  to  the  second,  adds  to  the  second 
only  a  zero  term  in  virtue  of  the  coefficient  m+2— r.  Thus  the 
coefficient  is  equal  to 

2  {r  (r+1)  flrr*i,.-i^».i.r,-,}  over  the  range  r  >  m  +  1,  *  <  1  >  n 

—2  {r  (r-1)  Zr,  z^^i^r,  n-i-,]     OYOT  the  range  r  >  m+2,  «  >  n— 1, 

the  ranges  being  further  limited  by  r+«  *t  2  :J>  m-^-n—  1,  But,  if  in 
the  latter  summation,  and  the  conditions  determining  its  limits,  we  put 
r  +  1  for  r  and  «— 1  for  «,  we  produce  exactly  the  former  summation 
and  the  conditions  by  which  it  is  limited.     Thus  the  difference  of  the 

summations,  t.e.,  the  coefficient  of  - —  in  OiFj— F,Oj,  vanishes. 

The  case  of  n  =  0  has  here  been  omitted.  No  such  symbol  as 
- — ^  however,  occurs  in  O^,  while  in  F|  the  coefficients  of  6uc1i^yQi\yA& 
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contain  only  sncli  derivatives  as  z„^^  and  are  consequently  annihilated 
by  Qj.    It  follows  that  the  coefficient  of  - —  in  0|  Fj  —  Fj  O^  vanishes. 

The  proof  is  therefore  complete,  that 

O.F,-F,0,  =  0 (6). 

In  precisely  the  same  way,  or  merely  by  interchange  of  first  and 
second  snffixes  thronghont, 

^F,-F,O,  =  0 (6). 

In  reducing  O,  Vi—ViQ^  we  must  consider  separately  the  coefficients 

of  symbols  like  - —  and  those  of  the  more  general  symbols  - — ,  where 

dzon  dz^ 

m  is  not  zero.    We  have,  firstly, 

Co.;^inO,F,-F,0, 

=  0,  Co.  /-inFi 

=  S{(«-hl)iPo...i^o,n-.},  «  <  1  >  n-2; 
and,  secondly,  for  valnes  of  m  exceeding  zero, 

Co.  ^  in  ft, F,-F,n, 

=  S  {r  (*-hl)  Zr.l,„i  ««*l-r.  n..]  +S  (r  (n-«  +  l)  Zr.  Z^.r,  «-..l} 

all  three  summations  being  limited  by 

r+«  <  2  >mH-n-l, 
the  first  also  by  r  ^  1  ^  m+l,    »  ::J>  n, 

the  second  by  »*  It*  Wi     *  >  w, 

and  the  third  by  r  :^  m, ,  «  ^^  n  +  l. 

The  value  w  +  l  of  *,  which  belongs  to  the  range  of  the  third  but  not 
to  that  of  the  second  summation,  gives  rise  only  to  a  zero  term  if 
added  to  that  range,  in  virtue  of  the  coefficient  n»«+l.     Thus  the 
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difference  of  tlie  second  and  third  parts  of  Co.  -; —  is 

over  the  range  limited  by 

r+»  <  2  >  w+n-1,    r  >  w,    t  >  n+l. 

Now  in  the  first  snmmation  pnt  r+1  for  r,  and  s^l  for  «,  thns 
making  the  limits  of  that  summation  identical  with  these  limits.  We 
obtain  the  result 

Co.  ^  in  0,Fi- F,0,  =  2  [  {(r+1)  s^rs}  «««^.,.n-.M] 

limited  by  r+*  *t  2  >  m+n— 1,  r  :^  m,  *  >  n+1,  a  form  with  which 
the  preyionsly  found  coefficient  of  - —  is  strictly  in  accord. 


Thus 


n,Fi-Fin,=  2{2(5ir„2?^.,,„..,0}, 


oyer  the  inner  range  limited  as  above,  and  the  outer  limited  by 

=  F, (7). 

Hence  also,  lastly,  by  interchange  of  first  and  second  suffixes 

throughout, 

O.F,-F,0,  =  7,..: (8). 

4.  The  conclusions  which  can  be  drawn  from  the  four  symbolical 
identities  (5)  to  (8)  are  numerous  and  important.  Attention  is  in  the 
first  place  called  to  one  which  affects  primarily  the  theory  of  in- 
Tariants  and  seminyariants  of  a  system  of  quantics,  but  which  will  be 
*seen  later  (§  12)  to  haye  also  an  important  bearing  on  the  theory  of 
reciprocants. 

Prop.  U. — From  any  seminvariant  I  of  the  system  of  quantics 

(^^  ^11,  ^01 X  "*'  '')''     (^~'  ^"'  ''''  "^^  I  ^'  ^)*'  ^" 

another  seminvariant  of  the  system  may  he  generated  by  operating  vnth  Fj 
upon  it. 

For,  if  0|  J  =  0,  FjOi  I  =  0,  and  therefore,  by  (6),  OiFiI  =  0,  i\e.^ 
Fjl  is  annihilated  by  O,,  and  is  a  seminyariant. 
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The  proposition  is  of  course  a  purely  algebraical  one  with  regard  to 
the  quantics,  whatever  be  their  coefficients,  being  quite  independent  of 
anj  notion  as  to  those  coefficients  being  derivatives  of  a  function  g 
with  regard  to  x  and  y. 

If  the  seminvariant  I  be  of  degree  t,  the  seminvariant  Vil  thus 
generated  is  of  degree  t+l.  The  first  partial  weight  of  ViI,  t.e.,  the 
sum  of  first  suffixes  in  each  of  its  terms,  exceeds  that  of  I  by  unity, 
and  the  second  partial  weight,  sum  of  second  suffixes,  is  the  same  in 
I  and  ViL  This  second  partial  weight  is  the  weight  in  the  ordinary 
language  of  binary  qnantics.  Thus,  adopting  that  ordinary  language, 
the  weight  of  Vil  is  the  same  as  that  of  /,  while  its  degree  exceeds 
the  degree  of  I  by  unity. 

One  example  of  this  use  of  the  operator  F^  will  suffice  for  the  pre- 
sent.    Choose  for  I  the  seminvariant  ac—&'  of  the  n-ic, 

t.e.,  take  I  =  2n«^«H->,i- (n-l)  «i.i  i . 

We  deduce  from  this  the  seminvariant 

d 


r>n-l 


-  (n- 1)  ).„.».  i( Co. --^  in  F,) 


r  <0 
—  (n-l);»».i,i[       S      (r»H)««-r,l)+       2      {rZr\Z^,r,^\     ...(9), 

In  particular,  taking  n  =  3,  from  the  seminvariant 
we  obtain  in  this  manner 
a  seminvariant  from  which,  upon  subtraetion  of 
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wbicli  is  another  of  the  same  degree  and  weights,  and  division  by  6, 
we  obtain  another  of  three  terms  only,  viz., 

or,  again,  by  adding  «»  («Ji-4«ioO» 

the  seminvariant      «w4>~*^«^»^i"*"*»(^i""^'«)  0-^)* 

of  which  F|  and  F,  are  annihilators.  This  we  shall  meet  with  again 
presently. 

From  any  seminyariant  formed  by  the  method  of  this  article, 
repeated  operation  with  Q,  will,  of  course,  enable  us  to  write  down 
all  the  coefBcients  of  a  corresponding  covariant. 

It  is  almost  unnecessary  to  add  that,  in  virtue  of  O^F,—  F^O,  =  0, 
F,  is  in  like  manner  a  generator  of  seminvariants  of  the  same  quantics 
read  from  right  to  left,  from  other  such  seminvariants.  This  may  be 
quoted  as  Prop.  III. 

5.  Of  other  results  of  the  equivalences  (5)  to  (8),  the  following 
will  be  useful  for  present  purposes. 

PitOP.  IV. — If  a  function  R  of  the  derivatives  is  annihilated  by  Fj,  so 
also  is  ^R, 

For,  by  (6),  V^Q^B  =  Q^V^B  =  0.     In  like  manner,  by  (6). 

Prop.  V. — If  a  function  B  is  annihilated  by  Fj,  so  also  is  il^B, 

Prop.  VI. — If  a  function  B  is  annihilated  by  both  F^  and  Fj,  so  also 
are  both  0|i2  and  il^B, 

That  ilyB  is  annihilated  by  F^,  and  0,E  by  F„  is  told  us  by  the  two 
last  propositions.     That  O^E  is  anuihilated  by  Fj  is  true  since,  by  (8), 

FA-K  =  Oi  F,E-  FjE  =  0 ; 
and,  similarly,  that  0,i2  is  annihilated  by  Fi  is  seen  to  be  necessary. 

Prop.  VII. — If  F,  and  0|  both  annihilate  a  function,  so  too  does  F^. 
This  is  an  immediate  consequence  of  (8).     Similarly  by  (7). 

Prop.  VIII. — If  Fj  and  O,  both  annihilate  a  function,  so  too  does  F,. 

6.  We  are  now  in  a  position  to  construct  an  important  class  of  co- 
variants  of  the  emanants  {z^,  ^n,  z^^u,  v)  i  &q. 
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Take  P,  a  pure  function  of  the  derivatives,  which  is  annihilated 
both  by  Vi  and  F„  but  not  by  both  Oj  and  O,.  If  homogeneous  and 
doubly  isobaric — and  to  such  functions  it  will  be  well  to  confine 
attention—  it  is  exceedingly  likely  to  be  a  coefficient  of  a  covariant  of 
the  emanants  ;  but,  even  if  it  be  not  such  a  coefficient,  a  covariant, 
all  whose  coefficients  have  the  same  property  as  itself,  may  be  ob- 
tained from  it  as  follows. 

By  repeated  operation  with  O,  form  the  series  of  pure  functions 
OjP,  OjP,  nJP,  ....  These,  like  P,  will  by  Prop.  VI.  be  annihilated 
by  Vi  and  Fg.  Now,  each  of  these  functions  is  of  second  partial 
weight  one  lower  than  the  immediately  preceding.  One  of  them,  0*P, 
must  therefore  be  presently  arrived  at,  which  and  all  its  successors 
vanish.  The  last  non- vanishing  one,  O^ '  P,  is  then  annihilated  by  0„ 
that  is  to  say,  is  a  seminvariant  of  the  emanants.     Call  it  Pq. 

Operate  on  P,,  repeatedly  by  O,  till  a  vanishing  result  ti^^^F^  is 
obtained.     Then,  writing,  in  accordance  with  this  fact, 

0,Po  =  mP,,  0,Pi  =  (m-1)  P„  ...  n,P«.j  =  P^,  0,P^  =  0, 

we  obtain  a  covariant  of  the  emanants, 

(Po,  P„  P„  ...  PJ{u,vr  (11), 

all  whose  coefficients  are  annihilated  by  Vi  and  by  F,. 

If  the  degree  and  partial  weights  of  P^  are  i,  u?j,  u;,, 
those  of  Pj  are  t,  Wi— 1,  w,  +  l, 

those  of  Pg  are  i,  Wj— 2,  W7,4-2, 

<&c., 
and  finally,  those  of  P„,  are  i,  Wi— m,  w^+m. 

Thus,  we  have  u;j— m  =  w^  and  W7j4-wt  =  «?!, 

each  of  which  is  identical  with 

m  =  t(?j  —  u;, . 

(In  particular,  if  w^  =w^,  m  =  0 ;  and  the  covariant  reduces  to  a 
single  term — an  invaiiant  of  the  emanants,  and  consequently  a  re- 
ciprocant.) 

An  instance  of  such  co variants  is  the  cubic 

^u«-|-3ilit*»t;+3^,W-h^X    (12), 

where  A^^  is  the  seminvariant  (10) — where  -4o>  -^i>  -^u  -4«  ^^^j  i^  ^^t, 
the  determinants  obtained  by  omitting  the  fourth,  third,  second,  first 


1887.] 


Pure  Ternary  Beciproca/nts. 


15 


TOWS,  respeotivelj,  from  the  matrix 


%. 

^l»    ^10   = 

«m 

^  ^11 

^«> 

^os 

(13). 


It  may  be  here  remarked  that  the  conditions  Jq  =  0,  Ai  =  0,  J,=0, 
iig  =  0,  two  only  of  which  can  be  independent,  are  the  differential 
equations  of  the  third  order  obtained  by  eliminating  the  constants 
fiom  the  general  eqnation  of  a  qnadric  surface.* 

7.  It  is  convenient  to  baye  a  name  for  covariants  of  the  class  in- 
troduced in  the  last  article.  Let  us  speak  of  them  as  Beciprocantive 
GovariantSy  and  of  their  leading  coefficients,  such  as  P^,  as  Beciprocan- 
tive Seminvariants,  of  the  emanants.  Tbe  names  are  justified  by 
the  immediately  following  proposition,  as  well  as  by  other  facts  to  be 
adduced  later. 

Prop.  IX. — Any  invariant  of  a  Beciprocantive  Govariant  of  the 
emaiMnts  is  a  Pure  Ternary  Beciprocant, 

For,  being  a  function  only  of  Pq,  Pi,  ...  P^,  all  of  wbicb  are 
annihilated  by  Vi  and  by  Fj,  it  is  itself  annihilated  by  each  of  those 
operators ;  and,  being  a  covariant  of  a  covariant  of  the  emanants,  it 
is  a  covariant  of  the  emanants  themselves. 

An  example  immediately  to  be  considered  leads  us  to  supplement 
this  theorem  by  another  which  might  at  first  sight  appear  un- 
necessary to  state,  thongh  clearly  true ;  viz., 

Prop.  X. — If  any  function  of  seminvariants  of  the  same  or  different 
Beciprocantive  Govariants  he  annihilated  hy  0|,  it  is  a  Pure  Ternary 
Beciprocant, 

8.  In  exemplification  of  this  method  of  constructing  pure  ternary 
reciprocants,  let  us  consider  two  simple  cases. 


•  In  fact  the  four  lesnlts  of  differentiating  three  times  partially  tbe  equation 

a  +  2^jc  +  2<?y  +  dip2  +  2exf/  +ff/^  +  2fft  +  2hxz  +  2ki/z  +  &*  =  0 

may  be  written 

(^  +  X«  +  Ary  +  &)23o+(A  +  &io)»30  =  0> 

{^  +  hx  +  ky  +  Iz)  Zii  +  {h  +  fo^o)  «ii  +  (A:  +  &oi)  «»  =■  0» 
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(a)  The  quadratic  emanant 

is  itself  a  reciprocantive  covariant.     Its  one  invariant, 

^lo^w-i*",  =  ^>  say G^)> 

is  the  one  reciprocant  involving  second  derivatives  only  (c/.  Paper  I., 
§  12,  or  Paper  II.,  §  11). 

(/3)  Take  the  cubic  reciprocantive  covariant 

A^u^-^SA^u^v-hM^uv'+A^v* (12), 

where  -4q,  Ai,  -4,,  -4,  have  the  values  given  in  (13)  above. 
Its  coefficients  are  connected  by  the  linear  relations 

z^A^—ZnA^+z^Ai  —  Zf^Aft  =  0, 

z^A^^z^^A^+Zq^Ai  =0, 

of  which  the  second  and  third  tell  us  that 

A^A^-^A^  j_  Af^A^-A^Aj  _  A^A^—A^  _  ^^  ^^   ^^^^ 

^10  *11  ^01 

The  fii'st  of  these  identical  forms  of  B  shows  that  it  is  annihilated  by 
O),  and  the  third  that  it  is  annihilate<]^  by  Q,.  Thus,  by  Prop.  X.,  B 
is  a  reciprocant.  It  is  of  order  5  and  of  partial  weights  6,  6,  and  is, 
in  fact,  the  resultant  of  the  quadratic  and  cubic  emanants  (c/.  Paper 

II.,  §  11). 

The  one  invariant  of  (12),  its  discriminant 

A  =  (A,A,^A\)(A,A,^Al)-i(A,A,-A,A,y 

=  iP(a»2?of-K)»  ^7  (15), 

=  2Pir (16), 

gives  no  new  reciprocant. 

9.  Facts  with  regard  to  the  transformation  of  functions  such  as  we 
are  considering  by  cyclical  changes  of  dependent  and  independent 
variables  will  now  be  investigated.  In  the  first  place,  it  is  easy  to 
see  that — 

Prop.  XI. — If  Q  he  a/ny  homogeneous  isoharic  pure  function  of  the 
derivaiives  of  z,  whose  degree  is  i  and  first  partial  weight  t0„  and  which  is 
annihilated  by  Vi  (not  necessarily  also  by  Ft)>  the  transformed  ex- 
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pression  for  Qz^^*~^'  in  terms  of  the  derivatives  ofxis  homogeneous  and  of 

no  dimensions  in  the  first  derivatives  j^^^  x^. 

For,  by  Paper  II.,  (11)  and  (13),  we  have,  tinder  the  conditions 
stated, 

-^  (S-]  =  -  -^a-OjO (17), 

ife(#)— ,i^»-« <">> 

t.e.,  since  (Paper  L,  §  5), 

lift-  =  52L  =s  Zll (19), 

—  1  OJjo  «oi 


«^'"^)(^)=»- 


In  like  manner,  by  Paper  IL,  (18)  and  (21),  it  is  proved  that — 

Prop.  XII. — If  Q  he  a  homogeneous  isoharic  pure  function,  of  degree 
i  and  second  partial  weight  w^  of  the  derivatives  of  z,  which  is  annihilated 
by  Vf  (not  necessarily  by  Fi),  the  y-transform  of  Q'z^*'*"'  is  homogeneous 
and  of  no  dimensions  in  the  first  derivatives  y^^,  y^. 

Now,  take  for*  Q  a  function  annihilated  by  Oj  and  having  other 
properties  as  in  Prop.  XI.  Equations  (17)  and  (18)  have  in  this 
case  vanishing  right-hand  members,  and  tell  us  that  the  a;-transform 
of  Qi^i'tj*"**  is  pure. 

Again,  take  for-Q'  a  function  having  properties  as  in  Prop.  XII., 
and  besides  annihilated  by  O,.  We  see,  in  like  manner,  that  the 
1^-transform  of  Qz^'^*  is  pure. 

These  conclusions  are,  in  consequence  of  the  absence  of  requirement 
that  Q  be  annihilated  by  F,  or  Q!  by  Fj,  somewhat  more  general  than 
their  important  cases  :— 

Prop.  XIII. — The  x-transform  of  PqZ^J"'\  where  Pq  is  a  reciprocantive 
seminvariant  of  degree  i  and  first  partial  weight  Wi,  is  a  pure  function. 

Prop.  XIV. — The  y-transform  of  F^z"^^'^',  where  F^  is  the  result  of 
interchanging  first  and  second  sujjixes  in  a  reciprocantive  seminvariant 
Pq,  and  i,  w-^  are  the  degree  and  second  partial  weight  of  P^,,  is  a  'pure 
function.  (N.B. — The  second  partial  weight  Wi  of  P^  is,  of  course, 
the  first  partial  weight  of  Pq.) 
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These  two  propositions  are  really  identical,  as  will  become  clear 
later  when  we  determine  the  actual  expressions  of  the  pnre  trans- 
forms. 

10.  Let  US  next  employ  (17)  and  (18)  to  aid  in  discussing  the 
transformation  of  coefficients  other  than  the  first  and  last  in  a  re- 
ciprocantiye  covariant 

(Po,A,P„...  PJ(t*,t;)~ 

If  Wi  be  the  first  partial  weight  of  Pq,  u?i— r  is  that  of  P,.  Hence, 
by  (17), 


dx^i 


=  ^loKr'^'' rPr.i (20), 


by  (19)  and  the  law  of  eduction  of  one  coefficient  of  a  covariant  from 
the  preceding.     Again,  by  (18), 


A 
dx 


10 

=  -<*--^rP,  (21). 

Now  -^  (Po,  P„  P„  ...^P«)  («,  vr, 

may  be  written 

/A.        J^i  P>  Pm\f     Ji\" 

V^<^-.'      g,i*^^'l'      ;5<*«',-2»      -      gi*-'.      \^'   gj     ' 
^*10  *10  *10  10      '    ^        *io 

u>i  and  117,  meaning  the  first  and  second  partial  weights  of  Po,  and 
having  their  difference  equal  to  m  ;  and,  by  (19),  this  may  be  also 
wntten 

(P.<%  P,*;*"'-'.  P.^"-',  ...  P.aj;-)  («,  twJ-  (22). 

It  suggests  itself,  in  connection  with  Props.  XIII.  and  XIV.,  and  re- 
sults (20)  and  (21)  above,  to  seek  values  of  u  and  v  that  this  may  be 

annihilated  by  - —  and  3 — ,  i.e.,  that  its  a;- transform  may  be  a  pure 
function.  ***•>  *"'• 

Now,  by  (20),  which  is  best  made  use  of  in  the  form 

^  (P,<— )  =  r  ^  (P,.,<-— ), 
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the  resnlt  of  differentiating  (22)  parti&Uy  with  r^^rd  to  ««  is 


{ ^  ^"'^  '*■'"  y """'  ^~^^ }  ^•'^« ' 


+  i«.^(»"-'«i,0+™(".-i)a'«-"(«i,)'}p,<'^ 


'01 


+ ;  1.2  a^i  V'^fi;  j -r,aj^ 

andy  using  (21)  in  the  form 

the  resnlt  of  partially  differentiating  (22)  with  regard  to  a^^  is 


{^/«">-4"""^"^>}''^^" 


•»! 


+  \m 


_m(m-l)(m-2)  ±^--.(^.  ).]  p  ^.•... 

and  in  both  these  results  of  differentiation,  it  is  readilj  seen  that  the 
coefficients  of  P^x^^'y  Pjaj^*"*"',  PjajJ**^*"',  ...  are  all  made  to  vanish 
upon  putting 

a^o  1 


%.e„ 


«*=-%,     t7  =  iS,^ 


Hence  the  conclusion — 

Prop.  XV. — If  (P^  Pj,  ...  P«,)(v,  t;)"*  be  a  reeiproeantive  eotoariantf 
the  X'transform  of 

~<7^  (Po>  ■*  i>  —  Piii)(~^fi»  *m)** 
*io 

i8apurefuru:tim,%hein^iAede<^eeandWitKejiritfar^^  oj  "P^ 

c  2 
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Also  we  have,  in  like  manner, — 
Prop.  XVI. — Under  exactly  the  same  circumstances  they-transformof 

is  a  pure  function. 


11.  Beqnired  now  the   pure  function  of  the  derivatives  of  sb  to 
which,  by  Prop.  XV., 


jT^^  v-^oi  ■*  i»  •••  ■Pm)("%|  ^10/ 


'10 
is  equal.    This  maj,  as  above,  be  written 


(I-.  ^.  ...  ^)  fe.  !)• (28). 


Now,  in  Paper  II.,  §  10,  it  was  seen  that 

z  1 

-j^  =  —  «,^+ terms  with  —  as  a  factor. 

Consequently,  if  P  be  a  homogeneous  isobaric  function  of  the  suffixed 
z%  whose  degree  and  first  partial  weight  are  i  and  u^i,  and  if  P'  (x) 
denote  the  same  function  of  the  suffixed  te's  with  suffixes  reversed  in 
order  (xgr  for  z^,,  Ac.), 

P  1 

-j^  =  (—1)*  P'  («)  +terms  with  —  as  a  factor. 

Now,  Pr  is  Pw-r.     Thus  (23)  becomes 
(-iy[P^  («)  +  ...,  P«.i(»)  +  ...,    ...  Po(aj)  +  ...](?ia,l)"', 

each  +...  in  which  indicates  that  terms  with  —  as  factor  are 
omitted  where  it  occurs.  ®* 

But  it  has  been  proved  (Prop.  XV.)  that  this  form  is  independent 
of  XiQ  and  Xqi.  Thus  we  may  give  these  first  derivatives  any  values 
we  please.  Make  Xq[  then  infinitely  great  compared  with  other 
magnitudes  occurring  in  the  expression.     The  form  taken  is 

(-lyPoC*). 
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This,  consequently,  is  the  transform  of 

required. 

In  exactly  the  same  way,  the  y-transform  of 

1 


*01 


(•P«>  *  l>  •••  *  ••)(     %>  ^)   > 


already  prored  to  be  pure,  is 

(-iy*-P.(y). 

The  two  results  together  are  most  compactly  stated 

(p«  p„ ...  p.)(-%,  «j- = (-1)'  §§^  =  (-iy*-%S^...(24), 

by  use  of  (19),  and  the  analogous  qualities 

i[io._.yoi--  :zi. 

In  (24)  is  also  contained  information  as  to  the  pure  functions  to 
which  Props.  XIII.  and  XIV.  have  told  us  that  Po^w"*'*  *^^  -P-^oV"*'' 
are  equal.  The  first,  by  patting  z,  x,  y  for  x,  y^  z,  is  seen  to  be 
(— 1)***'*P^  (x)  ;  and  the  second,  by  putting  y,  z,  x  for  x,  y,  «,  to  be 
(-l)'*-.Pa(y). 

In  words,  the  results  (24)  may  be  stated  as  follows  : — 

Prop.  XVTI. — A  first  cyclical  transformation  of  dependent  and  inde- 
pendent  variables  in  a  reciprocantive  covariant  with  —  ifjo,  %  inserted  for 
its  variables,  prodtuxs  from  it,  hut  for  a  sign  factor  and  a  power  of  a 
first  derivative,  the  reciprocantive  seminvariant  which  is  its  leading  cO' 
efficient ;  and  a  second  cyclical  transformation  produces,  hut  for  factors  as 
hefo^'e,  the  same  reciprocantive  seminvariant  with  first  and  second  suffixes 
interchanged  throughout.  Or,  of  course,  the  facts  may  be  stated  be- 
ginning from  the  seminvariant  P^,  or  from  the  reversed  semin- 
variant P«,. 

One  of  many  conclusions  from  (24)  with  regard  to  mixed  ternary  re- 
ciprocants  seems  worth  mentioning.  Taking  the  product  of  the  three 
members  of  (24),  all  written  with  z  as  the  dependent  variable,  we  see  that 

(^10>  ^Ol) 

is  an  absolute  mixed  ternary  reciprocant,  or  its  uumex^^iOx  ^  tiCyl^^ 
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ternary  reoiprocant  of  index  i-^w^    For  instance, 

is  a  ternary  reoiprocant  of  index  8 ;  and,  referring  to  (12)  and  (13), 


is  one  of  index  8. 


%»    ^l>    ^10 


^08> 


« 


M 


S 


3^10  *0l>   ^»    *iM>    *11 


s 
*6b 


*«j 


« 


01 


12.  Let  us  retnm  from  this  discussion  of  the  extent  to  which  what 
the  present  paper  has  defined  as  reciprocantive  seminvariants  and 
coyariants  possess  the  fundamental  property  of  ternary  reciprocants, 
to  the  consideration  of  methods  afforded  by  the  propositions  of  §  5 
for  the  determination  of  pure  ternary  reciprocants. 

The  method  of  §§  6 — 8  is  a  powerful  one  ;  but  it  is  based  upon  the 
knowledge  of  homogeneous  isobaric  functions  annihilated  by  V^  and 
F„  and  though  in  §  2  we  have  before  us  an  infinite  number  of  Such 
functions,  we  have  no  indication  that  the  system  is  a  complete 
one.  The  method  in  question  is  not  then  yet  rendered  thoroughly 
systematic  for  the  determination  of  all  pure  ternary  reciprocants. 

Another  process  to  be  now  briefly  explained  follows  closely  one  of 
known  power  for  the  systematic  calculation  of  invariants  of  ternary 
quantics,  and  has  the  advantage  of  theoretical  completeness.  I 
exemplified  it,  without  full  confidence  in  or  any  statement  of  its 
generality,  in  Paper  II.,  §  12,  by  obtaining  the  pure  ternary  reoipro- 
cant of  type  3,  4,  4, 

6  (42«4o+«^i)«^o4)  -  3«„  («w«tt  +  «?»%)  +«M  («u  +  2a?w«io) 

-3  {25?„(3«8o«ij-4i)-«ii  (9i^«o8-«ij«n)+2«„(3%z„"»Jj)}. 

(I  would  remark  that  V  in  the  article  referred  to  is  mis-written 
for  Fi.) 

Required  the  pure  ternary  reciprocants  of  degree  i  and  {equal)  partial 
weights  tc^^,  Wi . 

Let  B  be  such  a  reoiprocant.  It  is  (Paper  I.)  an  invariant  of  the 
emanants 
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IL  tlien.  Jit  /»  ^  ...  be  m  complete  system  of  linearly  independent 
inTmriantB  of  the  giTen  type  of  the  system,  it  is  necessary  that 

fi  =  a,J,-hai2;  +  a,r,+ (25) 

for  some  Tallies  or  other  of  the  numerical  multipliers  aj,  O),  a,,  ... 

Now  (Prop.  IL)y  F,  operating  on  any  seminvariant  I  produces 
another  samnTmriant,  of  degree  and  first  partial  weight  exceeding 
those  of  I  by  nnityy  and  of  second  partial  weight  equal  to  that  of  7. 
I^  then,  /|,  /^  /^  ...  be  a  complete  system  of  linearly  independent 
seminyariants  of  the  emanants  whose  degree  and  partial  weights  are 
t + 1,  iP|  -h  1,  IP,,  we  must  have 

FilJ  =  (Xiai-h/iia,+yia,-H...)«^i  +  (^«i+/*i^+>'iai+...)«^i 

for  some  known,  yanishing  or  non-vanishing,  values  of  the  multipliers 
A,  fA,  r.     For  J2  to  be  annihilated  by  Fi,  wo  have  then  the  conditiouH 

X,ai+A*taj+>'ia,4- ...  =  0  . 


If  these  be  satisfied,  not  only  will  Vi  but  also  F,  bo  an  annihilator 
of  B.  For  (Prop.  VIII.),  since  0,E  =  0  and  VJi  =  0,  F,72  =  0. 
The  linear  conditions  (26)  are  con8oquontly  all  those  which 
O],  o^  a,,  ...  have  to  satisfy  in  order  that  R  may  bo  a  rooiprooant.  If 
the  number  of  these  conditions  be  less  by  ono  or  any  greater  deficiency 
than  the  number  of  a's,  i,e,,  than  the  number  of  invariants  I  in  (25), 
a  pure  ternary  reciprocant  B,  or  a  number  having  that  deficiency  for 
a  superior  limit  of  linearly  independent  pure  ternary  reciprocants,  is 
determined.     Hence 

Prop.  XVIII. — If  the  number  of  linearly  independent  invariants  of 
degree  i  and  partial  weights  w,,  w^  of  the  quadratic  cubic,  8fc.  emanants 
exceed  the  number  of  seminvarianis  of  degree  i-\-\  and  partial  weights 
t^i-hl,  w-^y  the  excess  is  equal  to,  or  at  any  rate  a  superior  limit  to,  the 
nuinber  of  linearly  independent  pure  ternary  reciprocants  of  type  i,  Wi,  Wi, 
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The  Differential  Equations  satisfied  by  Ooncomitam,is  of  Quanties. 

By  A.  E.  FoESYTH,  M.A.,  F.E.S. 

[JEUad  Nov.  lOM,  1887.] 

In  a  memoir  published  in  1872,*  Clebsch  established  the  im- 
portant result,  that  in  the  case  of  a  form  in  n  variables,  the  con- 
comitants of  the  form  or  of  a  system  of  such  forms  involve  in  the 
aggregate  n  ~  1  classes  of  variables.  Thus,  for  instance,  those  of  a 
ternary  form  involve  two  classes  which  may  be  geometrically  inter- 
preted as  point  and  line  coordinates  in  a  plane ;  those  of  a  quaternary 
form  involve  three  classes  which  may  be  geometrically  interpreted  as 
point,  line,  and  plane  coordinates  in  space. 

1.  Now  these  concomitants  satisfy  characteristic  differential  equa- 
tions, the  most  important  of  which  belong  to  one  or  other  of  three 
classes.  The  first  of  these  is  constituted  by  the  equations  with  bi- 
linear operators  in  conjugate  (contragredient)  variables,  and  they 
arise  from  the  assumption  of  definite  special  forms  as  normal  forms 
of  concomitants.  They  were  first  given  by  Gordan,  in  his  memoir 
"Ueber  Combinanten,"t  for  the  simplest  association  of  contragredient 
variables ;  and  Clebsch,  in  his  Gottingen  memoir,];  pointed  out  the 
generalisation  obvious  after  his  earlier  results  there  obtained.  The 
general  result  is,  that  any  mixed  concomitant  0  involving  two  con- 
jugate sets  of  contragredient  variables  p  and  g,  which  are  by  their 
nature  such  that  Sp<^<  does  not  change  when  the  original  variables 
are  subjected  to  linear  transformations,  can  be  replaced  by  a  set  of 
mixed  concomitants  [6]  each  of  which  satisfies  the  partial  differ- 
ential equation 


9p<9g< 


=  0. 


The  second  of  the  classes  of  differential  equations  is  constituted  by 
those  involving  differential  operators  in  variables  which  belong  to 
one  and  the  same  class ;  and  they  arise  from  the  fact  that  the 
variables  of  one  class  are,  with  the  exception  of  two  sets,  not  inde- 


*  **  Ueber  eine  Fundamentalaufgabe  der  Invarianten-theorie,"  Abh,  d.  JT.  Akad, 
d.  W,  zu  Oottingen,  t.  xvii. ;  Math.  Ann,,  t.  v.,  pp.  427 — 434. 
t  Math.  Ann.f  t.  v.  (1872) ;  see  specially  pp.  102 — 106.  J  l.o.,  p.  39. 
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pendent  of  one  another.  Tlie  differential  equations  are  affected  in 
form  in  accordance  with  the  possible  changing  bnt  equivalent  forms 
of  the  function  concerned,  which  can  be  exhibited  by  the  use  of  the 
permanent  relations  among  the  non-independent  yanaUes.  These 
equations  are  indicated  in  Glebsch's  memoir,  the  general  result  being 
that,  when  there  is  a  permanent  relation  of  the  form 

then  the  function  taken  in  a  definite  normal  form  satisfies  an  asso- 
ciated differential  equation 


SO 


3p3p'... 


=  0. 


It  thus  appears  that  the  investigation  of  the  differential  equations  is 
efbctiyely  the  investigation  of  the  identical  relations  among  the 
variables  of  all  the  classes  which  enter  into  the  expression  of  the 
function. 

The  third  of  the  classes  of  differential  equations,  perhaps  the  only 
class  to  which  the  term  "characteristic"  should  be  applied,  arises  from 
the  invariantive  nature  of  the  f auctions  ;  they  are,  of  course,  affected 
by  the  normal  forms  adopted  for  the  functions,  but  these  normal 
forms  are  not  the  governing  element. 

It  is  unnecessary  to  regiurd  farther  here  the  first  class  of  equations 
mentioned;  we  proceed  to  investigate  in  turn  the  remaining  two 
classes. 


2.  Consider  a  manifoldness  of  order  n— 1,  which  will  therefore 
involve  n  variables.  These  may  be  denoted  by  ajj,,  aj,j,  «i„  ...  «!,  ;  and 
other  sets  of  variables  cogredient  with  these  may  be    denoted  by 

^fi>  ^m  ^»  "'J  ^h»',  ^si)  ^f  ^9  -M  ^n  ;  A^d  so  on.  Then  the  different 
classes  of  variables  are  constitated  by  the  aggregates  of  minors  of 
different  orders  of  the  determinant 


^i>  ^ij> 


*fi>  ^a» 


^i»l»    3J„3, 


,  «i. 


^» 


>   ^nn  ' 


Those  of  a  linear  manifoldness  of  order  n— 2,  say  a  hyper-plane  (t.e., 
a  plane  in  the  case  of  quaternary  quan tics),  are  obtained  by  suppress- 
ing the  last  row,  and  taking  the  ensuing  n  determinants  each  of 
(n—1)' constituents;  those  of  a  linear  manifoldnesa  oi  OTdet  u— % 


26       Mi\  A.  E.  Forsyth  on  the  Differential  Equations    [Nov.  10, 

(i.e.,  a  line  in  the  case  of  quaternary  qnantics),  by  suppressing  the 
last  two  rows  and  taking  the  ensuing  \n  (n— 1)  determinants  each  o{ 
(n— 2)*  constituents  ;  and  so  on,  until  we  reach  the  linear  manifold* 
ness  of  order  zero  and  have  the  n  hyper-point  coordinate's.  It  is,  as 
usual,  assumed  that  the  n  hyper-point  coordinates  are  independent  of 
one  another. 

3.  In  the  first  place,  it  is  evident  that  the  number  of  coordinates, 
different  from  and  linearly  (though  not  functionally)  independent  of 
one  another,  of  a  linear  manifoldness  of  order  r— 1  is  the  same  as 
that  of  the  coordinates  of  a  linear  manifoldness  of  order  n— r— 1 ;  in 
fact,  by  a  well-known  theorem  in  determinants,*  any  determinant 
made  up  of  r^  hyper-point  coordinates  as  constituents  can  be  replaced 
by  one  made  up  of  (n—ry  corresponding  hyper-plane  coordinates. 
Owing  to  this  reciprocal  duality  we  are  enabled  to  deduce,  from  the 
identical  relations  between  the  variables  of  one  linear  manifoldness, 
the  relations  between  the  variables  of  the  linear  manifoldness  of  com- 
plementary order.  For  we  can  replace  each  of  the  former  variables 
in  terms  of  the  hyper-point  coordinates  by  its  expression  in  terms  of 
the  hyper-plane  coordinates,  and  the  relation  is  changed  into  one  which 
involves  variables  in  hyper-plane  coordinates  alone  of  complemen- 
tary order.  We  now,  in  each  of  this  last  set  of  identities,  change  each 
hyper-plane  coordinate  into  a  hyper-point  coordinate,  and  so  obtain 
identical  relations  between  variables  in  terms  of  hyper-point  coordi- 
nates of  complementary  order,  that  is,  identical  relations  between  the 
variables  of  the  linear  manifoldness  of  complementary  order.  Hence 
we  have  the  theorem : 

Any  identical  rekUion  between  the  variables  of  a  linear  manifoldness  of 
order  r— 1  gives  an  identical  relation  between  the  variables  of  a  linear 
manifoldness  of  complementary  order  n  — r— 1,  when  each  of  the  variables 
of  the  first  manifoldness  is  replaced  by  the  corresponding  conjugate 
variable  of  the  second  manifoldness. 

Examples  will  be  given  in  the  next  section. 

4.  There  are  apparently  two  cases  to  be  considered  ;  but  the  differ- 
ence between  them  is  slight  and  applies  rather  to  the  results  than  to 
the  methods  of  investigation.  The  first  case  is  that  in  which  n  is 
odd,  the  second  that  in  which  n  is  even.  There  exists  for  the  latter 
a  manifoldness  of  order  ^n— 1,  the  variables  of  which  are  self-conju- 
gate ;  there  is  no  such  manifoldness  for  the  former.     The  method  of 

♦  It  ifl  proved  by  Olebsch,  1.  c,  §  2. 
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investigation  is  the  same  for  all  cases,  and  there  results  in  general  a 
nnmber  of  relations,  depending  on  the  order  of  the  manifoldness  with 
which  the  variables  are  associated.  But  in  that  particular  case  when 
the  variables  are  self -conjugate  the  fundamental  relations  are  all  of 
such  a  kind  that  the  consequent  differential  equations  are  assigned 
by  Clebsch  to  that  class,  here  (§1)  called  the  first. 

It  should  further  be  remarked  that  the  relations  deduced  are  not 
functionally  independent  of  one  another,  though  they  may  be  so 
linearly.  For  instance,  in  the  case  of  quinary  forms,  we  have  (hyper- 
line)  variables  given  by 

*l>  *f>  ^>   *4»  ^ 

Vij  Vf*  Vv  y«>  Vi 

they  may  be  denoted  by  (12),  (13),  ...,  (45),  respectively.  Then  we 
have,  as  relations  among  them, 

0  =  (12)(34)  +  (23)(14)  +  (31)(24), 
0  =  (12)(35)  +  (23)(15)  +  (31)(25), 
0  =  (12)  (45) +  (24)  (15) +  (41)  (25), 
0  =  (13)(45)  +  (34)(15)  +  (41)(35), 
0  =  (23)(45)  +  (34)(25)  +  (42)(35), 

five  linearly  independent  relations.  But  the  elimination,  from  the 
last  four  of  them,  of  the  quantities  (15),  (25),  (35),  (45)  gives  us 


=  0, 


(23),     (31), 

(12). 

0 

(24),     (41), 

0, 

(12) 

(34),       0, 

(41), 

(13) 

0,       (34), 

(42), 

(23) 

or,  what  is  the  same  thing, 

{(12)(34)  +  (31)(24)  +  (23)(14)}»  =  0, 

and  so  leads  to  the  first  relation. 

In  connection  with  these  identities  among  the  variables  related  to 
quinary  forms,  we  have  a  simple  illustration  of  the  theorem  of  the 
last  section ;  for,  passing  from  these  variables  of  a  linear  manifoldness 
of  order  1  to  the  variables  of  a  linear  manifoldness  oi  ot4^t  2i,  WiQat^« 
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ing  to  the  theorem,  the  relations  among  the  latter  variables  are 

0  =  (345)(125)  +  (145)(235)-h(245)(315), 
0  =  (354)  (124)  +  (154)  (234)  +  (254)  (134), 
0  =  (453)  (123) +  (153)  (243) -h  (253)  (413), 
0  =  (452)(132)-h(152)(342)-h(352)(412), 
0  =  (451)(231)  +  (251)(341)  +  (351)(421), 

five  relations  linearly  independent.  Eliminating  from  the  last  four 
of  them  the  four  quantities  (234),  (341),  (412),  (123),  which  are 
the  conjugates  of  (15),  (25),  (35),  (45),  respectively,  we  are,  as 
before,  led  to 

{(345)(125)-h(145)(235)-h(245)(315)}»  =  0, 

that  is,  to  the  first  relation. 

5.  In  order  to  obtain  all  the  relations  among  the  variables  of  a 
linear  manifoldness  of  any  order  n— 1,  derived  from  a  manifoldness 
of  order  n— 1,  the  method  that  appears  most  effective  is  founded  on 
a  theorem  due  to  Sylvester.*  We  form  two  determinants  each  of 
r*  constituents  given  by 


e  = 


•••  ...  ••• 


^  = 


^rm$      ^rfiy 


^rf>      ^rxi 


.  •  • 


^"iX 


X^ 


rx 


where  a,  /3,  ...,  0  are  any  r  integers  out  of  the  series  1,  2,  ...,  n  and 
^>  X>  •••»  ^  *^®  *°y  other  r  integers  from  the  same  series.  (We 
may  assume  2r  to  be  not  greater  than  n,  on  account  of  the  theorem  of 
§  3,  which  makes  the  relations  for  the  linear  manifoldness  of  order 
n^r—1  A  mere  transcription  of  those  for  the  linear  manifoldness  of 


•  Fhil,  Moff.,  Sep.  4,  Vol.  ii.  (1861),  p.  143 ;  see  also  Brioachi,  La  teoriea  iei 
detertninanti  (Pavia,  1864),  pp.  46,  47,  where  the  general  proof  given  differs  from 
Sylvester's ;  and  Baltzer,  Theorie  und  Anwendung  der  Determinantm,  §  3,  9  and 
}4,4. 
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order  r—1.)     In  the  first  instance,  we  take  no  one  of  the  integers 

a,  /3,  ...y  0  to  be  the  same  as  any  one  of  the  set  ^,  x>  •••*  ^  >   ^^  ^^ 

appear  immediately  that  there  is  associated  with  the  aggregate  of  2r 

integers,  one  gronp  of  relations,  and  that  therefore  the  nnmber  of 

snch  gronps  is 

n! 

n— 2r!2r!* 
When  we  select  s  ont  of  r  colnmns  of  either  9  or  ^,  it  can  be  done  in 


r! 


I 


si  r— «! 


=  n 


ways,  with  which  may  be  associated  the  integers  1,  2,  ...,  j?,  ...,  r«. 
Let  6«,,  denote  the  resnlt  of  snbstitnting  in  6  for  the  s  colnmns 
of  6,  corresponding  to  the  associated  combination  integer  m,  the  s 
columns  of  <>,  corresponding  to  the  associated  combination  integer  p ; 
and  let  ^p,.  denote  the  resnlt  of  these  interchanges  in  <!>.  Then 
Sylvester's  theorem  gives  the  resnlt 


m^r. 


0*=  s  e«,,*p.«, 


m«l 


and  also,  though  not  explicitly  mentioned,  the  evidently  similar  result 

4>0=  V<>p,^e«.p. 

The  former  of  these  is  true  for  each  of  the  r,  values  of  p,  the  latter 
for  each  of  the  r,  values  of  m ;  and  there  are  thus  apparently  2r,  equa- 
tions. But  these  equations  are  not  linearly  independent ;  in  fact,  we 
have  from  the  first  set  the  result 


pmrarmmr,  ■\ 

p  B  1    ^  m-1  -^ 


and  from  the  second  set  the  same  result,  viz.. 


The  equations  must  therefore  be  reduced  in  number  by  unity,  and 
thus  the  number  of  independent  equations  is  2r,  — 1. 

This  is  true  for  all  the  possible  values  of  s  ;  but,  as  the  equations 
have  been  taken  in  the  duplicate  form,  the  only  values  of  s  which  need 
be  retained  are  1,  2,  ...  up  to  the  integral  part  of  Ir,  For  the  effect 
of  replacing  s  columns  of  8  by  s  columns  of  4>  is  the  saoie  ^  W:Ai\i  q1 
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replacing  the  remaining  n—s  columns  of  ^  by  the  remaining  n— « 
columns  of  9.     Thus  the  total  number  of  equations  is 

2ri-l  -f  2r,-l  +  2r,-l  +  ...  ; 

in  the  case  when  r  is  even  the  number  is  easily  found  to  be  2^— Jr— 1, 
and  in  that  when  r  is  odd  it  is  2*"— |-(r+3).  This  number  will  be 
increased  owing  to  the  possible  variations  of  the  fundamental 
equations,  illustrations  of  which  will  be  given  shortly ;  but,  even  so, 
this  aggregate  does  not  constitute  the  complete  aggregate  of  relations 
among  the  variables  of  the  manifoldness.  Each  of  the  bilinear  pro- 
ducts Qm,in  *p,«  involves  all  the  2r  sets  of  variables  x,  but  one  factor, 
as  0»,p,  involves  only  r  of  them,  and  it  need  not  necessarily  be 
associated  with  a  factor  which  involves  all  the  remaining  r.  And 
so  we  can  from  each  relation  deduce  a  number  of  sets  of  others. 

We  first  make  one  of  the  integers  i//,  x>  0»  •••  >  A*>  ^ — say  X — the 
same  as  one  of  the  2r  integers  other  than  X,  which  can  be  done  in 
2r  — 1  ways;  the  efEect  of  this  will  be  to  make  some  of  the  terms  ♦ 
and  9  vanish,  and  we  shall  "be  left  with  a  relation  among  the  variables 
of  the  manifoldness  involving  in  the  aggregate  only  2r^l  suffixes. 

We  next  make  two  of  the  integers  ^y  X'  ^»  ■*•  >  A'*  ^ — ^7  ^  *^^  /* — 
the  same  as  two  of  the  2r  integers  other  than  \  and  /i,  which  can  be 
done  in  J  (2r— 2)  (2r— 3)  ways;  and  there  will  result  a  relation 
among  the  variables  of  the  manifoldness,  involving  in  the  aggregate 
only  2r— 2  suffixes. 

And  so  on,  for  the  several  sets  derived  as  special  cases.  The  last 
set  so  derived  is  that  in  which  only  r+2  suffixes  are  involved ;  and 
the  type  of  relation  in  this  set  is 

where  y,  ^, ...  ,  6  are  r— 2  integers  other  than  1,  2,  3,  4. 

6.  To  illustrate  the  preceding  statements  there  follow  here 
examples  of  all  the  relations  among  the  variables  of  a  linear  mani- 
foldness of  order  3  belonging  to  any  general  manifoldness  of  order 
n— 1.  First,  there  are  the  relations  which  involve  8  [=2(3  +  1)] 
suffixes.     We  take 


Vv 
^1, 


z 


V 


^s» 


*••        V 


"a* 


89 


«4 


=  (1234), 


«6» 


z, 


5» 


''6> 


«0» 


«7» 

y7» 


'7i 


t,,       t 


7> 


«8 


=  (5678) ; 


so  that  r  =  4,  and  «  =  1  and  5  =  2  are  the  admissible  values  of  s ;  and 
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there  is  a  group  of  relations  for  every  one  of  the 

n! 
8!n-8! 

groups  of  eight  suffixes.     The  total  nnmber  of  variables  belonging  to 

the  manifoldness  is  — — '—r,. 

4!  n— 4!' 

and  the  number  of  variables  involving  four  of  the  eight  suffixes  chosen 
is  70,  giving  35  bilinear  products.     Then  the  relations  for  «  =  1  are 

(1234)(5678)  =  (5234)(1678)-h(1534)(2678)  +  (1254)(3678) 

+  (1235)(4678)    (i.) 

=  (6234)(5178)  +  (1634)(5278)  +  (1264)(5378) 

+  (1236)(5478)   (ii.) 

=  (7234)(5618)  -h  (1734)(5628)  +  (1274)(5638) 

+  (1237)(5648)  (iii.) 

=  (8234)(5671)  -f  (1834)(5672)  +  (1284)(5673) 

+  (1238)(6674) (iv.), 

(5678)(1234)  =  (1678)(5234)  +  (5178)(6234)-h(5618)(7234; 

+  (5671)(8234)    (v.) 

=  (2678)(lo34)  -f  (6278)  (1634)  +  (5628)(1734) 

+  (5672)(1834)  (vi.) 

=  (3678)(1254)  +  (5378)(1264)  +  (5638)(1274) 

+  (5673)(1284) (vii.) 

=  (4678) (1235) -h (5478) (1236) + (5648) (1237) 

+  (5674)(1238)  (viii.); 

and  for  «  =  2,  the  relations  are 

(1234)(6678)=  (5634)  (1278)  +  (5264)  (1378)  +  (5236)  (1478) 

+  (1564)  (2378)  +  (1536)  (2478)  -H  (1256)  (3478) . . .  (ix.) 
=  (5834)  (1672)  -h  (5284)  (1673)  -h  (5238)(1674) 

-H  (1584)  (2673)  -h  (1538)  (2674)  -h  (1258)  (3674) . . .  (x.) 

=  (5734)  (1628)  -h  (5274)  (1638)  -h  (5237)  (1648) 

-h(1574)(2638)  +  (1537)(2648)  +  (1257)(3648)...(xi.) 
=  (7834) (5612) + (7284) (5613) -h (7238) (5614) 

-h  (1784)(5623)  +  (1738)(5624)  +  (1278)(5634)  ...(ix/) 
=  (6734) (5128) + (6274) (51 38) + (6237) (5148) 

+  (1674)(5238)  +  (1637)(5248)  +  (1267)(5348)...  (x.') 
=  (6834)(5172)  +  (6284)(5173)  +  (6238)(5I74^ 

+(1684)(5273)  +  (1638)(5274)  +  0'^6S)^b^1«^.,.^T:\^|. 
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(5678)  (1234)=  (1278)  (5634)  +  (1672)  (5834)  +  (1628)  (5734) 

+  (5612)(7834)  +  (5128)(6734)-h(5172)(6834)...(xu.) 

=  (1378)(5264)-f  (1673)  (5284)  -I- (1638)  (5274) 

-h  (5613)(7284)  -h  (5188)(6274)  +  (5173)(6284)...(xiu.) 

=  (1478)(5236)  +  (1674)  (5238)  +  (1648)(5237) 

+  (5614)(7238)  +  (5148)(6237)  +  (5174)  (6238). ..(xiy.) 
=  (2378)(1564)  +  (2673)  (1584)  +  (2638)(1574) 

+  (5623)(1784)  +  (5238)(1674)  +  (5273)(1684)..(xiv.') 
=  (2478)(1536)  -h(2674)(1538)  +  (2648)  (1537) 

+  (5624)(1738)  +  (5248)(1637)  +  (5274)(1638)...(xiii'.) 
=  (3478)(1256)  +  (3674)(1258)  +  (3648)(1257) 

+  (5634)(1278)  +  (5348)(1267)  -h  (5374)(8268)...(xii.') 

But,  of  the  last  twelve  eqnatioDS,  one  half  are  identical  (as 
marked)  with  the  other  half,  a  coincidence  to  be  expected,  for  in 
the  present  case  «  =  r— «,  and  so  each  product-combination  will 
occur  twice.  In  general,  for  8  =  |r,  only  r,— 1,  and  not  2r,—  1,  linearly 
independent  equations  occur — a  result  already  taken  account  of  in 
assigning  the  general  number  of  equations. 

It  will  be  noticed  that  in  the  equations  (i.) — (iv.),  (ix.) — (xi.)  all 
the  35  products  occur,  as  likewise  in  the  equations  (v.) — (viii.), 
(xii.) — (xiv.)  One  more  point  remains  for  a  remark,  which  will  be 
made  later  (§  10). 

7.  To  deduce  from  the  foregoing  equations  the  first  sub-class,  we 
make  the  symbol  8  everywhere  the  same  as  one  of  the  other  symbols 
in  turn ;  so  that  the  resulting  relations  will  involve  only  the  seven 
symbols  1,  2,  3,  4,  5,  6,  7,  and  will  constitute  a  group  in  these  seven 
symbols,  just  as  the  preceding  section  gives  relations  constituting  a 
group  in  eight  symbols.     The  number  of  groups  of  this  sub-class  is 

n\ 


7!  n-7r 
The  relations  are : 

Those  derived  from  equations  (i.)  to  (viii.) ;  by  making  (8)  the 
same  as  (7),  we  obtain  an  equation 

0  =  (7234)(5617)-|-(1734)(5627)+(1274)(5637)  +  (1237)(5647). 
Those  derived  from  equations  (ix.)  to  (xiv.)  ;  one  such  equation  is 
0  =  (5734)(1672)-f  (5274)  (1673)-!- (1574)  (2673) 

-h  (5237)(1674)  -f  (1537)(2674)  +  (1257)(3674). 
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And  it  is  not  difficult  to  prove  that  the  complete  a^g^gate  of  both  sets 
in  this  sub-class  is  linearly  resoluble  into  the  seven  groups  of  equations, 
one  of  which  is  of  the  form : 

0  =  (1237)(4567)  +  (1274)(8567)  +  (1734)(2567)  +  (7234)(1567), 

0  =  (1237)(4567)  +  (2376)  (1457)  +  (2735)(1467)  +  (7234)(1567), 

0  =  (1237)(4567)  +  (1375)(2467)  +  (1725)(3467)  +  (7235)(4167), 

0  =  (1237)(4567)-f(1276)(3457)-h(1736)(2457)  +  (7236)(1457), 

0  =  (1237)(4567)-h(1375)(2467)-f  (1734)(2567)  +  (7245)(1637), 

0  =  (1237)(4567)-f(1274)(3567)  +-(1725)(3467)  +  (7345)(1267)-; 

and  for  the  remaining  groups  the  six  symbols  other  than  7  severally 
occur  twice.  The  six  equations  given  are  linearly  equivalent  to  five ; 
for  the  sum  of  the  right-hand  sides  of  the  first,  third,  and  fourth  is 
the  same  as  that  of  the  second,  fifth,  and  sixth. 

8.  To  deduce  the  relations  of  the  second  sub-class,  we  make  two  of 
the  symbols,  7  and  8,  everywhere  the  same  as  two  of  the  other  sym- 
bols ;  the  resulting  non-evanescent  relations  are  those  which  involve 
only  six  symbols,  and  there  are  therefore 

n! 


^\n^^\ 

groups  of  such  relations.     Those  for  the  symbols  1,  2,  3,  4,  5,  6  are — 

(1234)(1256)  +  (1245)(1236)-|-(1253)(1246)  =  0, 

(1324)(1356)-h(1345)(1326)  +  (1352)(l346)  =  0, 

and  so  on,  fifteen  in  number,  there  being  only  one  equation  of  the 
group  in  which  two  symbols  as  1,  2  occur  in  each  factor  of  a  term. 

9.  Similarly,  for  the  variables  of  a  linear  manifoldness  of  order  2, 
the  relations  involving  six  symbols  are 

(123)(466)  =  (423)(156)  +  (143)(256)  f  (124)(356), 

=  (523)  (416)  -H  (153)  (426)  -f-  (125)  (436), 

=  (623)(451) -h (163)(452)  -h  (126)(453), 

(456)(123)  =  (156)(423)  +  (416)(523)  +  (451)(623), 
=  (256)(143)-h(426)(153)-|-(452)(163), 
=  (356) (124)  +  (436) (125)  -f  (453) (126) ; 

while  the  relations  involving  only  the  five  symbols  1,  2,  3,  4,  5  are 
those  given  in  §  4. 
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10.  It  will  be  noticed  that  the  equations  of  §  7,  which  inyolTed  all 
the  eight  symbols,  were  given  in  such  a  form  as  to  express  the  pro- 
duct (1234)  (5678)  in  terms  of  the  remaining  products ;  and  similarly 
for  the  corresponding  case  with  the  equations  of  §  9. 

But  such  relations  are  also  obtained  in  the  general  case,  and  in 
special  cases,  if  in  the  general  theorem  we  take  as  the  fundamental 
product  some  combination  other  than  9^,  say  9„,p  ^p,m ;  &^cL  there  are 
then  derivable  2r,  equations  of  a  new  form  which  inter  se  are  linearly 
independent,  save  as  to  one  relation  as  before ;  so  that,  taking  all  the 
possible  equations,  the  total  number  is 

o       1  2r! 

2r..--. 


2  •«!2r-5!' 

in  —- .  —   groups.     The  combinations  of  forms  which  occur  in 

these  ai*e  scattered  up  and  down  in  the  r,  groups  (for  different  values 
of  s)  as  first  taken ;  and  I  do  not  propose  to  discuss  the  question  of 
the  number  of  linearly  independent  equations  to  which  the  foregoing 
are  reducible.* 

It  may  however  be  remarked  (and  the  verification  of  the  remark  is 
not  difficult)  that  the  retention  of  the  full  aggregate  of  these  groups  of 
relations  for  s  dispenses  with  the  necessity  of  retaining  any  of  the 
groups  of  relations  for  5  +  1*  Bufc  this  is  not  all ;  it  is  sufficient  to 
form  first  the  equations  for  «=1,  each  being  of  the  form 

6^  =  sum  of  r  bilinear  products, 

the  factors  of  the  products  having  only  one  column  different  from  the 
8  or  <&  as  the  case  may  be  ;  and  the  number  of  such  equations  is  2r. 
Now  the  number  of  products  entering  on  the  right-hand  side  is  r* ; 
and  it  will  be  found  that  the  groups  of  2r  equations,  derived  from 
each  of  these  r*  products  as  a  fundamental  0<^,  will  enable  ub  to  dis- 
pense with  the  equations  for  «  =  2  ;  and  so  on.  Thus,  for  in- 
stance, taking  the  four  products  on  the  right-hand  side  of  equation 
(i.)  of  §  6,  and  writing  down  one  of  the  associated  equations  for 

each  of  them,  we  have 

(5234)  (1678) 

=  (6234)(1578) + (5634)(1278) + (5264)(1378) + (5236)(1478), 

(1534)  (2678) 
=  (6534)  (2178)  +  (1634)  (2578)  +  (1564)  (2378)  +  (1536)  (2478), 


*  For  the  maDifoldness  of  order  2,  the  set  of  60  equations,  so  derived  and  involving 
the  six  symbols  I,  2,  3,  4,  6,  6,  is  linearly  reducible  to  the  equatioiiB  of  {  9,  a  result 
easy  to  verify. 
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(1254)(3678) 
=  (6254)(3178)  +  (1654)(3278)  +  (1264)(3578)  +  (1256)(3478), 

(1235)(4678) 
=  (6235)  (41 78)  +  (1635)  (4278)  +  (1265)(4378)  +  (1236)  (4578). 

When  the  corresponding  members  of  these  equations  are  added  to- 
gether and  equations  (i.)  and  (ii.)  are  used,  equation  (ix.)  follows 
immediately. 

This  concludes  the  investigation  of  the  algebraical  relations,  and 
therefore  that  of  the  differential  equations  of  the  second  class  satisfied 
by  concomitants  of  n-ary  quant ics. 

11.  When  we  pass  to  the  consideration  of  the  differential  equations 
satisfied  by  a  concomitant  on  account  of  its  inyariantive  nature,  it  is 
in  the  first  place  necessary  to  settle  the  formulae  of  transformation. 
Still  dealing  with  the  general  case  of  a  manifoldness  of  ordern— 1,  we 
take  as  the  original  yariables  x^,  x^,  ...,  x^,  and  as  the  transformed 
variables  X^,  X^y  ...yZ^.  The  necessary  formulso  of  transformation 
may  be  written 

Xf  ^  If,  1  Xi  -|-  If.^  2  'Xj+  . . .  +  *r,n  Xn 

(r=  1,  2,  ...,  n)  ;  and  we  assign  with  the  condition  Zr,r=  1*  The 
determinant  of  transformation  A  is 


A  = 


1>  ^i,ai  ^,»>  h,i9 

h,li  1>        Ai,3  9  ^,4> 

h,i9  h,t9   1>  h,ii 

^4,1 1  ^4,21     ^4,J>  1> 


which  on  expansion  differs  from  unity  by  terms  which  are  products 
of  two  or  more  of  the  coefficients  I ;  and  therefore,  if  we  retain,  in  the 
equations  which  express  the  invariantive  relation,  only  quantities 
independent  of  the  Vs  and  terms  involving  the  Vb  linearly,  we  may 
take  this  determinant  A  as  unity. 

12.  If  we  temporarily  denote  a  variable  of  a  linear  manifoldness  of 
order  r— 1  hj  pr,  being  composed  as  a  determinant  of  r*  hyper-point 
variables,  it  is  convenient  to  choose  the  transformed  variables  P,  so 


that 
Writing 


Pr  =  Siahyj  •••  ^r> 
D    2 
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we  have,  so  far  as  dimensions  in  the  coefficients  of  transformation  are 
concerned,  pr  =  A*"^'*2  ±  Xj  F,  . ..  Tr\ 

and,  if  we  write  P,  =  A**"  S ±  Zi  Y, ...  T,, 

the  foregoing  relation  connecting  the  old  and  the  new  complementary 
variables  requires  that 

We  may  evidently  take  ^i  =  0,  and  therefore  we  must  have  0^.i  =  1 ; 
the  quantities  Or  may,  conformably  with  the  nature  of  the  functions, 
be  taken  as  an  arithmetical  progression,  and  so  a  suitable  value  of  Or 
is  g^ven  by 

a  -'•-1 

Hence  from  the  point  of  view  of  dimensions,  we  have 

Pr 

13.  Consider  now  any  general  w-ary  quantic ;  let  it  be  of  order  m,. 
in  the  variables  pr,  and  let  a  denote  a  general  coefficient.  Then,  after 
the  linear  transformations  have  been  effected  and  the  new  general 
coefficient  has  been  denoted  by  il,  we  have,  so  far  as  regards  dimensions, 

a 

To  find  the  index  /u  of  any  concomitant  of  the  quantic  which  is  of 
degree  c  in  the  coefficients  of  that  quantic,  and  of  order  Sr  in  its 
variables  pr,  it  is  sufficient  to  count  dimensions.  The  equation  which 
expresses  the  invariance  may  be  dimensionally  written  in  the  form 

and  therefore,  so  far  as  dimensions  in  d  are  concerned,  we  have 

—    5   rrrir  =  /ti  +    5    «r 


n     r-1  r-1       nin-^Z) 


rmn-i 

or  /un(n— 2)=     2    {cr (n— 2) m^— *,(»*— 2r)}. 


Thus,  in  the  case  of  a  ternary  form  of  the  m^  order  in  point  variables, 
the  index  of  a  concomitant,  of  degree  c  in  the  coefficients,  of  order  m' 
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in  point  variables,  and  of  class  n  in  line  yariables,  is 

and  in  tbe  case  of  a  bitemarj  form,  of  order  m  in  point  yariables  and 
class  n  in  line  variables,  tbe  index  of  a  similar  concomitant  is 

\  {c(m-f2n)-TO'+n}. 

14.  Wben  the  general  typical  variables  of  the  manifoldnesses  of 
order  0,  1,  2,  ...  are  respectively  denoted  by  (r),  (r»),  (r*0>  •••>  the 
general  ground-form  can  be  expressed  in  tbe  symbolical  form 

U-={2a,(r)}-(S6„(„)}-.{2c^(rrt)}-{2«U("'i')}"'    •; 
and  when  this  is  expanded  an  actual  general  term  is 


«h 


m^i 


tn,! 


p,!  p,!  ...p«!    Pi,i!pi,i!...p»-i.iil     Pi,t,si  ft.1.4-  —P— »,— !.»' 
[(1)'^(2)'^...  (n/-]  [(12/^'»(13)^'  ...  (n-l,n/-'.-]  ... 


where 


Pi»  Ptt  •••»  Pnt  Pi,i>  ^,jf  •••»  Pit-i,i»9  ft,j,»»  ^i,j,4»  •• » 
Pit  Pi>  •••>  P«»  Pi,r  Phv  '•' 

^  a^  0,^  •••  ^«  •  ^i,i  ^1.1  •••  ^«-i,i"  •  M,i,i  •••> 


and 


'•» 


Pi.a'fpi,j+  •••  +Pii-i,ii> 

ft,l,l  +  Pl,l,4+«««+f*«-l,ii-l,iil 


Moreover,  the  symbolical  form  of  the  qnantic  may  be  supposed  to  be 
the  reduced  normal  form  of  Clebsch*s  memoir ;  in  that  case  the  con- 
stant coefficients  associated  in  it  with  the  variables  of  a  manifoldncrss 
satisfy  among  themselves  the  same  identical  relations  as  exist  among 
the  variables,  for  the  quantic  satisfies  all  the  differential  equations  of 
the  second  class  lately  considered. 

15.  Suppose  now  that  the  linear  transformations  of  §  11  are  applied 
to  the  ground- form  and  to  its  concomitants. 

The  effect  on  the  variables  of  the  manifoldness  of  order  0  is  as 
given  in  §  11.  The  effect  on  the  variables  of  the  manifoldness  of  order  1 
is  given  by 


(rO  =  S2     Ir^    Ir. 


^Mff      **r 


(^2); 
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bat  with  the  restriction  (§11,  fin.)  as  to  the  rejection  of  all  terms 
which  are  of  the  second  and  of  higher  dimensions  in  the  quantities  2, 

we  have  (rs)  =  (ES)+S'  {(Z.,.  5.+Z^.. ^)(B8)], 

where  2'  implies  that  summation  is  to  be  taken  for  all  the  terms 
given  hj  values  of  a  in  the  series  1,  2,  ...,  n  other  than  the  co- 
subscript  in  I,  and 

Thug,  for  example, 

(..)  =  (12)  + 'i"  {Z.„(1E)  +  ?,.,(E2)}. 


r-8 


Similarly  the  effect  of  the  transformation  (with  the  restriction  as  to 
the  rejection  of  terms  of  dimensions  beyond  the  first  in  Z)  on  the 
variables  of  the  manifoldness  of  order  2  is 

(rst)  =  (E8T)^X  {(lr,A  +  kp^.  +  kM(BST)] 

=  (Esr)+2'  {z,.p(PiSr)-f  z.,,(EPT)+z,.,(ESP)j, 

where  in  each  case  the  summation  is  for  the  n— 1  values  of  jp  in  the 
series  1,  2,  3,  ...  ,  n  other  than  the  co-subscript  in  Z. 

The  law  of  transformation  for  the  variables  of  any  manifoldness  is 
now  obvious. 

16.  These  changes  in  the  variables  imply  corresponding  changes 
in  the  symbolical  linear  factors  of  U  when  it  is  transformed,  and  imply 
therefore  transformed  coefi&cients  in  these  linear  factors ;  let  the  new 
coefficient  be  denoted  by  the  same  symbol  as  the  former  corresponding 
coefficient,  but  with  the  literal  part  dashed.  The  coefficients,  associated 
with  the  variables  of  a  manifoldness  of  any  order  r—1,  are  cogredient 
with  the  variables  of  manifoldness  of  complementary  order  n— r— 2; 
and  thus  we  obtain  as  the  necessary  equations 


«-  n 


a'r  =  ar+  S'   Z,,^a, 
« ■  1 

(where  X  has  a  meaning  similar  to  that  before  used), 

and  so   on.     And   in  these  it  must  be  borne  in   mind  that  every 
coefficient  as  written  must  be  taken  in  connection  with  the  associated 
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symbolical  variable ;  so  that  &<«  occarring  with  (t,  s)  is  —  h,jy  and  one 
of  the  equations  giving  the  transformations  of  the  &'s  is  thus 


F-» 


To  find  the  changes  in  the  transformed  actual  coefficient  A\  it  is 
necessary  to  substitute  these  values  for  the  transformed  symbolical 
coefficients  and  reduce  the  result  to  an  expression  in  terms  of  the 
original  actual  coefficients.  The  first  term  will  be  the  original  actual 
coefficient  A  ;  the  remaining  terms  will  be  products  of  the  quantities  I 
with  other  coefficients  A.  It  will  be  sufficient  for  our  purpose  to 
write  down  the  part  of  the  expression  which  has  for  its  coefficient 
any  assigned  one  of  the  quantities,  say  ^,^.  Now  Z^,^  enters  as  the 
coefficient  of 

(i.)  Ox  in  a;; 

(ii.)  hr^j,  in  6^ ,,,       where  r  has  the  n— 2  values  of  1,  2, ...  ,  n  which 

are  not  X  or  fc ; 

(iii.)  Cx^r,$  in  <?i,r,#,  where  r  and   s  may   have   the  n— 2   values  of 

1,  2, ...  n  which  are  not  X  and  /u  ; 
and  so  on,  and  therefore  the  coefficient  of  Z^,^  in 


A 


Pit  Pit  •••!  Pnt  Pl,t»  •••  I  Pn~},i%t  Pl.2,f* 


IS 


Pit  p»  ••• »  Px"*"^*  •••  >  P^~^»  •••  ^»  Ph  ai  Pi,  ti  ••• 

r 
ri»,r      Pj,  ^...,   pnt  Pi,  8»  •••  >  Pi.^r'^  ^»  ••*  »  P^,r~^»  *••  »  P»»-».«»  Pi.  J,  S»  ••• 

"*"         ^'••*'»*     Pit  Pit  •••  jP"*  Pi,2»  Pi,  j»  •••»P«-i,».  Pi,2,i>  ••  Px,r,»  + ^»  •••» 

P;.,r,«~^»  •••  »  P" -«,«•-!,»», Pi. 2. J,  4>  ••• 


Let  this  be  denoted  by  (-4,  X,  /u)  ;  then  we  have 

17.  The  equation  which  expresses  the  in  variance  of  the  concomitant 
may  be  written  *  =  A'*'0. 

When  in  it  all  the  variables  are  expressed  in  terms  of  the  transformed 
variables,  and  all  the  coefficients  are  expressed  in  terms  of  the  un- 
transformed  coefficients,  the  equation  comes  to  be  an  identity,  and 
therefore  the  terms,  multiplied  by  the  same  combmallowA  cA  Wv^ 
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quantities  2,  are  equal  to  one  another.  Selecting,  then,  the  coefficient 
of  Zx,  ^,  and,  after  the  dilEerentiations  are  perfonned,  referring  all  the 
quantities  which  occur  to  the  untransformed  function  ^,  we  have  as 
the  complete  part  contrihuted  bj  the  left-hand  side 

This  summation  extends  over  all  the  coefficients  A ;  for  some  of  them, 
however,  the  quantity  (-4,  X,  /i)  will  vanish  and  the  corresponding 
term  will  be  absent. 

On  the  right-hand  side  A"'  is  (§11)  unity ;  the  part  arising  from 
the  variables  of  the  manifoldness  of  order  0  is 

dajx 
the  part  arising  from  the  variables  of  the  manifoldness  of  order  1  is 


XifiT) 


3j 


a  (\r)' 


where  the  summation  is  for  the  n— 2  values  of  r  other  than  X  and  fi 

in  the  series  1,  2,  ...  ,  n;  the  part  arising  from  the  variables  of  the 

manifoldness  of  order  2  is 

9^ 


rr  (firs) 


a  (Xrsy 


with  similar  limits  for  the  summations ;  and  so  on.  Hence  finally 
we  have 

oA  oxx  c  (Xr)  d  (Ars) 

a  differential  equation  satisfied  by  ^.  This  was  derived  by  consider- 
ing the  coefficient  of  Zx,^,  one  of  the  n  (n— 1)  quantities  I ;  hence  the 
function  0  satisfies  n  (n— 1)  differential  equations  of  the  foregoiDg 
type. 

18.  The  following  particular  cases  of  this  general  result  may  be 
noticed : — 

I.  For  ternary  quantics  there  are  two  classes  of  variables ;  the  first 
is  constituted  by  a^,  x^,  x^ ;  the  second  by 

«,  =  (23), 

«.  =  (31), 

«.  =  (12), 
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For  the  um4emary  n-tie  represented  by 

80  that  the  term  in  ^[se^^xI  (r-^s+t  =^n)  has  the  coefficient 

n! 

the  six  differential  equations  to  be  satisfied  by  any  concomitant  are 


S2«a,.+i,,-i,« 


9^     =a.^-u,^ 


On  the  left-hand  side  r+«+^  =  ^)  and  the  double  summation  extends 
over  all  the  values  of  r,  5,  t  consistent  with  this  condition,  t.e.,  over  all 
the  coefficients  of  the  quantic. 

For  a  pure  covariant  we  have  ;^  =  0  (m  =  1,  2,  3)  ; 
for  a  pure  contravariant  we  have  ^  =  0  (wi  =  1,  2,  3)  ; 
iat  an  invariant  we  have  ^  =  0  =  ■—-  (jni  =  1,  2,  3). 

OX^  OUn. 


For  the  hitemary  n-tic  represented  by 


aJtC 


=  (aia44-a,aj,4-a,a?,)"  (wiai+itjaj+Wja,)' 


=  2 
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(with  the  conditions  r  +  «  +  i  =n,  p  +  c  +  rrs  m)  the  six  differential 
equations  are 

« /  ,  V       3^  3^3^ 

2  («ar.  .-1,  *.  ^  .,  r  +T'a^,,,*,,.,*i.,.i)  5 * =  *«  1^  ""**»  5^ » 

V  /a  I  \       ci0  3^         3^ 

^Cf»r..tl,«-l,^...rH-<'ar.#,«.^,.-l.r  +  i;   K =  »anr— '«*l5^• 
II.  For  ^ua/emary  qnantics  there  are  three  classes  of  variables : 
the  first  is  constituted  by  o^,  a;,,  a;,,  z^ ;  the  second  by 

^,  =  (12),    i^,=  (14), 
2^  =(23),    i»„  =  (24), 

J^=(31),    Ph=(^). 
"with  the  relation         PuPu'^PuPii'^PnPu  =  ^  > 
and  the  third  by 

f*i  =  (234),  -ti,=  (341),   ti,=  (412),  -i*,=  (123). 
For  the  uni-qtuitemary  n-tic  represented  by 

U=  (aiaJi+«jiKj+«8a?,  +  a4ar4)'* 

=  (...,    f^q,r,9,t9    "*y.^l9  ^»  ^S»  *4)   > 

there  are  twelve  differential  equations  to  be  satisfied  by  any  concomi- 
tant ^  ;  they  can  be  arranged  in  four  triads,  one  of  which  is 

SSSra^.i.^-,,,,,  K-^—  =  aJ,  x^  +Pu^-PnK^ -"»*i  ^, 

^^Q,r,»,t  ^a?i  Q?H  9P,i         d?i, 

^^Q,r,i,t  OXi  dp,4  d/^„  dtt, 

^^9,r,i.t  OJ^i  qPsi  dpi,  dtt^ 
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or  in  other  four  triads,  one  of  which  is 


SS2ga^-i,r+i..,« 


9^     _ 


9»«.r,..« 


i^^+Pui^-Pn  — 


3^ 


2SSga^-i,r,«*i,« 


^22ga^_i,r,,,i*i 


§«-= 


3««.r.«,l 


3t_= 


PuK^ — »• 


3-.' 
3t. 


!Pn 


^«.n..«  Cte^  OPu  9Pf* 


— U 


3i. 


the  snmmation  extending  over  the  whole  of  the  coefficients  of  the 
orig^inal  qnantic. 

19.  As  an  application  of  the  nse  of  these  equations  consider  the 
proposition*  relating  to  ternary  qnantics : 

Every  concomitant  of  a  ternary  qnantic,  which  is  a  function  of  the 
variables  z  and  u  with  pure  numerical  constants  bat  is  independent  of 
the  coefficients  of  the  quantic,  is  a  function  of 

Let  such  a  function  be  denoted  by  n ;  thence  by  hypothesis 

oa 


and  the  equations  determining  n  are 


Then 


«*»  3j5, 
9,  say. 


But  dH  is  a  perfect  differential;  hence  9  must  be  a  function  of  u^  and 
n  is  therefore  also  a  function  of  u^.. 

As  a  second  application,  we  can  show  that  by  means  of  these  equa- 
tions a  CO  variant  can  be  calculated  when  its  leading  term  is  known. 


*  debflch's  Geometries  p.  270. 
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Let  Di.i  denote  the  operator  221ra,..i,,^i,<  5 » 


and  so  on ;  so  that  the  equations  to  be  satisfied  are 

Then  substituting  as  the  value  of  ^, 

in  the  prior  of  the  first  two  pairs  of  equations,  we  at  once  have 

•^1,8  •  Or,«-i  =  Or,«« 

From  the  former  of  these  we  have 

from  the  latter  we  have      Oq,,  =  -Di,i  .  O0.0  > 
and  therefore  0,.,,  =  A*] j •  l^.s •  Oo,o» 

Hence  the  knowledge  of  the  leading  term,  Oo.o^y  is  sufficient  to  give 
the  covariant. 

It  further  appears  from  this  analysis  that  the  coefficient  Oq.o  of  the 
leading  term  of  a  covariant  must  satisfy  the  equations 

A%0o.o  =  0, 
I>i:sOo.o=0, 
as  well  as  I>i,j  O^.o  =  0  =  1)2,3  C^o.o  • 

20.  It  is  not  however  necessary  to  work  out  all  the  differentiations 
thus  indicated  in  order  to  obtain  the  complete  expression  for  the  co- 
variant;  for  by  means  of  the  following  propositions— corresponding 
to  that  dealing  with  the  symmetry,  skew  or  direct,  of  covariants  of 
binary  forms — we  are  able  to  write  down  the  remainder  of  the  terms 


1887.] 


satisfied  by  Concomitants  of  Quantics. 


45 


-when  a  certain  number  have  been  calcnlaied.      Since  each  of  the 
determinants 


0,  1,0 

9 

1,0,0 

) 

0,0,1 

) 

0,  1,0 

1 

0,0,  1 

1,0,0 

0,0,1 

0,  1,0 

0,  0,  1 

1,0,0 

0,0,1 

0,  1,0 

1.0,0 

1,0,0 

0,  1,0 

is  —1,  it  follows  that  a  covariant  of  a  nni- ternary  form  is  either 
symmetric  or  skew  symmetric  in  those  coefficients  of  the  qaantic 
which 


(a)  Similarly  situated  with  regard  to  Xi  and  x^,  or  x^  and  d^,  or 
a%and  x^^ — corresponding  to  the  linear  transformations  represented 
by  the  first  three  of  the  above  five  determinants ; 

(/3)  Similarly  situated  with  regard  to  the  cycle  o^,  x^^  o^  or  to 
the  cycle  o^,  x^^  Xf, — corresponding  to  the  linear  transformations 
represented  by  the  last  two  of  the  above  five  determinants  ; 

the  symmetry  in  each  case  being  associated  with  the  corresponding 
compared  variables. 

And,  in  particular,  an  invariant  is  either  symmetric  or  skew 
symmetric  in  the  coefficients  of  terms  of  similar  rank,  i,e,,  terms  such 
that  their  aggregate,  so  far  as  variables  are  concerned,  remains  un- 
altered by  any  complete  or  incomplete  interchange  of  the  variables. 
Thus,  in  the  case  of  the  cubic 

aaj^+ fca!,+ cajj+ 6ZaJia5,aj,, 

the  first  three  are  terms  of  similar  rank  ;  and  the  invariants  are 

ahcl-l\    a»6V-20a6cZ»-8r. 

By  way  of  verification,  there  is  the  well-known  indirect  test*  that 
zero  is  the  sum  of  the  namerical  coefficients  of  the  literal  parts  in  the 
coefficients  of  the  variable  terms  of  any  concomitant  of  an  explicitly 
general  quantic,  with  the  literal  coefficients  of  which  are  combined 
the  corresponding  multinomial  coefficients. 


•  One  very  simple  way  of  proving  this  is  to  deduce  it  immediately  from  the 
theorem  that  every  concomitant  of  a  quantic  can  be  symbolically  expressed  as  an 
aggregate  of  products  of  umbral  real  factors  and  umbral  symbolical  determinants.  . 
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On  the  Stability  of  a  Liquid  Ellipsoid  which  is  rotating  about  a 
Principal  Axis  under  the  influence  of  its  own  attraction.  Bj 
A.  B.  Basset,  M.A. 

[Bead  Nov.  lOth,  1887.] 

1.  When  a  mass  of  liquid  is  rotating  in  a  state  of  steady  motion 
under  the  influence  of  its  own  attraction,  the  different  ellipsoidal 
forms  which  its  free  surface  can  assume  may  be  classified  as  follows : — 

I.  Maclaurin*8  Spheroid,  in  which  the  free  surface  is  an  oblate 
spheroid,  and  the  liquid  rotates  as  a  rigid  body  about  the  axis  of  the 
spheroid.  If  p  be  the  density  of  the  liquid,  (  the  angular  velocity  of 
the  spheroid  (which  in  this  case  is  identical  with  the  molecular 
rotation),  it  is  known  that  Cj^rp  must  not  be  greater  than  *1123,  in 
order  that  steady  motion  may  be  possible,  and  in  this  case  the  free 
surface  may  be  one  or  other  of  two  oblate  spheroids,  which  coalesce 
when    ^jAiwp  =  -1123. 

II.  Jacobins  Ellipsoid,  in  which  the  free  surface  is  an  ellipsoid  with 
three  unequal  axes,  and  the  liquid  rotates  as  a  rigid  body  about  the 
least  axis.  In  this  case  ^/4iwp  mast  not  be  greater  than  *0934,  in  order 
that  the  ellipsoid  may  be  a  possible  form  of  the  free  surface.  Hence, 
if  C*/4fjrp  <  '0934,  there  are  three  ellipsoidal  forms,  viz.,  the  two  Mac- 
laurin's  spheroids,  and  the  Jacobian  ellipsoid.  When  C/4iirp  =  *0934, 
Jacobi's  ellipsoid  coalesces  with  the  most  oblate  of  the  two  spheroids, 
and  when  i*/4iirp  lies  between  '0934  and  '1123,  the  ellipsoidal  form 
is  impossible. 

UI.  Dedekind's  Ellipsoidf  in  which  the  free  surface  remains  stationary 
in  "Space,  but  there  is  an  internal  motion  of  the  particles  of  liquid,  due 
to  molecular  rotation  (  about  lines  parallel  to  the  lea^t  axis.  In 
this  case,  if  a  and  h  are  the  greatest  and  mean  axes  respectively, 
aVi*/(a*-^Vyirp  must  not  be  greater  than  '0934;  and  when  the 
foimer  quantity  is  equal  to  '0934,  we  must  have  a  =  6,  and  Dedekind's 
ellipsoid  coalesces  with  the  most  oblate  of  the  two  Maclanrin's 
spheroids. 

lY.  The  Irrotational  Ellipsoid,  in  which  the  axis  of  rotation  is  the 
mean  axis,  and  the  motion  is  irrotational.  In  this  case  the  spheroidal 
form  is  not  possible. 

y.  An  ellipsoid  in  which  there  is  molecular  rotation  (,  and  an 
independent  angular  velocity  ^+0  about  the  axis  to  which  i  refers. 
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In  this  case  the  axis  will  be  the  mean  or  least  axis,  according  as 


-^  <  or  >  — 
a  a^ 


When  this  inequality  becomes  an  eqnalitj,  the  free  snrface  will  be  a 
prolate  spheroid  rotating  about  an  equatorial  axis.  This  case  includes 
the  foor  preceding  cases. 

YI.  Biemann^s  EUipsoidy  in  which  the  rotation  takes  place  about 
ail  instantaneous  axis  lying  in  a  principal  plane.  This  case  includes 
all  the  preceding  cases ;  moreover,  if  the  instantaneous  axis  does  not 
lie  in  a  principal  plane,  steady  motion  is  impossible.* 

In  ther  present  paper,  I  propose  to  consider  the  stability  of  a  liquid 
ellipsoid  which  in  steady  motion  is  rotating  about  a  principal  axis, 
and  which  is  subjected  to  a  disturbance  such  that  the  free  snrface  in 
the  beginning  of  the  disturbed  motion  is  an  ellipsoid.  A  disturbance 
of  this  character  may  be  communicated  by  enclosing  the  liquid  ellip- 
soid in  a  case  which  is  subjected  to  an  impulsive  couple  about  any 
diameter  together  with  a  deformation  of  its  surface,  and  is  therefore 
equivalent  to  a  disturbance  produced  by  an  impulsive  pressure  com- 
municated to  the  free  surface  of  the  liquid.  The  disturbed  motion 
may  therefore  be  investigated  by  means  of  Riemann's  general  equa- 
tions of  motion,  a  proof  of  which  I  have  given  in  Vpl.  xvii.  of  the 
Society's  Proceedings ;  and  references  to  the  equations  of  this  paper 
will  be  denoted  as  follows  :  [E]. 

The  method  employed  is  founded  upon  Riemann's  paper,  and  the 
present  investigation  is  an  amplification  of  his  work  upon  this  portion 
of  the  subject. 

2.  By  [B.  21],  the  potential  energy  of  an  ellipsoidal  mass  of  gravi- 
tating liquid  of  mass  M  and  uniform  density  p  is 


U=D-iMTpabc]^ 


d\ 


where  P  =  y(a'+X)  (6'+X)  (c'+X),   and  2>  is  a  constant.     Let  B 
be  the  radius  of  a  sphere  of  equal  volume,  then 

tr  =  0  when  a  =  6  =  c  =  22, 
therefore  D  =  ^MirpB^^ 


and  U  =  iMvpIP-^  IMwpahc  [*  — 


(1). 


•  For  proofs  of  the  foregoing  theorems,  see— Riemano,  Abhand,  KJmia    Wxx 
OUtingm,  Vol.  n.;  Greeaihill,  Froc,  Garni.  Fhil.  Soc.,  Vols.  m.  tuiix.      ^^      ^*' 
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Now  ^is  evidently  positive  ;  hence  the  integral  must  be  a  maximiim 
when  a  =  b  =  c  =  Bf  and  will  become  indefinitely  small  when  any 
one  of  the  axes  of  the  ellipsoid  becomes  infinitely  small  or  infinitely 
large. 

Let  2c  be  the  axis  of  rotation,  then,  employing  the  notation  of  the 

preceding  paper,  let 

« 

^=io1^^?T6^+^4:f-*""**''J.  p1  ^^}- 

By  [B.  20  and  21],  E  is  the  variable  part  of  the  energy  of  a 
mass  of  liquid  whose  free  surface  is  constrained  to  maintain  a  fixed 
ellipsoidal  form  and  which  is  rotating  about  the  least  axis.  In  steady 
motion  ta^  and  {,  and  therefore  J^,  are  certain  functions  of  a^h^  c\  let 
B^  be  the  value  of  E  in  steady  motion. 

Let  a  disturbance  (which  for  brevity  will  be  called  an  ellipsoidal 
disturbance)  be  communicated  to  the  liquid  by  means  of  an  impulsive 
pressure  applied  to  its  free  surface,  which  is  such  that  in  the  be- 
ginning of  the  disturbed  motion  the  free  surface  is  a  slightly  different 
ellipsoid.  Then,  if  E^-^^E  is  the  energy  of  the  disturbed  motion,  we 
obtain  by  [E.  20  and  21], 

All  the  terms  in  square  brackets  are  positive,  and  in  the  beginning 
of  the  disturbed  motion  are  small  quantities  ;  hence,  if  E  >  E^  these 
terms  must  remain  small  quantities  and  the  free  surface  cckn  never 
deviate  far  from  its  form  in  steady  motion,  and  the  motion  is  there- 
fore stable.  But,  \i  E  <  E^,  the  terms  in  square  brackets  may  be- 
come a  finite  positive  quantity,  and  the  difference  E^E^  may  become 
a  finite  negative  quantity,  such  that  the  difference  between  the  two 
sets  of  terms  always  remains  equal  to  the  infinitesimal  quantity  BE, 
When  this  is  the  case  the  free  surface  may  deviate  far  from  its  form  in 
steady  motion,  and  the  motion  may  be  unstable. 

Hence,  for  the  particular  kind  of  disturbance  which  we  are  consider- 
ing, the  condition  of  stability  requires  that  the  energy  in  steady 
motion  should  be  a  minimum.  Or,  in  other  words,  if  the  steady 
motion  is  stable,  it  must  be  impossible  by  any  kind  of  ellipsoidal  dis- 
turbance to  abstract  energy  from  the  system. 

3.  Let  the  disturbing  pressure  be  divided  into  two  parts  pi^  j7|,  the 
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fonner  of  wliioli  prodnces  a  yariation  of  the  axes  and  no  change  in  the 
angular  momenfcam,  whilst  the  latter  prodnces  no  instantaneous 
yariation  of  the  axis  but  changes  the  angnlar  momentum.  The 
resnltant  of  p,  will  consist  of  a  single  force,  which  prodnces  a  trans- 
lation of  the  whole  mass  of  liqnid,  and  which  it  is  nnnecessarj  to 
consider;  and  a  conple  O.  If  the  axis  of  this  oonple  lie  in  the 
principal  plane,  which  is  perpendicular  to  the  axis  of  rotation  in  steady 
motion,  the  energy  will  be  evidently  increased  by  its  applica- 
tion; bnt,  if  the  axis  of  the  oonple  does  not  lie  in  this  principal 
plane,  the  component  of  the  oonple  about  the  axis  of  rotation  may 
diminish  the  energy  if  it  acts  in  the  opposite  direction  to  that  of 
rotation,  in  which  case  the  motion  will  be  unstable. 

In.Maolaurin's  spheroid  the  component  of  the  couple  about  the  axis 
of  rotation  necessarily  vanishes,  since  p,  always  passes  through  the 
*  axis  of  rotation ;  the  case  of  Dedekind*s  ellipsoid,  in  which  the  free 
surface  is  stationary,  will  be  considered  later  on. 

Hence,  so  far  as  the  action  of  |>,  is  concerned,  Jacobi's  ellipsoid,  the 
Irrotational  ellipsoid,  and  the  ellipsoids  belonging  to  the  general 
class  v.,  including  the  prolate  spheroid  rotating  about  an  equatorial 
axis,  but  excluding  Dedekind's  ellipsoid,  are  stable  whenever  the 
couple  component  about  the  axis  of  rotation  of  the  disturbing 
pressure  either  vanishes  or  is  in  the  same  direction  as  the  rotation ; 
but  when  this  is  not  the  case  the  motion  may  be  unstable. 

In  the  case  of  Dedekind's  ellipsoid,  by  (2), 


where  -i — ^= , — -  = ^ > 

and  the  effect  of  a  disturbing  couple  about  the  axis  of  rotation  will 
be  to  increase  the  energy  by  the  quantity 

10  (a' +6*)   ' 

whence  E  >  E^  and  therefore  the  motion  so  far  as  this  kind  of  dis- 
turbance is  concerned  is  stable. 

4.  We  must  now  consider  the  disturbance  pi  which  produces  a 
variation  of  the  axes.     From  the  last  two  of  [£.  16]  we  obtain 

(a— 6)"  1(7  =  const.  =  r,     (a-f6)'M7'=const.  =  r'  (3), 

whence,  from  [E.  9], 

7=^'    *»  =  f  (^'+0   V.A.V 

TOL,  XJX.'^WO.  308.  K 
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Also,  from  [E.  6], 

where  H^wpahcl    — . 

Jo  -^ 


We  must  now  obtain  the  value  of  E^,     Putting  a,  6,  c  each  equal  to 
zero  in  the  first  three  of  [E.  16],  and  taking  account  of  (3),  we  obtain 


<r 


(6). 


0  =  i  Oc-  — 
c 

(a  +  6)*      (a-hy  a       2a 

{a+hy      (a-- by      *  6       26  ^  ^ 

Whence  (5)  becomes 

JEfo  =  i  (ila»+^6*-20c') -2H 

=  -H-|Oc«   (7), 

since  ^a' + Bb*  -hCc^  =  2H. 

Whence  JS?o  is  a  finite  negative  quantity. 

The  constants  r,  /  express  the  fact  that  the  angular  momentum 
and  the  vorticity*  are  unchanged  during  the  motion  ;  also  since  the 
disturbance  ^,  does  not  change  the  angular  momentum  or  vorticity, 
these  constants  must  have  the  same  values  as  in  steady  motion. 

*  The  equation  [E.  17],  which  expresses  the  fact  that  the  vorticity  is  constant, 
may  be  shortly  proved  thus  : — 

Since  (,  97,  (are  independent  of  a;,  y,  z,  the  vortex  lines  must  all  be  parallel  to 
some  diameter  r  of  the  ellipsoid.  Let  /,  m,  n  be  the  direction  cosines  of  r,  dB  an 
element  of  the  plane  conjugate  to  r,  and  c  the  angle  between  r  and  S. 

The  condition  that  the  vorticity  should  bo  constant  requires  that 

const.  =  f  f  «  sin  €  rfS  =  «S  sin  €  «  «Sjw— * , 

where  p  is  the  perpendicular  from  the  centre  on  to  the  tangent  plane  parallel  to  the 
plane  S.  But,  since  the  volume  of  the  ellipsoid  is  constant,  &p  «  const.,  therefor* 
w/r  =  const.,  or 

K#.,  -^  +  -TT  +  -V     *  const. 

a*       0*        d* 
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Since  the  volume  of  the  ellipsoid  is  constant,  the  conditions  that  E 
may  be  a  minimum  require  that 


(8). 


dE 1^  _() 

da       a   dc 

dE_e^d^_Q 
db       b   dc 


On  performing  the  differentiations  it  will  be  foond  that  (8)  lead  to 
(6)  ;  hence  the  first  conditions  are  satisfied. 

We  most  now  enqnire  whether,   in  the  general  case,  E  has  a 
minimum  value  when  r  and  t  are  unchanged  bj  the  disturbance. 


Let    z  =  SE/M,    Bf  =  ahc,    a;  =  a,     y  =  &,    then 


=(^-'(^-'''''^r 


v'Cx'+XXj^+X)  (i^/a^y'+X) 


...(9) 


Since  a,  6,  c  are  positive,  and  a  is  never  less  than  6,  we  have  to 
examine  the  form  of  the  surface  (9)  between  the  planes  y  =  0, 
«— y  =0. 

First  suppose  r  is  not  zero. 

When  «=y,  z=qo  .  If  y  has  any  finite  value  <  or  =  jp,  then,  as  x 
increases  from  y  to  infinity,  z  diminishes,  and  the  value  of  ^^  in  steady 
motion  shows  that  z  will  vanish  and  become  negative,  and  when  x  is 
very  large  z  is  very  small.  Moreover,  z  can  never  become  equal  to 
—  00  for  any  values  of  x  or  y,  and  when  x  and  y  are  both  very  large 
z  is  very  small,  unless  a;~y  is  small. 


IFig.J. 


E  2 
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A  general  idea  of  the  form  of  the  sorfaoe  maj  be  obtained  from  the 
accompaDying  fig^es.  Fig.  1  is  the  carve  of  section  made  by  the 
plane  y  =  mx,  m  <  1 ;  and  Fig.  2  shows  the  carves  of  section  made 
bj  the  planes  xz  and  xy.  The  sarface  cats  the  plane  of  xy  along  the 
carve  xP,  and  the  sheet  andemeath  this  plane  gradaallj  bends  up- 
wards towards  the  plane. 

It  therefore  follows  that  in  this  case  z  mast  have  a  minimum  valae, 
which  is  given  by  (7). 

By  a  similar  coarse  of  reasoning  it  may  be  shown  that  e  has  also  a 
minimum  value  when  r  =  0. 

The  conditions  that  r  should  vanish  require  that  in  steady  motion 

ti;(a-6)*=:0, 

which  requires  either  that  a  =  &,  which  is  the  case  of  Maolaurin's 
spheroid ;  or  that  to  =  0,  which  by  [E.  8]  is  the  same  as 

,  2aM^      r. 
which  is  a  special  case  of  Y. 


5.  The  analytical  difficulties  of  examining  whether  JEf  is  a  minimum 
by  means  of  the  usual  conditions  that  ^„.,  E^^^  EaaEi^—IJli  must 
all  be  positive,  where  JE^m  =  cPl!/da\  ^.,  would  be  considerable ;  but 
in  the  case  of  Maclaurin's  spheroid,  this  may  be  done  without  much 
trouble. 

Since  c  is  a  function  of  the  independent  variables  a  and  5,  we  have 
(omitting  the  factor  ifcf/6,  and  putting  Q  =  Aaf—0<?,  B  =  BV—Ck?) 


JEf.  =  - 


2r« 


2r'« 


Q 

(a-6/      (a+6)*"*"^' 


E. 


*  (a- 6)'      (a+fc)'"^  6' 

_.      6r«  6t^         l./dQ      c^dQ\       Q 

{a^hy^  {a+hy'^  a  [da        add      a« 

a  \da       a  dc  /      or 

h\dh       h   del 


^jj  =  6  (w'+w'*) 


E^  =  6(w'«-w») 


-f 


+  1    ^ 
a     dh 


B 


c^dQ 
ah  die 


(10). 
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EqnatioiiB  (10)  aire  perfectly  general,  bnfe  in  the  case  of  Maclanrin's 

spheroid  w  =  w'=:  i(  =:  Q^/2a, 

and  a  mnst  be  pnt  eqnal  to  b  after  the  di&rentiations  haye  been 
performed.    Wbenoe 


a  \da       a  de       a  I 
a  dh      of  dc 


(11). 


Now 


+X     (^+xl  i(f+\)P' 


therefore  (omitting  2vpabe) 

4g_r/_l 1_\      XbdK 

db      Jo  \a»+X      c«+X/  (6*+X)P' 

dG_f*/_l 3_\      XcciX 

dc      Jo  \a*+X      6»+X/ 

Therefore,  when  a  =  &, 

^  jg  _  ^  jg^  r  [2XV+X  {8aV-(a'-hc')'}  ■f2aV]XiX 
<*i  ^      Jo  (a»+X)«(c»+X)«P 

The  numerator  of  this  expression  can  never  become  negative,  since 
it  IB  positive  when  X  =  0,  and  the  roots  of  the  eqoation  for  X,  obtained 
by  equating  it  to  zero,  are  imaginary.     Hence 

Now  dQ/db,  and  therefore  dQ/de,  are  negative ;  it  therefore  follows 
from  (11)  that  E„  will  be  positive  if  E„—E^  is  positive.    Now 


da 


da 


da 


dQ        tdA       ,dC 
db  db  da' 


and 


d4        o-  r iX 

*»  J.  {«'+^)*  0 


-3^ 

(c»+A)»        d  • 


54  Mr.  A.  B.  Basset  on  the  [Nov.  10, 

Therefore  the  condition  becomes 

Jo  (a«4-X)»(c'  +  \)* 

Now,  if  e  be  the  excentricity  of  the  meridian  section  of  the 
spheroid  (the  factor  2vpa*c  being  omitted), 

0  =  -Yi  ]  —p^-^  — sin"*e  f  , 

jo  (a'+X)^(c»+X)»  =  ^  [»  (8in-^e-eyir"e«}-ie»^rr6'], 
whence  the  condition  becomes 

3in-.e{2-e»-^^}+yw(|-|)>0. 

The  above  expression  is  positive  for  all  valnes  of  e  lying  between  0 
and  1,  both  inclnsive,  whence  Maclanrin's  spheroid  is  stable. 

6.  In  the  last  edition  of  Thomson  and  Tait's  "  Natural  Philosophy," 
Vol.  I.  Part  II.,  pages  329  and  333,  it  is  stated  that  Maclaurin's 
spheroid  is  unstable  if  the  excentricity  exceeds  that  of  the  spheroid 
which  coalesces  with  the  limiting  Jacobian  ellipsoid ;  that  is,  when 

e  >  sin  64°2r27"  or  '8127. 

Unfortunately,  no  proof  of  this  statement  is  g^ven,  and  if  the 
analysis  of  the  present  paper  be  correct,  it  follows  that  the  disturb- 
ance which  produces  instability,  cannot  be  what  I  have  called  an 
ellipsoidal  disturbance,  but  must  be  such  that  the  boundary  in  the 
beginning  of  the  disturbed  motion  must  be  a  surface  which  is  not 
an  ellipsoid  but  one  slightly  differing  therefrom. 

Apparently,  however,  Poincare  does  not  agree  with  Sir  W.  Thom- 
son's result,  for  on  p.  379  of  an  elaborate  memoir*  he  says  : — "  Les 
ellipsoides  de  revolution,  qui  sent  plus  aplatis  que  celui  qui  est  en 
memo  temps  an  ellipso'ide  de  Jacobi,  mais  dont  Taplatissement  reste 
inferieur  k  une  certaine  limite,  sont  stables  si  le  fluide  est  parfaitement 
depourvu  de  viscosite  ;  ils  ne  sont  plus  si  le  fluide  est  visqueux  et  si 


*  **  But  FEquilibre  d'une  Masse  Fluide  anira^  d'un  mouvement  de  Botation. 
Acta  Mathematiea,  Vol.  vii.,  p.  259. 
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pea  qa'il  soit."    It  shonld  be  noticed  that  Poincare  oonsidera  m  dis- 
tarbanco  of  a  mucli  more  general  character  than  I  hare  done. 

Independently  of  any  mathematical  analysis,  it  seems  almost  certain 
that  Maclanrin's  spheroid  most  become  unstable  when  the  excentricity 
exceeds  a  certain  limit.  For,  suppose  the  spheroid  is  shaped  like  an 
orange,  and  let  a  small  jet  of  air  be  directed  for  a  short  time  to 
some  point  on  its  surface.  The  effect  of  this  will  be  to  eanse 
waves  to  diverge  from  the  point  of  application  of  the  jet,  which 
will  travel  over  the  sur&ce,  but  the  motion  will  not  be  otherwise 
affected.  But,  if  the  shape  of  the  spheroid  resembles  that  of  a  thin 
disc,  the  probable  effect  of  the  jet  wOl  be  to  cause  the  liquid  to  curl 
itself  up,  or  possibly  to  break  up  into  two  or  more  detached  portions, 
and  the  motion  will  be  thoroughly  unstable.  It  appears  to  me  that 
the  disturbed  motion  might  be  investigated  by  a  more  simple  process 
than  has  been  employed  by  Poincar6,  by  assuming  that  in  the 
beginning  of  the  disturbed  motion  the  equation  of  the  free  surface 
is  of  the  form 

v  =  y4-2^«.P«  (|i)coem*, 

where  f,  fi  are  elliptic  coordinates  of  a  point,  and  y  is  the  valae  of  r  in 
steady  motion,  and  proceeding  upon  the  lines  of  my  former  paper ; 
but  any  investigation  of  this  kind  must  form  the  subject  of  a  future 
communication. 

7.  The  motion  of  a  liquid  spheroid  which  rotates  aboat  its  axis  of 
figure  has  been  fully  discussed  by  Dirichlet,  whose  equations  have 
been  deduced  on  p.  261  of  my  former  paper,  the  density  of  the  liquid 
being  there  taken  as  unity.  From  [£.  22]  it  follows  that,  if  the 
rotating  liqoid  is  inclosed  in  a  case  (which  may  be  either  a  prolate 
or  an  oblate  spheroid),  and  the  case  is  removed,  it  will  be  impossible 
for  the  free  surface  to  retain  the  spheroidal  form  unless  initially 
C/2iwp  <  1,  where  p  is  the  density ;  and  that,  if  this  condition  is  not 
satisfied,  the  free  surface  during  the  subsequent  motion  will  assume 
some  other  revolutional  form.  Also,  if  2c  be  the  length  of  the  axis 
of  fignre,  and  the  free  surface  is  initially  spheroidal,  it  will  cease 
to  be  so,  if  at  any  period  of  the  subsequent  motion 

^  >i+  3^ 


2t  Sxfjc* 


The  following  errata  in  my  former  paper  should  V)e  nolvcedL  *. — 
In  equation  (1),  the  aecond  member  shonld  be  «s  0. 
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Page  269,  line  9,  the  following  expression  should  be  added  to  the  xi^- 
hand  side,  viz. : 

«2/a«-(w-«7')  {{a-b)  w-'(a  +  b)  io']la  +  {v-ffj  {(tf-«)i»+ (tf  +  a)i>'}/«. 

Page  261,  line  6,  read  w  ^w'^  \i. 

„      ,,     equation  (23),  read  Sa'/a^  imteadof  So'/ia^. 


Oeometry  of  the  Qua/rtic.     By  R.  Russell^  M. A. 

[lUad  Nov.  lOth,  1887.] 

The  system  of  points,  the  properties  of  which  I  intend  to  discnss, 
arose  from  an  attempt  to  interpret  geometrically  the  sextic  coyariant 
of  a  qaartic. 

I  consider  a  qnartic  whose  coefficients  may  be  any  whateyer,  real  or 
imaginary.  Its  roots  are  of  the  form  di+ihi,  a,+i&„  Os  +  t^i,  a^-k-ih^' 
These  are  represented  as  follows  : — Assume  any  two  rectangular  axes 
and  take  the  point  whose  coordinates  are  aj,  h^ ;  that  point  may  be 
considered  to  represent  the  complex  quantity  Oj  +  t^i.  We  see,  there- 
fore, that  the  four  roots  of  a  quartic  may  be  represented  by  four  points 
in  a  plane. 

I.  If  a,  /3,  y,  i  be  the  four  roots  of  the  quartic,  the  factors  of  the 
sextic  coyariant  are  the  numerators  of 


-{■— 


^J_.    1    . 


2-/3     z—y     z—a     z  —  h^       z  —  y     z^a     e—fi     «—^' 

_1__^_J 1 ]_  .  * 

«— a     z—fi     z—y     «— 2' 

z  of  course  denoting  a  quantity  x-^iy. 

Let  us  consider  the  roots  of  the 
quadratic 

1  1 


JL  +  J 

«— j3     «  — y     z  —  a     z—h 


=  0; 


and  let  z  represent  a  root  of  it. 
Now  z^a  defines  the  length  and  di- 
rection of  the  line  joining  z  and  a, 

1 


and    therefore 


defines  a  line 


z^a 


whose  length  is  the  reciprocal  of  that 
line,  and  whose  direction  is  the  re- 


Pig.  1. 
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flexion  of  it  with  respect  to  axis  of  x,     Gonsequentlj,  any  property 
wliicli  holds  for  the  points 

1       J_    J_     J_ 
«— a  '  «— /3  *  «— y  '  *— ^' 

will  eqaally  hold  if  these  points  are  taken  in  the  directions  so,  zfi,  «y, 
zB  respectively.     We  may,  therefore,  represent  the  foar  quantities 


z—a    z—ff  «— y'  «— i 

hy  the  points  a',  /?',  y',  V.  The  above  quadratic  reduces  to  y'— a'= ^'— /y, 
showing  that  the  lines  y\  a  and  ^,  P^  are  equal  and  parallel.  Hence  z 
is  such  a  point  that  the  quadrilateral  has  inverted  into  a  parallelo- 
gram. If  therefore  the  roots  of  a  quartic  he  represented  by  four  points 
in  a  plane,  the  roots  of  the  sextic  covariant  are  those  six  points  (all  real) 
from  which  as  origin  the  quadrilateral  inverts  into  a  parallehigram. 

The  six  points  are  arranged  as  follows  : — I^  and  J^  are  the  points 
from  which  the  quadrilateral  inverts  into  a  parallelogram,  the  extre- 
mities of  whose  diagonals  are  the  inverses  of  /3,  y  and  a,  B  respectively  ; 
If,  J,  those  from  which  the  extremities  of  the  diagonals  are  the  in- 
verses of  y,  a  and  /3,  B ;  and  J|,  /,  those  from  which  the  extremities  of 
the  diagonals  are  the  inverses  of  a,  /3  and  y,  B. 

II.  If  two  qnadratics  ajz'-f  26i2;4-c„  a,«*-f  26,«+c,  be  connected 
harmonically  (i.e.,  a,c,+ajC,— 26i6,  =  0),  then  the  two  pairs  of  points 
representing  their  roots  are  concyclic  and  harmonic.  The  proof  is 
obvious. 

The  following  properties  of  the  quadratic  factors  of  the  sextic 
covariant  are  well  known. 

JL_  ^  J 1 1_ 

z—fl      z  —  y      z—a      z—B 

is  connected  harmonically  with  z—p.z^y,  and  z—a  .2?—^.  Similarly 
with  respect  to  the  other  two  quadratic  factors.  Besides,  the  three 
factors  themselves  are,  two  and  two,  harmonic.  Hence  /3yJ,J"i,  aBI^Jj 
are  both  concyclic  and  harmonic,  and  similar  properties  hold  with 
regard  to  I^^  and  Jj/,.  Also  I^J^I^^,  I^T^I^J^,  and  IgJiliJi  are  con- 
cyclic and  harmonic.  Three  circles  so  related  are  of  course  orthogonal, 
two  and  two.  Hence  the  six  points  ^^  I  J**  are  the  points  of  intersection 
of  three  mutually  orthogonal  circles,  which  we  shall  call  the  ^^IJ** 
circles. 

Before  giving  a  geometrical  construction  for  these  poiut^^  1  ^V^V 
establish  the  following  proposition,  and  give  t\i©  mteTpT©\aA.\QtL  o'lV^., 
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III.  There  are  three  homographio  transformations  which  leave  the 
roots  of  a  qnartic  unchanged. 

The  most  general  homographio  relation  connecting  z  and  (  is 

fef-f  m0-f  nC+i>  =  0. 

If,  when  jB  =  /3,  y,  a,  ^,    f  =  y,  /J,  5,  a,  respectively,  then  we  have 

msm,  and  ^jSy-f  m(/3  +  y)+jp  =  0, 


therefore 


I 


m  or  n 


JL 


/3-fy-a-a       a5-/3y      /3y  (a  +  8)-a3(i3  +  y)' 

thns  determining  the  homographio  relation. 

If  in  the  above  we  put  ip  =  f ,  we  get  a  quadratic  la^-^2mz-^p  =  0, 
which  gives  two  quantities  absolutely  unaltered  by  the  transformation. 
This  quadratic  is  equivalent  to 


1  +  ' 


— ^--i-.  =  o. 


«— /3       «— y       jB— a       2—5 

IV.  What  is  the  geometrical  significance  of  this  ? 

Since  m  =  n,  the  homographio  relation  is  obviously  equivalent  to 
(«— 6)  (f — 6)  =  ^'j  where  0  and  ^  are  constants.  Now,  denoting  z,  C, 
and  0  by  three  points  in  the  plane,  it  is  obvious  that  the  prdcluct  of 
the  distances  zd  and  (6  is  equal  to  the  modulus  of  0*,  and  that  their 
directions  are  equally  inclined  to  direction  of  ^,  and  therefore  the  double 
points  IJ  are  situated  on  a  line  through  0  in  the  direction  of  ^,  and 
such  that  eP:=zeP=:zd,  i9. 


Fig.  2. 


Fig.  3. 
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We  are  now  in  a  position  to  give  a  geometrical  construction  for 
the  ^*IJ"  points.  Let  P  be  the  point  denoting  the  quantity  6  in  the 
last  section,  and  I^J^  the  direction  of  ^.  When  «  =  /3 .  y .  a .  ^,  then 
{  =  y  .  /3 .  ^ .  a  ;  therefore,  from  the  last  section,  the  lines  P/3  and 
Py  are  equally  inclined  to  Jj/,,  and  P/3 .  Py  =  PI^.  Exactly  the  same 
statement  holds  with  regard  to  a  and  ^.  We  see,  therefore,  that  the 
triangles  aP/3  and  yPS  are  similar,  and  therefore  the  angle  Pyi  =  /3aP, 
and  ajiP  =  yiP,  Hence  P  is  determined  as  follows  : — Produce  a(i  and 
y^  to  meet  at  N,  and  describe  circles  round  ayN  and  ^fiN;  then  P  is 
the  intersection  of  these  circles. 

Jp  Ji  lie  on  the  internal  bisector  of  the  angle  /3Py,  and  PJ|  or  PJ^  is 
a  mean  proportional  between  P/3  and  Py  or  between  Pa  and  P^. 

I  shall  in  what  follows  discuss  the  problem  from  a  geometrical 
point  of  view. 

V.  It  is  obvious,  from  Fig.  3,  that  if  we  invert  with  respect  to  P 
as  origin,  and  a  circle  whose  radius  is  PIi  or  PJ^j  we  obtain  a  quadri- 
lateral similar  and  equal  to  the  given  one,  and  they  are  reflexions 
with  respect  to  the  line  I^J^.  There  are,  of  course,  two  other  points, 
Q  and  12,  which  possess  the  same  property,  and  PQ  and  PR  are 
equally  inclined  to  JiJ,,  and  such  that  PQ .  PB  =  P/j. 

We  shall  now  see  that  Jj,  Jj  possess  the  property  of  inverting  the 
quadrilateral  into  a  parallelogram. 

Produce  fyP  and  yP  so  that  PB  =  P,o  and  P(7  =  Py ;  then,  since 

PP  =  P/J  =  P/3 .  Py  =  P/3  .  PC  =  Py .  PP, 

a  circle  passes  through  /3,  y,  Jj,  J,,  P,  G,  Draw  PO  perpendicular  to 
J,Ji.  Since  PI^  and  PO  are  the  internal  and  external  bisectors  of 
the  angle  /3Py,  therefore  they  meet  the  line  /3y  in  two  points  harmonic 
conjugates  with  respect  to  /^  and  y,  and  therefore  the  lines  I^  J^  and 
/3y  are  conjugates;  i.e.,  each  passes  through  the  pole  of  the  other, 
and  therefore  the  four  points  /3,  y,  J,,  J,  are  con  cyclic  and  hannonic 
Similai-ly  a,  ^,  /,,  J^  are  concyclic  and  harmonic.  Now  invert  with 
respect  to  /,. 

The  two  circles  invert  into  two  lines,  and  in  each  line  Ii  is  the  har- 
monic conjugate  of  a  point  at  infinity  (inverse  of  /,)  with  respect  to)3'y' 
and  aT  respectively,  that  is,  I(  is  simultaneously  the  middle  point  of 
(yy  and  a^.     We  thus  have  a  parallelogram. 

VI.  The  triangle  PQE  is  a  new  fundamental  triangle  related  to  the 
quadrilateral.     The  "JJ"  points  lie  on  the  internal  bisectors  of  t\v^ 
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vertical  angles  and  at  distances  from  the  vertices  in  each  case,  which 
are  mean  proportionals  between  the  conterminous  sides. 


Now,  having  constructed  the  triangle  PQB,  let  Oi,  0„  0|,  0  be  the 
centres  of  circles  touching  the  sides ;  then,  if  we  describe  circles  on 
Ofii,  Ofii,  OiO^  as  diameters,  these  circles  meet  the  internal  bisectors 
in  the  "  J/"  points. 

VII.  The  circles  Itf%T^%^  ViVi>  ^v^i^t^t  ^^^  mutually  orthogonal, 
and  their  centres  are  at  0^,  O,,  0|, 

=  PO^ .  POj.-PO'  =  PO, .  PO-PO^  =  PO .  00^. 
Hence  1^0 .  J^O  =  1^0 .  Jfi  =  1,0 . 7,0, 

therefore  I^^TJf^  lie  on  a  circle,  and,  since  J,/,  and  Jj/i  are  bisected  at 
right  angles  by  EOi  and  QO^  respectively,  therefore  0^  is  the  centre  of 
that  circle. 

The  '*  I/"  circles  having  Ox  and  0,  as  centres  are  orthogonal,  for 
their  radii  are  OiJ^  and  0^,,  and  the  angle  Oylfi^  is  right;  there- 
fore, etc. 

VIII.  If  we  invert  the  four  original  points  a,  /3,  y,  ^  and  the  "  IJ^* 
points  with  respect  to  any  circle,  the  points  still  retain  their  property. 
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For,  since  /3yJi/,  and  aBI^J^  are  ooncjclic  and  harmonic,  their  in- 
verses will  be  so  also,  and  therefore  the  inverses  of  the  **  J/"  points 
will  be  "  IJ  "  points  of  the  inverses  of  the  original  points. 

IX.  Given  the  "J/**  and  any  one  of  tlie  fonr  original  points — 5, 
suppose — ^find  the  remaining  points. 

a^Jj/i,  H^IfJf,  y^IfJi  are  concyclic  and  harmonic,  and  therefore, 
when  B  is  given,  a,  /3,  and  y  are  singly  determinate, 

I  may  remark  that  this  shows  that,  if  we  are  given  a  sextic  which  is 
the  sextic  covariant  of  some  qnartic  unknown,  then  that  qnartic  is  of 
the  form  {{7+i'^F,  where  U  and  V  are  any  two  qnartics  satisfying  the 
condition. 

X.  We  shall  now  consider  the  properties  of  another  system  of  four 
points  related  to  the  original  system  in  a  most  remarkable  manner. 
These  are  the  points  from  which  if  we  invert,  the  original  four  invert  into 
a  triangle  and  its  orthocentre. 

The  three  ^*  IJ**  circles  have  a  common  orthogonal  circle  whose 
centre  is  at  0,  and  the  negative  square  of  whose  radius  is  the  value  of 

OP. 00,  =  OQ .  00^  =  OB .  00,. 

Let  D  be  the  inverse  of  one  of  the  original  points  ^  with  respect  to 
this  circle,  and  let  us  invert  the  wJhole  figure  with  respect  to  a  circle 
having  jD  as  its  centre. 

Let  a',  /J',  y',  ^  be  the  inverses  of  a,  fi,  y,  B  with  respect  to  D  ;  then, 
since  D  and  B  are  inverse  points  with  respect  to  the  circle,  orthogonal 
to  the"//"  circles,  therefore,  from  (VIII.),  in  the  inverted  figure,^  will 
be  the  centre  of  the  common  orthogonal  circle;  and  since  a^I{Ji, 
P^^I'tJl,  ycIiJl  are  collinear  and  harmonic,  therefore  a',  /S',  y'  are 
situated  at  the  centres  of  the  **  J'J'  "  circles.  This  will  be  obvious  if 
we  consider  Figure  4.  TJhe  quadrilateral  has  therefore  inverted  into  a 
triangle  and  its  orthocentre. 

If  therefore,  we  take  the  inverses  of  the  four  original  points  with 
respect  to  the  circle,  orthogonal  to  the  "  IJ "  circles,  we  obtain  four 
new  points  from  which  as  origins  the  quadrilateral  inverts  into  a  tri- 
angle and  its  ortho-centre.  Denote  these  four  points  by  the  letters 
A,  By  C,  B. 

The  four  points  A^B,  C,  D  have  the  same  **  //"  points  as  a,  /3,  y,  B. 
This  needs  no  proof. 
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XI.  I  sb&ll  next  prove  thai  J,  B, 
G,  D  are  the  inverses  of  S,  y,  ji,  a  re- 
spectively with  reaped  to  circle  going 
through  7^,V,.  I  use  the  same 
letters  as  in  Fig.  4. 

a,S,I^,J^  are  concjcHcand  harmoaic. 

Invert  with  respect  to  circle  V,ipfj 

(centre  0,),  then  A',  I/,  J„  J^  are  har- 

monio.  Hence  J,/,  is  common  segment 

of  harmonic  section  of  af,  A'lX;  there- 
fore A'a,  lyZ  must  intersect  on  that  line 

at  apoint  0  which  is  the  harmonic  con- 

jagate  of  O,  with  respect  to  /,/[.    Bnt 

that  is  exactly  the  point  0  in  Fig.  1. 

Hence  thopoints  A',!^,  in  Fig.  5,arethe 

same  as  the  points  A,  Dm  (X.). 
Thus  we  see  that  A,  B,  0,  D  are  the  inverees  of 

B,  y,  0,  a  with  respect  to  circle  IiJ^I^J,, 
y,  S,  a,  P  with  respect  to  circle  7,J,r,/„ 
0,  a,  S,  y  with  respect  to  circle  J,J,r,/n 
"i  ^1  Ti  ^  with  respect  to  common  orthogonal  circle; 

and  thns  they  form  two  quadrilaterals  simultaneously  in  perspective 

from  four  difEerent  centres. 

I  never  recollect  having  come  across  two  qnadrilaterals  so  related 

before. 

XII.  If  the  roots  of  a  cable  be  represented  by  three  points  in  a 
plane,  the  roots  of  its  Hessian  may  be  rcpi'CBented  by  the  two  pointa 
from  which  the  trisngle  by  inversion  becomes  eqnilateral. 

Let  a,  /3,  y  be  the  roots  of  the  cubic,  then 


1 


and 


1 


arc  the  factors  of  its  Hessian.    We  have,  therefore,  to  determine  the 
property  of  a  point  in  the  plane  satisfying  the  condition 


-  =  0,  where  w'  =  1. 


This  may  be  written 
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showing  that  the  lines  joining ,   -^    are  inclined  at  mnglem 

^^g^o  z^a     z^fi    «-y  —^ 

Xin.  If  the  FQfi  triangle  be  equilateral,  then,  P^Q^B  denoting  the 
vertices  (considered  as  complex  quantities),  we  have 

Q^^+B^^+P^  =  0. 

/3  +  y-a-y    ^       y+a-/3-a'  a-h/J-y-r 

and  therefore  the  above  condition  amounts  to 

(/3-y)«(a-a)»03  +  y-«-3)*+(y-«)»(^-i)»(y+a-/3-*/ 

+  («-/3)'  (y-i)*  («+<J-y  -V  =  0 

or  denoting  the  roots  of     ^aV—Iat+J  =  0,  by  X,  I*, 't 

(x-  f )'(M-v)'  +  (,.-  f  )*  (.  -  X).  +  (,-  f  )^X-^)'  =  0. 

or  aT+36o/ff+12jn=0, 

where  H^ac^V. 

We  see  therefore  that,  if  we  invert  from  any  of  the  eight-point  roots 
of  \2JEL^I-ZQHVJ-\-JPP=iO,  the  '' PQfi  triangle"  of  the  new 
qnartic  is  equilateral.  We  see  also,  from  the  waj  in  which  the 
"  Z/"  points  are  obtained  from  the  "  PQR  triangle,"  that  /;/,/,  and 
J\JfJi  form  two  equilateral  triangles  symmetrically  arrani^ed,  the 
centre  of  perspective  being  their  common  centre.  The  arrangcrment 
is  as  in  Fig.  6.  We  may  obtain  these  eight  points  as  follows: — 
Taking  one  root  or  point  from  each  factor  of  the  sextic  covariacit,  we 
obtain  two  triangles  or  cubics.  These  two  cnbics  have  a  common 
Hessian  whose  roots  are  two  roots  of  the  above  equation 

12JI'J-36fi^r/+  TPP  =  0. 

There  are  obviously  four  ways  of  thus  choosing  the  cubics  or 
triangles,  and  in  each  case  they  will  have  a  common  Hessian,  thus 
giving  rise  to  the  eight  points  mentioned.     Or,  again  : — 

In  Fig.  6  the  circles  round  /ji,/,  and  /jJf/j  are  oouc^ntric.  We 
must  therefore,  in  the  original  figure,  have  inverted  from  one  of  the 
limiting  points  of  the  circles  round  Iilfl%  and  /f/f/f  But  there  are 
four  ways  of  thus  describing  circles,  and  we  arrive,  as  bcrfore,  at 
these  same  eight  points. 
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The  two  qnartics  repre- 
sented by  the  expression       * 

are  the  qnartics  of  the  system 
al7-f/3H whose  "J"  vanishes. 
In  Fig.  6  they  are  repre- 
sented by  the  points  P,  Q,  jB, 
00 ,  and  O^Ofifi, 

There  is  no  difficnlty  in 
proving  that  Oj  and  P  are 
the  limiting  points  of  the 
circles  Ifl^Ji  and  J%JJ^i. 

In  the  general  fignre,  since 
the  "  J"  of  each  of  the  above 


Fig.  6. 


qnartics  vanishes,  the  fonr  points  denoting  the  roots  of  either  qnartic 
are  such  that,  if  from  one  point  we  invert,  the  remaining  three  become 
vertices  of  an  eqnilateral  triangle. 

An  inspection  of  Fig.  6  will  also  show  that  the  fonr  points  denoting 
the  roots  of  either  qnartic  are  the  inverses  with  respect  to  the  "  IJ 
circles  "  of  the  points  denoting  roots  of  the  other. 

XIV.  This  again  leads  to  a  new  canonical  form  for  the  quartic  and 
sextic  covarianty  which  we  proceed  to  find. 

Taking  origin  at  0  and  axis  of  x  along  IiJ^  we  have,  on  denoting 
the  length  of  the  side  of  triangle  FQB  by  -4, 

^^'  =  «(i-73)'   ^•^^  =  »('^73)' 
^•  =  '»  (1-7-3)'       •^>  =  -''('^73)' 
'^^^'-Ts)"*"'  •^•  =  -'»(i+73)''*" 

(.-7.)(.-J.)=»'+^-^'. 

2a* 


therefore 


l<». 


therefore 


(»-i.)(.-/.)  =  »'+^«-f--* 


— -  «*,  where  «*  =  1, 


(*-/.)(*-/.) =«'+^"*-^*«- 
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These  are  the  factors  of  the  sextic  covariant.    We  mav  obyioaslj 
pnt  a  =  -^^  when  the  &ctors  become 

and  therefore  the  sextic  covariant  is 

The  most  general  form  for  the  qaartic  corresponding  to  this  form 


IS 


or 


X«(i8«+«v/2«-«»)*+A*««  («'+«-/2««-«)«, 


17=  CX«+^«')  j^+2^2(X«*+A*«)  ^-2y2(Xi#+/i«*)  z4-(X**^+^«) 
-2H=(X«'+/u«)V+2y2(Xw+/*«*)««»-2y2(X«»+/i«)«z+(A«+/i«^ 

• 

XV.  I  have  not,  as  yet,  succeeded  in  obtaining  as  neat  a  geometrical 
interpretation  of  the  Hessian  as  might  be  desired.  The  following  is 
the  simplest  method  I  can  think  of  for  determining  the  points 
denoting  the  Hessian,  being  given  those  which  represent  the  qnartic. 

1 .  Given  the  "  PQB  triangle  "  and  the 
centre  of  gravity  of  the  fonr  points  repre- 
senting roots  of  a  qnartic,  determine  the 
qnartic. 

yy  _      a/3-y^  Kg.  7. 

and  P  =  i(a+/3  +  y  +  a). 

There  is  no  difficulty  in  proving  that 

j3  +  y-a-a 


=  s/Q^p.B^p, 


y±^:^  ^  Vn=iT^P. 


"-±^f^'  =  yp^TTQlT,, 


But 


/34-y— g — c         y-fo~/3— ^         a-t-/^— y— ^ 

4         '  4        '  4 
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represent  the  directions  and  half  the  lengths  of  the  lines  joining  the 
middle  points  of  the  opposite  connectors  of  the  points  a,  j3,  y,  B, 
These  pass  through  the  centre  of  gravity. 

Hence,  if  from  p  (Fig.  7)  we  draw  lines  bisecting  internally  the 
angles  QpB,  jRpP,  PpQ  and  on  each  side  of  p  take  off  mean  pro- 
portionals between  the  conterminous  sides,  we  have  the  six  middle 
points  of  the  opposite  connectors  of  the  points  a,  /3,  y,  8.  The  points 
^y  fii  y^  ^  &^  then  found  by  completing  the  parallelograms. 

This  leads  at  once  to  a  construction  for  the  Hessian.  For,  if  p'  de- 
note centre  of  gravity  of  points  representing  the  Hessian,  we  have 

,_    _         ad-hc        25  _,      aH- ^ahc-^^h^ 
^     ^  2(ac-6*)       a  2a(ac-6')    * 

Expressing  the  quantity  on  right-hand  side  in  terms  of  P— p,  Q—p^ 
E— p,  this  easily  reduces  to 


p'-p     P-p      Q-p      B-p'         P-p      Q-p      B-p 

showing  that,  if  we  invert  from  p  (centre  of  gravity  of  original 
quartic),  then  p'  inverts  into  centre  of  gravity  of  the  triangle  RQR. 
Hence,  if  we  invert  round  p,  the  centre  of  gravity  of  the  Hessian  is  the 
inverse  of  the  centre  of  gravity  of  the  triangle  P'Q'JB'.  The  Hessian 
is  then  constructed  as  in  the  preceding. 

XVI.  I  shall  finish  the  present  paper  by  proving  another  property 
of  the  **  IJ "  points.  It  is  (denoting  «  —  a,  z—fi, «—  y,  »— 5  by  17,)  that 

],  -/TJ,         J/.or/.     ^/^/  J.  y/TJ.        Jl,orJ. 


'yu: 


so  that  J  or  J  is  the  place  at  which  the  result  of  integration  between 
two  of  the  singular  points  (roots  of  quartic)  is  bisected. 

Transforming  the  element  — —  by  means  of  the  homographic  re- 
lation  in  (III.)»  ^^  obtain  without  any  difficulty 

therefore  f;"""  ^^=  £_^^^  _S^. 
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and  I  ——■  =  I  ~"y77»  proving  the  proposition. 

Of  courseY  similar  properties  hold  with  regard  to  /,,  /„  /,,  /,. 


On  the  Stability  or  Instability  of  certain  Fluid  Motions,  H.  By 
Lord  Batleioh^  Professor  of  Natural  Philosophy  in  the  Royal 
Institution. 

[lUad  Nov,  lOM,  1887.] 

As  the  question  of  the  stability,  or  otherwise,  of  fluid  motions  is 
attracting  attention  in  consequence  of  Sir  W.  Thomson's  recent  work, 
I  think  it  advisable  to  point  out  an  error  in  the  solution  which  I  gave 
some  years  ago*  of  one  of  the  problems  I'elating  to  this  subject ;  and 
I  will  take  the  opportunity  to  treat  the  problem  with  greater 
generality. 

In  the  steady  laminated  motion,  the  velocity  (U)  is  a  functfon  of  y 
only.  In  the  disturbed  motion  {Z+u,  v,  the  small  quantities  u,  v  are 
supposed  to  be  periodic  functions  of  a;,  proportional  to  e^,  and,  as 
dependent  upon  the  time,  to  be  proportional  to  c*"*,  where  n  is  a  con- 
stant, real  or  imaginary.  Under  these  circumstances  the  equation 
determining  v  (51)  is 

(T-'')(t.-'-)-f'  =  <' «• 

The  vorticity  (Z)  of  the  steady  motion  is  ^  —- .     If  throughout  any 

uy 
layer  Z  be  constant,  d^U/dy*  vanishes,  and  wherever  n-^kU  does  not 

also  vanish  T-.  —  ^t;  =  0 (2), 

dy^ 

or  v  =  A^-^Be-^*    (3). 

If  there  are  several  layers  in  each  of  which  Z  is  constant,  the  various 
solutions  of  the  form  (3)  are  to  be  fitted  together,  the  arbitrary  con- 
stants being  so  chosen  as  to  satisfy  certain  boundary  conditions.  The 
first  of  these  conditions  is  evidently 

At;  =  0  (4). 


♦  Math.  Soc.  Froe,  xi.,  p.  67,  1880. 
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The   second    may  be   obtained    bj    integrating   (1)    across   the 
boundary.     Thus 

(f+"')-^(l)-Mf)-=« w- 


At  a  fixed  wall  v  =  0. 


In  the  special  problem  to  which  attention  is  here  directed,  the 
laminated  motion  is  supposed  to  take  place  between  two  fixed  walls, 
at  y  =  0  and  y  =  6i+6'-|-6, ;  and  the  vorticity  is  supposed  to  be  con- 
stant throughout  each  of  the  three  layers  bounded  by 


y  =  6,-h6',    y  =  6i  +  6'  +  6,. 

There  are  thus  two  internal  surfaces  at  ^  =  h^y 
y  =  &i+t',  where  the  vorticity  changes.  The  values 
of  U  at  these  surfaces  may  be  denoted  by  Uiy  JJ^, 

In  conformity  with  (4)  and  with  the  condifcion 
that  t7  =  0  when  y  =  0,  we  may  take  in  the  first 

(6); 


TTx    XTm 


h^  ,k^^ 


yj 


Pig.  1. 


layer  t;  =  Vi  =  sinh% 

in  the  second  layer 

t;  =  t;,  =  t;,  +  3fisinhA:(y— 6i) (7); 

in  the  third  layer 

t;  =  V,  =  r,  +  2lf,  sinh  A;  (y— 6'— 6i)  (8). 

The  condition  that  v  =  0,  when  y  =  6^  +  6'+  6^  now  gives 

0  =  Jf,  sinh  A;6,+lfi  sinh  A;  (6,+6')+Binh  k  (6,+6'+5,) (9). 


We  have  still  to  express  the  two  other  conditions  (5)  at  the  surfaces 
of  transition.     At  the  first  surface, 

at  the  second  surface, 


V  =  sinhA;5i, 


'(1)='".^ 


v=^M^  sinh A;6'+ sinh  h  (b,  +  6'),       ^  (—)  =  kM,. 

^dy/ 


If  we  denote  the  values  of  ^  (  j-j  at  the  two  surfaces  respectively 


dy 
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J 


(10). 


by  A^,  A^  onr  conditions  become 

(n-^k  17,)  Af,- A,  sinh  kh,  =  0 

(n-(-Aj[7,)if,-A,  {if,BinhJfc6'+8inhik  (6,-1-6')} 
By  (9)  and  (10)  the  values  of  Af„  Af„  n  are  determined. 

The  equation  for  n  is  found  bj  equating  to  zero  the  determinant 

sinhtt^     sinh  Aj  (6,-1-6'),    sinh]fc(6,+6'+6|) 
fi + kU^,       -  A,  sinh  kh\       -  A,  sinh  A;  (6, + 6') 
0,  n-^-kUiy  —  A,  sinhA;6i 

so  that  n  has  the  values  determined  bj  the  quadratic 

^n«-|-JBn+O  =  0  (11), 

where 

^  =  8inhik(6,-h6'+6,) (12), 

B=:k  (U^+U;)  sinh k (6,+  6'+  6,) -f-  A, sinh  kh^ sinh k  (6,-f- 6') 

H-A,8inh;t6i8inh;k(6,-h6') (13), 

C  =  k^U.U^  sinh  A;(6,-h6'+6,)-hA;  f^jA, sinh ;k6,  sinh  ^•  (6,  +  6') 

+  A;  CT,  Aj  sinh  kbi  sinh  k  (6,-|-  6') 

+  A,A,  sinh  A;6i  sinh  kh^  sinh  A;6' (l-^)* 

To  find  the  character  of  the  roots,  we  have  to  form  the  expression  for 
ff—4sA0.    Having  regard  to 

sinh  k  (6, +6')  sinh  k  (6, +6') 

—sinh  A;  (6,+  6'+  6,)  sinh  A;6'=  sinh  A;6i  sinh  A:6„ 
we  find 

ff-AAG^  {ik(f7,-[7,)BinhA;(6,-|-6'-|-6,) 

+ A,  sinh  khi  sinh  k  (6,  +  6')  —  A,  sinh  fe6,  sinh  k  (6,  -|-  6')  ] 

+  4AiA,sinh^/;6,  sinh'/:6, (15). 

Hence,  if  A„  A,  have  the  same  sign,  that  is,  if  the  curve  expressing  TJ 
as  a  function  of  y  be  of  one  curvature  throughout,  B^—^G  is 
positive,  and  the  two  values  of  n  are  real.  Under  these  circumstances 
the  disturbance  is  stable. 

We   will   now   suppose   that  the  surfaces  at  which  the  vorticitj 
changes  are  symmetrically  situated,  so  that 

6j  =  6}  =  6. 
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In  this  case  we  find 

.4  =  sinhJk(26  +  6') (16), 

JB  =  A:  ( [7i  +  l^,)  sinh  ik  (26  +  60  +  (^1  +  ^)  sinh  ;t6  sinh  A:  (6  +  6') . . .  ( 17), 
Cf=A;'l7il7,sinh^(26  +  6')+Aj(l7iA,+  l7,Ai)sinhA:6smh^(6  +  6') 

+  AAsiiih«Aj68inhib6'  (18), 

JB»-4^0=  {^(iri-P,)8mhAj(26  +  6') 

+  (Ai-A,)8mhife6sinhA;(6  +  6')}'  +  4AiA,8mli*6 (19). 

Under  this  head  there  are  two  sub-cases  which  may  be  especially 
noted.     The  first  is  that  in  which  the  values  of  U  are  the  same  on  both 
sides  of  the  median  plane,  so  that  the  middle  layer  is  a  region  of 
constant  velocity  without  vorticity,  and  the  velo- 
city curve  is  that  shown  in  Fig.  2.     We  may 
suppose  that  U=^  V  in  the  middle  layer,  and  that 
[7*  =  0  at  the  walls,  without  loss  of  generality, 
since  any  constant  velocity  (  Uq)  superposed  upon 
this  system  merely  alters  n  by  the  correspond-       . 
ing  quantity    —hTJ^^  as   is  evident  from   (1). 
Thus 


?7,=  17,=  F,     A,  =  A,  =  A  =  -4-; 


n\ 


and 
Hence 


JB»-4ilC  =  4A*  sinh*  hb. 


Fig.  2. 


,^__F    sinh  hh  sinh  fe  (6  +  6^  :fe  8inh*A;6 
6  sinh  ik  (26 +  6') 


.(20). 


If  the  middle  layer  be  absent  6'=  0,  and 

^i.^      F     2sinh'*6       V.     ,  ,, 


(21). 


in  conformity  with  (44)  of  the  former  paper ;  but  the  more  general 
result  (20)  does  not  agree  with  (46). 

The  other  case  which  we  shall  consider  is  that  in  which  the  velo- 
cities U  on  the  two  sides  of  the  median  plane  are  opposite  to  one 
another ;  so  that 

^1  =  -^,  =  F,      A,  =  -A,  =  -/iF (22). 

Here  5  =  0,  and 

0  =  -  VV^  sinh  k  (26-1-  6')-2A;fiF'  sinh  kh  sinh  k  (6  +  6') 

- /I'F*  sinh*  ik6  sinh  ^6'. 
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Here  the  two  values  of  n  are  eqaal  and  opposite ;  and,  since  A„  A, 
are  of  opposite  signs,  the  question  is  open  as  to  whether  n  is  real  or 
jmnginftTT 

It  is  at  onoe  evident  that  n  ia  real  if  ^  be 
posttire,  that  is,  if  A,  and  Kare  of  the  same  sign, 
as  in  Fig.  3. 

Ereo  when  /i  is  negative,  n'  is  neoessaril;' 
poaitive  for  great  valnea  of  k,  that  ia,  for  small 
wave-Iengtfas.  For  we  have  ultimatelj,  from 
(23),  n  =  ±  ftF. 

We  will  now  inquire     for    what   values    of   fi 
n'  may  be  negative  when  k  is  very  small,  that  is, 
when  the  wave-length  is  very  gieat.     Equating 
the  numerator  of  (23)  to  lero,  and  expanding  the  hvpcrl'olic  e 
we  get  as  a  quadratic  in  fi, 

^'6'6'  +  2/i6  (b  +  b')+2b  +  b'  =  I 


whence 


1 

b'' 


1 


(24). 


When  ft  lies  between  these  limits  (and  then  only),  »*  is  negative, 


and  the  distnrbance  (of  great 
with  the  time. 

We  may  express  these  results  by  i 
wall  where  y  =  0.    We  have 


V,=  T'- 


:ponentially 
of  the  velocity  V^  at  the 


(^■^ 


The  limiting  values  of  V,  are  therefore 

—,    and    0. 
to 

The  velocity  curve  correaponding  to  the  first  limit  is  shown  in 
Fig.  4  by  the  line  QPOP'Q,  the  point  Q  being  found  by  drawing  a 
line  AQ  parallel  to  OP  to  meet  the  wall  in  Q.  If  h'  =  26,  QP  is 
parallel  to  OA,  or  the  velocity  is  constant  in  each  of  the  extreme 
layers. 
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At  the  second  limit   Vq  =  0,  and  the  velocity-curve  is  that  shown 
in  Fig.  5. 


Fig.  4. 


Fig.  6. 


It  is  important  to  notice  that  motions  represented  bj  velocitj- 
cnrves  intermediate  between  these  limits  are  unstable  in  a  manner 
not  possible  to  motions  in  which  the  velocity-curve,  as  in  Fig.  2,  is  of 
one  curvature  throughout. 

According  to  the  first  approximation,  the  motion  of  Fig.  5  is  on  the 
border-land  between  stability  and  instability  for  disturbances  of 
great  wave-length ;  but,  if  we  pursue  the  calculation,  we  find  that 
it  is  really  unstable.     Taking,  in  (23), 


1^ 

h 


2^ 

6' 


and  writing  for  brevity  kb  =  x,  W  =  » ,  we  get 


n* 


]k*r 


C  luV  sinh  (2aj + x)  —  2xx  (2aj + x')  sinh  x  sinh  (« -h  x')       ^ 
1 H-(2a?-hgTsinh«a;sinhg^j. 


x^x^ sinh  (2« + x') 


from  which,  on  expanding  the  hyperbolic  sines  and  retaining  two 
terms,  we  get,  after  reduction. 


WV 


3 


3 


(25), 


indicating  instability. 


[January,  1888.*  According  to  (23),  we  may  always,  with  a  pre- 
scribed wave-length,  determine  two  values  of  /i  (or  V^),  V  being 
regarded  as  given,  between  which  n'  will  be  negative,  and  the  motion 
unstable.     But,  if  these  values  of  fx  were  imaginary,  the  result  would 


*  This  paragraph  is  re- written,  and  embodies  an  improvement  suggested  in  a 
report  communicated  to  me  by  the  Secretary. 
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be  of  no  mgnificance  in  the  present  problem.  We  may,  however, 
write  (23)  in  the  form 

n*    __  {/A sinh kh  sinh  hV H- k sinh  A:(6  +  6')]*  —  ^  sinh' kb 
1^  ik»  sinh  it6' sinh  it  (26  +  6')  ' 

from  which  we  see  that,  whatever  be  the  value  of  k^  it  is  possible  so 
to  determine  /i  that  the  disturbance  shall  be  unstable.  The  condition 
is  simply  that  ft  must  lie  between  the  limits 

_  jt  sinh  fe  (6  +  6')  rfe  sinh  kh 
sinh  ^6  sinh  kV        ' 


or 


-fe[coth*6+^Jf]   (26). 


in  which  the  upper  alternative  corresponds  to  the  superior  limit  to 
the  numerical  value  of  /n. 

When  k  is  very  large,  the  limits  are  very  great  and  very  close. 
When  k  is  small,  they  become 

12,1 
—  —    and    —  — , 

6        6'  6  ' 

as  has  already  been  proved.  As  k  increases  from  0  to  oo ,  the 
numerical  value  of  the  upper  limit  increases  continuously  from 
1/6 -h 2/6'  to  00,  and  in  like  manner  that  of  the  inferior  limit  from 
1/6  to  00 .  The  motion  therefore  cannot  be  stable  for  all  values  of  k, 
if  fi  (being  negative)  exceed  numerically  1/6.  The  final  condition  of 
complete  stability  is  therefore  that  algebraically 


/*> 


6    • 


In  the  transition  case 


r.  =  (..Uf)n  =  ?|5, 


it  is  that  represented  in  Fig.  4.  If  PQ  be  bent  more  downwards 
than  is  there  shown,  as  for  example  in  Fig.  5,  the  steady  motion  is 
certainly  unstable. 

It  would  be  of  interest,  in  some  particular  case  of  instability  (such 
as  that  of  Fig.  5),  to  calculate  for  what  value  of  k  the  instability, 
measured  by  in,  is  greatest,  and  to  ascertain  the  degree  of  this  in- 
stability.] 

Reverting  to  the  general  equations  (11),  (12),  (13),  (\.^^  {\Lri\\^\» 
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us  sappose  that  A,  =  0,  amounting  to  the  abolition  of  the  correspond- 
ing surface  of  discontinuity.     We  get 

B  =  Aj(I7i+  U;)  sinh Aj  (6,+6'-f  60  +  ^i8inhA^i  sinhik  (b,  +  60, 
ff-i^AC^  {^(l7i-l7,)sinhA;(6,  +  &'+60 

+ Aj  sinh  kh,  sinh  k  (6, + 6')  }  * ; 
80  that  n=  — A;17, (27), 

The  latter  is  the  general  solution  for  two  layers  of  constant  yorticitj 
of  breadths  &,  and  &'  +  &}.  An  equivalent  result  may  be  obtained  by 
supposing  in  (11),  Ac.,  that  h'=  0,  or  that  hi  =  0. 

The  occurrence  of  (27)  suggests  that  any  value  of  ^kU  is  ad- 
missible as  a  valae  of  n,  and  the  meaning  of  this  is  apparent  from  (1). 
For,  at  the  place  where  n+kU  ^=  0,  (2)  need  not  be  satisfied,  or  the 
arbitrary  coustants  in  (3)  may  change  their  values.  It  is  evident 
that,  with  the  prescribed  values  of  n  and  k,  a  solution  may  be  found 
satisfying  the  required  conditions  at  the  walls  and  at  the  surfaces 
where  dU/dy  changes  value,  as  well  as  equation  (4)  at  the  plane 
where  n'\-kU=^  0.  Equation  (5)  is  there  satisfied  independently  of 
the  value  of  t;.  In  this  motion  an  additional  vorticity  is  supposed  to 
be  communicated  at  the  plane  in  question,  and  moves  with  the  fluid 
at  velocity  U, 
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Harmonic  Decomposition  of  Functions  and  some  Allied  Expansions 

By  A.  R.  Johnson,  M.A. 

[Etad  December  %th,  1887.] 

The  general  method  of  procedure  for  the  solution  of  Green's 
problem  in  the  case  of  the  sphere  necessitates  integrations  over  the 
surface  of  the  sphere,  or  else,  when  the  function  of  the  coordinates 
that  expresses  th».  given  surface  potential  is  rational  and  integi*al, 
requires  the  decoD>po8ition  of  the  function  into  Buriace  Viabti!iOTi\e.%Vj 
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the  method  of  indeterminate  coefficients.  It  is  the  object  of  this 
paper  to  fnrnish  methods  of  solution  tliat  shall  be  free  from  these 
operations,  when  the  expression  for  the  surface  potential  is  a  rational 
and  integral  function  of  the  coordinates.  The  solution  is  effected, 
firstly  in  a  determinantal  form,  secondly  in  the  form  of  a  finite  series. 
When  the  function  that  expresses  the  surface  potential  is  unre- 
stricted in  form,  the  analogous  method  of  solution  requires  an  infinite 
series,  which  the  paper  gives  if  certain  conditions  are  fulfilled.  One 
of  the  chief  results  of  the  paper  is  a  formula  that  enables  us  to 
separate  at  once  any  rational  and  integral  function  into  its  harmonic 
components  at  the  surface  of  the  sphere  of  reference* 

1.  Let  fn  (Xy  y,  z)  denote  a  rational  integral  and  homogeneous 
function  of  degree  n,  and  let  V,  denote  a  solid  harmonic  of  order  «. 
Then  it  is  well  known  that  /^  (x,  y,  z)  can  be  expressed  in  the  form 

fn  (x,  y,  z)  =  F.+  (^)'  F,.,+  (I-)*  F..4+ (1), 

where  the  laQ.t  term  is 

according  as  n  is  even  or  odd.  Performing  the  operation  V'  on  this 
identity,  once,  twice,  thrice,  etc.,  and  remarking  that 

VV'"F„  =  m(m  +  2w  +  l)r"-'F„, 
there  result  the  relations 

o'Vy„  (a;,  y,  e) 
=    2(2n-l)F„.,+4(2n-3)(^)V„.,-|-6(2n-5)(jyF„.e  +  ..., 

a*vy„  (aj,  y,  z) 
=  4.2(2n-3)(2n-5)F„.4+6.4(2n-5)(2n~7)(-^)V,.,+  ..., 

=  6.4.2  (2n-6)(2n-7)(2»-9)  F^., 

+  8.6.4(2n-7)(2n--9)(2n-ll)(~)V«_8+..., 

(2), 

and  BO  on,  the  last  relation  being 

«"Vy.  («,  y,  «)  =  (n+1)  »  (n-l)(n-2)  ...  7.  =  (»+l) !  F., 
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or 


o"-'V"-y.  («,  y,  t) 

=  (»+2)(»-l)  n  (»-3)  ...  5 , 2 .  F, 
aooording  as  n  is  even  or  odd. 


(i*+2)»!p. 
3         •^" 


If  the  giyen  potential  at  the  8nr&u»  of  the  sphere  whose  centre  is 
the  origin  and  whose  radius  is  a,  be  /.  (or,  y,  s),  then  patting  r  =  a^ 
in  the  relations  (1)  and  (2),  we  have  a  system  of  relations  which  hold 
tme  at  the  surface  of  the  sphere.  Let  the  radius  vector  p  to  the 
point  £i|(  meet  the  sphere  at  the  point  xyz.  Then  the  potential  at 
{ifC  within  the  sphere  is 


'^=(ir^-+(tr^-+' 


where  in  F„  F,.,,  etc., 


r^a. 


Eliminating  F.,  F..i,  etc.,  between  this  relation  and  the  results  of 
patting  r  =  a,  in  (1)  and  (2),  we  have  V  giyen  bj  the  determinantal 
equation 


0  = 


y. 

ar- 

/., 

1, 

a'vy., 

• 

a\%. 

• 

1.  1. 


■-• 


(!)  •  ■■•; 

1. 


«V/.. 


(2.1)(2n-l,l),  (4.1)(2n-3,l),(6,l)(2«-5,l),  .. 

(4,2)(2«-3,2),  (6,2)(2»-5,2),  .. 

(6,3)(2«-5,3),  .. 


the  last  row  being 

«"V-/.,.,.,  ...,(n+l)!    or    a-'V-'/., .,.,...  <!Lt|)^ 

o 

according  as  n  is  even  or  odd ;  and  the  last  column 

1,  1,  (n+l)n,  (n+l)n(n-l)(fi-2),  etc.; 
P 


(A), 


or 


J^,  1,  (n+2)(«-l),  (n+2)(n-l)n(n-3),  etc.; 


according  as  n  is  even  or  odd. 

In  the  determinant  (A),  (p,  s)  denotes  p  (p— 2)(p— 4)  ...  to  g  fac- 
tors.   The  expression  for  the  potential  in  space  external  to  lYift  a^Vct^ 
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is  obtained  by  writing  [  — j  for  f^j  in  (A).  Consequently  the 
required  distribution  is  obtained  by  replacing  V  by  4Tflwr,  and 
(  )  by  2«+l,  in  (A),  when  a  will  be  the  required  density  of  dis- 
tribution. 

If  the  potential  at  the  surface  of  the  sphere  be  given  as  a  rational 
and  integral  function  of  a;,  y,  z  of  degree  n,  it  may  be  expressed  in  the 

form  /„  -f /„_i  by  inserting  powers  of  —    \        ,  and  then  the  internal 

and  external  potentials  and  the  surface  density  may  be  at  once 
written  down  by  a  double  application  of  the  preceding  results. 

This  method  is  useful  for  resolving  /«  (aj,  y,  z)  into  surface  har- 
monics, for  the  coefficient  of  (  —  )  in  the  expression  obtained  for  V 
from  (A)  is  V..  ^  "*  ^ 

J^.g.,  To  resolve /4  into  surface  harmonics  (r  =  1). 
From  (A),  0  =  '  F,      p*,    p\      1 

vy,,     0,  U,    20 

I VV;,     0,     0,  120 

whence  we  have  /i  =  ^4  +  ^s  +  'So, 

where  S,  =  A-^vV^+i^V*/^, 

S,  =  iVvy4-BVvy4, 

The  same  method  is  applicable  to  p  variables  instead  of  only  three ; 
care  being  taken  to  write,  in  (A),  (2»,  g)(2?*— 2«+2?— 2,  q)  instead  of 
(2«,  gr)(2n— 2s  +  l,  gf)  in  the  element  belonging  to  the  (g-|-2)"*row 
and  (s  -f  2)^  column. 

2.  But  the  solution  may  be  effected  in  another  manner,  which  will 
in  general  be  found  more  convenient  than  the  foregoing  method.  Put 

F=^o/«+0.vy„+^4vv;+ (B), 

where  the  ^'s    represent    fuuctions  of  r  at  present  undetermined. 
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Then 


v'v  =  ♦ovy.+*,vy.+^,v%+... 


+  1  ^^/.-h-3L^)vy.+  i  ^i^)vy.+... 


dr* 


df» 


dr* 


r   <ir 


r        dr 


+  ^  ^/.+ ^-^^  "^  vy.+ ^iiiizz  ^  vy.+ ... . 


r       dr 


Conseqiientljy  if  we  determine  the  f 's  80  that 


and 


d* 


(5). 


0=^(t^)  +  2(n-2#)^  +  n^.,(,  =  l,2,3,etc.)...(6), 


the  condition  V*F=  0  is  then  satisfied. 
From  equation  (5),  we  have 

♦.  =  Or-*-'  +  C, 

and  from  (6),      ♦„  =  -  Tdrr-*-**-*  rdrr*-****^.,. 

The  constants  of  integration  remain  still  at  our  disposal.  We  choose 
them  so  that  the  ^'s  are  finite  when  r  ^  0,  and  each  f  except  f^ 
vanishes  when  r  =  a^  and  ^^  =  1,  when  r  =  a. 

Thus     ^0  =  1» 

^  =  -('(frr-'-*rdrr»-», 

^^  =  r  dr  r-*^**  r  dr  r*-«  [ *"  dr  r-***' r dr  r*-», 
and  in  general 
^sC-iyrdrr-^-^^-'rdrr^'^-^'rdrr-^-^^-^rdrr -*'♦•... 

...  f'drr-****  i'drr^'*  [ drr''^*''  [drr^-''    (7). 

J«  Jo  J«  Jo 

Substituting  the  values  of  ^  found  from  (7)  in  (B),  it  is  seen  that 
V  satisfies  Laplace's  equation,  is  finite  within  the  sphere,  and  is  equal 
to/«  {x,  y,  z)  at  the  surface.  V,  therefore,  is  the  potential  within  the 
sphere. 
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The  following  are  the  calculated  developments  of  the  first  few  ^'s : — 

^'  =  I !%i-l)T0iy7  (a.(2„-l)(2«-3)-3aV(2«-l)(2n-7) 
+3aV(2n-3)(2n-9)-r*(2n-7)(2n-9)}, 

^={^^ITU^,  («-(2„-l)(2»-3)<2.--5) 

-4aV(27t-l)(2n~3)(2n-ll)  +  6aV*(2n-l)(2n-7)(2n-13) 
-4aV(2w-3)(2n-ll)(2n-13)+r8(2n-9)(2»~-ll)(2n-13)}, 

^••=  5!^^)!^^^!  i^''  (2»-l)(2n-3)(2n-6)(2»-7) 

-5aV(2n-l)(2n-3)(2n-6)(2n-16) 

+  10aV(2n-l)(2n-3)(2n-ll)(2n-17) 
-10aV(2n-l)(2n-7)(2n-15)(2n-17) 

+  5aV(2n-3)(2n-13)(2n-16)(2n-17) 
-r^«(2n-ll)(2n-13)(2n-15)(2n-17)}, 

♦»=  6it2n-V)U^^^^^^^^   {a"(2n-l)(2n-3)(2n-5)(2n.7X2n-9) 

-6a»V(2n-l)(2»-3)(2n-5)(2n-7)(2n-19) 
+  15a«r*(2»^l)(2n-3)(2»-5)(2n-15)(2n-21) 
-20aV(2n-l)(2n-3)C2n-ll)(2n-19)(2n-21) 
+  loaV(2n-l)(2n-7)(2n-17)(2n-19)(2n-21) 
-6aV<>(2n-3)(2n-15)(2n-17)(2n-19)(2n-21) 
+rJ»(2n-13)(2n-15)(2n-17)(2n-19)(2n-21)}. 

From  the  preceding  values  that  of  ^2*  is  inferred  to  be  the  product 

•  2'-^(n~l)!  (2n-48  +  l)\ 

^  «!  (2n-l)!  (n-2«)! 
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and  a  &ctor  formed  in  the  following  manner : — Write  down  in  order 
the  terms  of  the  expansion  of  (a*— r*)'.  To  the  first  term  apply  the 
multiplier 

(2»-l)(2n-3)  ...  (2n-2r=7)(2n-S^)(2n-2J"^) ; 

to  the  second  term  apply  a  multiplier  obtained  from  the  preceding 

one  by  doubling  the  part  2»— 3  of  the  last  factor  and  adding  unity, 
thus — 

(2»-l)  (2n-3)  ...  (2n-2i=7)(2n-2?=5)(2n— C^; 

to  the  third  term  apply  a  multiplier  obtained  by  changing  the  last 
but  one  factor  in  the  same  way  and  subtracting  2  from  the  last  factor, 
thus — 


C2«-l)(2n-3)  ...  (2n-2?=:?)(2n-4?=9)(2n-4r^ ; 

to  the  fourth  term  apply  a  multiplier  obtained  from  the  preceding 

one  by  changing  the  part  2*— 7  into  twice  itself  -h  unity,  and  by 
augmenting  the  last  but  one  factor  so  as  to  exceed  the  last  factor  by 
2,  thus— 

(2n-l)(2n-3)  ...  (2n-5=l5)(2n-5^(2n-5;=^). 

Repeat  this  process  and  find  multipliers  to  the  other  terms.  Thus  the 
next  multiplier  and  the  last  two  will  be 


(2n-l)(2n-3)  ...  (2n-4ff-7)(2n-4»-6)(2n-ir^), 
and  (2n-3)(2n-2rf^)  ...  (2n-C^)(2n-C^^)(2n--k^), 
(2n-STT)  (2»-ST3)  ...  (2n-4i^)(2n-4r^)(2n-S^;. 

We  may  also  write  ^  in  the  form 

^      F-o^       ^  p\{8-p)\         (2w-2#+2p-hi)!  (n-2#>p-l;! 

xa^-^r^ (7). 

The  correctness  of  this  inferred  form  can  be  established  by  rneanji  of 
the  form  given  in  (7),  by  the  method  of  mathematical  ind action, 

3.  We  might  proceed  to  find  the  potential  in  the  space  cxUfrrihl  irt 
the  sphere  by  starting  with  the  solution 


- = (7)-' 


VOL.  XIX — MO.  310. 


82      Mr.  A.  R.  Johnson  on  Sarmonic  Decomposition  of    [Bee.  8, 

But  the  solution  by  the  aid  of  an  elementary  principle  in  the  theory 
of  the  potential,  may  be  written  down  at  once  from  (B)  thus : — 

Let  0^  denote  the  result  of  interchanging  a  and  r  in  ^u-    Then,  in 
external  space, 

for  to  the  term  Ka^'^t^V^f^  of  <h»^^fn  corresponds  in  the  eztemal 
potential  a  term 

-(7)"""''(f)'""»--'^- 


Sn-lf-fl 


From  (B)  and  (B")  we  deduce  the  density  of  the  distribution  whose 
potential  over  the  surface  of  the  sphere  r  =  a  is/,  to  be 

where  ^^^a\^^^^'\     . 

Ldr        dr  Jrma 

Hence,  we  calculate 

J,^  = ^ a* 

^*  (2n-l)(2»-3)(2n-6)    ' 

^'  (2n-l)!(n-6)!       ' 

.    __2'.5(«-l)!(2n-16)!  . 
^'  (2n-l)!(n-8)!         ' 

.    _      2'».8!(n-l)!(2n-19)!   .. 
^'°  4!6!(2n-l)!(»-10)!      ' 

_  _2'M0!(n-l)!(2n-23)!  .. 
^"  5!6!(2n-l)!(n-12)!       * 
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And  generally 

.    _2^-'(n^l)\  (2n~4g-hl)! 
"^^         «!(2n-l)!(n-2»)! 


X  {  -28  (2n-l)(2n-3) ...  (2n-2S^)(2n-2«-5)(2n-2i-3) 
+«  (2^-4)  (2i»-l)  (2n-3) ...  (2n-S^(2n-.S=6)(2#-3r3)  +  etc. 


+  (-l)-»«(2«-4)(2n-3)C2n-2«+3) ...  (2n-i;r=^)(2n-^5^)(2n-4f-3) 

+  (-!)•  a?  (2n-27+l)(2n-2rF8)  ...  (2n-ir=^)(2n-4r=^)(27i-4r=^)}. 

From  the  calculations  of  xf/^  xj/^,  i^,  . . .  i^n  we  infer  that  the  part  within 
parentheses  is  independent  of  2n.  Put,  therefore,  in  that  part  2n=l. 
Thns  it  is  seen  that 

,    _      2''(2.-2)!(n-l)!(2n-4,+l)!^ 
^''  »!  (»-l)  !  (2n-l) !  (»-2*)  !         ' 

Hence,  snmmarily, 

4irot^     ^  ''•^"     (2n-l)!-'      «!(»-l)!(«-2«)!      "  ^ /•) 

(C.)- 

If  then  the  potential  at  the  surface  of  the  sphere  be  given  as  a 
rational  and  integral  function  of  the  coordinates,  we  may  express  it 
in  the  form/, +/,_!,  and  a  double  application  of  (B),  (B'),  and  (C) 
gives  at  once  the  internal  and  external  potentials,  and  the  required 
density  of  distribution. 

It  is  noteworthy  that,  by  grouping  the  terms  of  the  same  dimensions 
in  (B),  we  are  enabled  to  resolve  /„  into  its  component  surface 
harmonics.     To  do  this,  we  note  that  the  coefficient  of 

r^V^fn  in  #,.W» 


18 


,,...,  2(2n-4<-h4p-H)      (2n-4g-h2p-l)!(n-^-fp) !      ^.,, 

To  find,  therefore,  the  terms  of  dimensions  n— 2m  in  (B),  we  must 
pat  n—  2m  =  n— 2^  +  2p,  i.e.,  |>  =  «— m,  and  sum  with  respect  to  *. 
Hence  the  harmonic  component  of  /»  of  order  n— 2m,  relative  to  the 
sphere  r  =  a,  is 

■«M»2(2n-4m-H)(n~m)!  ^       (2n-2#-~2m-l)  !  •  -,,. 

m!(2n-2m  +  l)!      •— («-m)!  (n-#-m-l;I  ■     ^/w 

(a). 

This  result  enables  us  to  decompose  any  rational  and  iTiifc^TH\  ^ua\i\\a»»a\ 
into  its  harmonic  components  at  the  surface  of  the  ftx>\ier^ol  i^tvit^iwv**,, 

q2 


(-?) 
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When  n  is  even,  we  must  except  the  constant  component  which  comes 

1 


ont 


(n  +  1)!**^-^- 


5.  We  now  propose  to  determine  the  solution  of  Laplace's  equation 
that  satisfies  the  conditions 

F  =  /.,     ir  =  a)i     V=f„     (r  =  6). 

Let  F|  and  F,  be  solutions  of  Laplace's  equation,  such  that 

T^i=/n,     (r  =  a);     F,  =  0,     (r  =  6)  ; 
F,  =  0,     iT=^a);     F,=^,     (r  =  6). 

Then  7=7^-^7^ 

where  the  x's  ai^  determined  bjr  relations  analogous  to  (5)  and  (6). 
Take  for  the  value  of  Xo» 

so  that  Xo=l»     (»'  =  «);     Xo  =  0,     (r=6). 

The  constants  of  integration  of  the  remaining  x's  must  be  determined 
so  as  to  make  them  vanish  when  r  =i  a,  r  =  h.    We  then  find,  employ- 


ing  the  notation 

u 

_r--b- 
'-a-'-b-'' 

Xo  =  «*».*i, 

1 
^'      2  (2n- 

-1) 

{«»,_,o'-a„»,r 

1 

2»(2n-l)(2n-3)(2n-5) 
X  {t*»..:a* (2n- l)-.t*»,.,2aV (2n-3) +t*»,,xr* (2n -6)}. 

And,  in  general,  the  value  of  x»»  ^^  found  by  prefixing  the  several 
terms  of  ^2*  &8  found  by  the  law  of  formation  in  §  2,  with  u^^u^i^ 
^h^^u^ii  ^n-ifiy  •••  ^fi4i  taken  in  order.  Thus  Fj  is  completely  deter- 
mined ;  and  F,  may  be  written  down  in  the  same  way  by  making  the 
necessary  changes  from  a  to  6  and  from  n  to  nt.  Consequently 
F=  Vg-^VgiB  completely  determined. 
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The  Bolntion  of  the  problem  of  finding  the  distributiona  on  two 
Bpherical  snrfaoes,  that  shall  produce  a  potential  /I  at  the  outer 
(r  =  a)  and  a  potential  /«,  at  the  inner  (r  s=  b),  may  now  be  written 
down.     The  required  density  of  distribution  on  the  surface  r  ==  a  is 

»+»'+«^;  where  9  is  given  by  (0),  a  is  the  value  of  - —  ^i  found 

-«  4flra 

by  interpreting  u,  as  -z^^jpa  c^^  ^^  ^  ^b®  result  of  substituting 

-— — 7—  for  Vg  in  the  expression  for  j-*-  ( r,  in  the  first  place  stand- 
a    —0"  4ira  \ 

^8  ^^^  ri; 7i)'    The  required  density  of  distribution  over  (r=6) 

is  ffi+^r;  where  ai  is  found  by  interpreting  the  values  of  u^  and  «« 

in  the  expressions  for  -t-l  ,  -—*-  to  mean  — - — ;—   and  7—- ,  re- 

.peotirely.  ^*    *'^  »   -*''  "    "'' 

6.  The  series  given  above  are  inapplicable  when  the  surface 
potential  is  not  expressible  as  the  sum  of  a  finite  number  of  rational, 
integral  and  homogeneous  functions.  When  this  impossibility  exists, 
suppose  that  the  surface  potential  is  put  into  the  form  V^f(x,  y,  z), 
where/ denotes  a  homogeneous  function  of  degree  zero,  such  that 

neither  it  nor  any  of  the  functions  V*y  become  infinite  at  any  real 
poiDt  on  the  sphere. 

We  shall  first  investigate  a  series  for  the  external  potential.  As 
before,  assume 

F=^o/+*iVV+^4Vy+etc., (E). 

Then  we  have,  as  before,  the  relations 

'^vB^^^-T^^'^-  ^«>' 

when  «  =  1,  2,  3,  etc. ;  and 

o  =  tS('^«> ('> 

From  (9),  we  get  ^,  =  — , 

snd  tram  (8) 

f^  =  a{'drt*-*  ["drr-***'!'  drr*-*  V drr'"** ... 

...{'Arf»['drr-*{'drt»^drr-*   (10). 
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The  following  are  the  developments  fonnd  for  the  first  few  ^'s : — 
.         a         # 

0,  =  -  —  (a^-ar), 

^^  =?p;li(a».1.3.6-4aV.1.3.11  +  6aV*.1.7.13--4aV.3.11.13 
^•^^-  +ar'. 9. 11. 13), 

^,^  =  -.|^:^(aWi.3.5.7-.5aV.1.3.5.15  +  10aV.1.3.11.17 

-10aV.1.7.15.17  +  6aV.3.13.15.17-ar^.ll.l3.15.17), 

2*  in? 
0^,==|y^(a".1.3.5.7.9--6aV.1.3.5.7.19  +  15aV*.1.3.5.13.21 

-20aVM.3.11.19.21  +  16aV.1.7.17.19.21 

-6aV^3.16.17.19.21  +  (M^M3.15.17.19.21), 

Hence  we  infer  the  following  rule  for  the  formation  of  ^j, : — fu  is 

r  —  IV  2""  C25— 2V 
the  product  of  ^ ~- — ^-— — ^  and  a  factor  which  is  found  by 

«!(4s— 3)! 
writing  down  the  terms  of  (a^—r^y  taken  in  order,  replacing  the  last 
by  (  — l)'ar**"^  and  applying  to  each  term  a  multiplier  whose  law  of 
formation  is  easily  seen  by  inspection  of  the  following  terms  of  the 
factor,  viz., — 

a^.  1.3.5 (25-7)(2«-5)(2«-3) 

-«a^-V.1.3.5   (25-7)(2«-5)(4?-5) 

4.?i£z^a^-V.1.3.5  (2*- 7) (4«- 9) (4^-3) 

_  «_(irJ^^^z2)  a«- V .  1  . 3 . 5 (4j-13)(4«-6)(4»-3) 

•  ••  «••  •••  •••  •••  «••  •••  •••  •••  ••• 

+  (-1)-' '  (»-l)  a'r^-*  .1.7  (2»+5)  (4«-7)(4»-5)(4«-3) 

^.(_l)-»^.a«r^-«3(2«+3)(2«+6)  (4»- 7) (48- 6) (45 -3) 

+  (-l)'ar^-*(2«+l)(2«+3)(2«+5)  (4«-7)(4«-5)(4»-3) 

(11). 
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Or  we  may  ssj  ai  onoe  that 
*»■      ,..  ^      ^     »!(*-i>-l)!(4.-2p-l)!^*'    ^    ^^^ 


v^ 


(2*)  I 


a»* 


•  1 


,(11'). 


If  we  start  with  the  solntion  ^o  =  ^9  ^^^  determine  the  oonBtants 
of  intei^tion  of  the  other  ^'s,  so  that  every  term  of  the  series  shall 
he  of  positive  dimensions  in  the  variahles,  and,  except  the  first,  shall 
vanish  when  r  =  a,  we  get  the  expression  for  the  internal  potential, 


VUm 


F=/+  S  (-jI^^VV    (W)  ; 

where  f^  denotes  the  result  of  interchanging  a  and  r  in  ^t**    For  the 
density  of  distribution,  we  get 

^_    1    [-       ^(     2  2''-'{(2>-2)!]'|  1 

4ncaU     ..i((2«)!     »!  (»-l)!  (4»-3)!i  "^J 

7.  Lastly,  for  the  solntion  of  Laplace's  equation,  which  satisfies  the 
conditions  F  =/,  (r  =  a)  ;  F  =  0,  (r  =  6),  we  get 


F=x./+x.vy+x«n+" 


(F); 


where  we  find 

X8  =  «l. 


''•  =  ~  2V3br7  (  a  )'  {*'«"-7«VV+27aV«,-21a'r«.} ; 


where 

Hence  we  infer  that 


tt.  = 


X2.= 


s  ( 

JIaO 


«!  («-|>— 1)!  (48— 22?— 1)'.  -^      ^  ^^ 


+  (&)!»'*"''>• 
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In  the  same  way  we  may  write  down  the  solution  of  V'F  =  0,  which 
satisfies  V^F,  (r  =  6)  ;  F=  0,  (r=^a).  Adding  this  to  the  first 
solution  of  this  article,  we  get  the  expression. for  the  solution  of 
Laplace's  equation  that  satisfies  the  conditions  F  =  /,  {r^=i  a)\ 
F  =  F,  (r  =  6).  A  series  for  the  density  of  distribution  may  then 
be  readily  derived,  but  the  result  is  not  very  elegant. 

8.  The  legitimate    employment  of   the    series  (E)  requires  the 

negligibility  of  0j,V***y  when  8  is  infinite,  and,  secondly,  the  oonver- 

gency  of  the  series.  If,  however,  for  some  finite  value  of  «,  V**f  =  0, 
the  series  becomes  a  finite  one  and  may  be  safely  employed.  On 
splitting  (E.)  into  groups  of  terms  of  the  same  dimensions,  there 
occur  groups  of  order — 2»»,  (m  =  1,  2,  3,  etc.),  viz., 

/     .x^(4m-l)(2m-2)!/a«Y  ^'^  (-lV(^+m~l)!  ^-„. 
^      ^  (w-1)!  W)    .-•  «!(2»+2m-l)!  ''' 

and  but  one  group  of  odd  dimensions,  viz., 

r   .fo  (2»)!  ^' 

If  we  start  with  the  solution  f o  =  ^>  ^^^  determine  the  constants  of 
integration  of  the  other  ^'s,  so  that  every  term  of  the  series  shall  be 
of  positive  dimensions  in  the  variables  and,  except  the  first,  shall 
vanish  when  r  =  a,  we  get  the  expression  for  the  internal  potential. 
The  result  is 

F=/+sfi^)Vrf i^)i 

where  ^^  denotes  the  result  of  interchanging*  a  and  r  in  (11)  >  and 

9.  By  writing  2n-f  (2—8  in  place  of  2n,  we  shall  adapt  our  series  to 
the  case  of  d  variables. 

E.g,,  when  r»  =  «J+a^+ ...  +»!  =  1, 

/»  (»i>  *f>  •••»!•)  =  S«  +  S„.a+...  +  S»_a«+etc. ; 

where  S.  ^=  l-^Y  2  (2n-4m+d-2)  (n-^+iTd-SI)! 

\      r*/  w!(2n-2wH-i-2)! 

X  2  (2»-2«-2w+d-4)!        f      .y^, 

..-  (»-m) !  (»-,_m+ J  [d-5])!  ^       '      ^' 
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when  d  is  odd,  and 

~V      f»/    m\.tm^'*i*-m)lin-m+id-l)r       '      '' 
when  d  ifl  even ;  each  B  satisfying  the  condition 

[  Addbvdux. — It  may  be  noticed  that  the  series  (E)  is  oonvergent 
if  the  series  2  -77;. — ttt  **"*  ^f  is  so,  a  series  which  is  the  derelop- 


.Ti  (2«-l)! 

ment  of  the  mean  valne  of  V*/  oyer  the  snr&oe  of  a  sphere  of  radius 
r  described  ronnd  a$yi  as  centre.  For,  comparison  of  (11)  and  (11^) 
shows  that  each  term  of  the  deyelopment  of  fs,  is  nnmericallj  less 

than  7^-TT  o^-f^^^  and  the  sum  of  the  first  two  terms  when  9  is  large  is 


(2.)! 
less  than 


(2f)! 


Ofi^'^,    Hence  ^  is  nnmericallj  less  than 


or 


^'\ 


2   (2«-l)! 


when  9  is  large,  and  the  i^  term  of  the  series  (E)  is  nnmericallj 
less  than  the  «^  term  of  the  series 


a^ 


•■< 


"2"  .7i  (2»-l)! 


^31^  ^-'^Z' 

when  9  is  large. 
Moreover,  since  from  (E), 


and  therefore 


a 


2r  -—  (2«-l)!         •'' 


<  ^  ^•.. 


we  see  that  V*F  =  0  will  be  satisfied,  if  the  series 


•  •OD 


•7i  (2«-l)! 


r«-»v*y 


is  as  convergent  as  a  series    2   — ,  where  a  is  some  positive  quantity 

•-1    jT 

greater  than  2.     Therefore,  when  this  is  the  case,  the  series  (E)  maj 
always  be  legitimatelj  emplojed.j 
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On  kK-^ic'K'  Modular  Equations.    By  Robert  Russell^  M.A. 

llUad  Nov.  lOth,  1887.] 

The  object  of  the  following  paper  is  to  g^ve  a  general  method  of 
obtaining  the  Modular  Equation  corresponding  to  any  of  the  Jacobian 
transformations  when  the  order  of  that  transformation  is  prime. 

1.  Using  Jacobi's  notation,  I  shall  begin  bjproving  a  few  well-known 
formnlsQ  which  will  be  found  necessary  afterwards. 

To  express  ^/k  and  <//  in  terms  of  g,  where  q  =  e"^*''*,  I  shall 
assume  that 


e(jr)=^?^,    e(0)  =  ^?!^,   H(K)  =  yJ^-!^, 

where   6(u)  =  1— 2gcos^+2g*cos -= 2g*cos-^-|- (1), 

Jol  Jol  Jx 

H(«)=2y8Bm||-24/3»8m^+2Vg"8iii|g- (2). 

If  we  transform     .  by  the  qnadiio  sabstitntion 


we  obtain  .        y        ..  =  (1+0-7       .         =7^1 

'2.-/K 


where  X  = 


\w 


and  therefore  X'  = ,  or  k\  =  2 ^kX ; 

and  if  in  this  we  put  V  =  r-^ , 

we  have  k  =  ,     - , 

.,       «  (it/  2  dx 

therefore        ,  ^  =  - — r  —  ,= 
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Hence  we  liaye  the  following  formnlsB: — 

U  X  =  |^,  then 
1+r 

V  =  i^,  A  =  (l+r)jr,  A'=li^ir,   and  /  =  g* (8). 

H  X  =  l=^„  then 

X'=|^,  A  =  ii^ir,  A'  =  T+?Z',  and  g'  =  3» (4). 

therefore  H  (A)  =  ^/2  t/«^/^=  ^ '^^, 

therefore  t/-  ^2  y,  jl^£i^^±0^  (5). 

'^  l+g+S»+g*+... 
Again,  making  nse  of  the  Talnes  of  X,  X',  A,  A'  in  (4),  we  have 

therefore  y«'  =  |mi  =  e§^. 

e  (£:,«)     e(o,x) 

Hence  y,>=  l-2?+2y«-29»+...        .  (6) 

"^         l-23'  +  23»-25"+... '■''''• 

In  (5),  changing  q  into  — j,  we  have 

Hence,  multiply,  ag  (6)  and  (7),  we  have 

^'"^^^^l-23«+2g»-22"+...    ^^^' 


Cr 
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by  changing  q  into  — g  in  (6),  we  have  also 

^  l  +  2ff+25*+2g*...  • 

2.  Expanding  (6)  and  (8)  bj  the  method  of  synthetic  division, 
we  have 

yr  =  ^2  i/q  (l-g  +  2^-3g»+4g*-6g»+9/-12g^+162»-22g» 

+ 29g"<»- 38g**  +  50g"  -  642" + 82^"- 1053» + 132^ 
-166g«'+208g"-2583«+3203»-3952«+4842" 
-592g»+7223"-8762»...)    (11), 

yir'=(l-2g+2^-4g»+6g*-82»+12g«-16g'+222»-302«+4i0g» 

-52g"+682"-.88g"+1123**-1449"+182g"-228g^ 
+ 286^"  -  3662» + 4402*  -  644g« + 668^"  -  8I63" 
+  9762«*-.  12083*...)    (12). 

We  shall  now  pat     y«  =  ^  («)   and   ^/k  =  ^  («), 
where  w  =  — - . 

It  is  obvious  from  this  definition  that  ^  (w)  and  ^  (w)  satisfy  the 
following  conditions : — 

^(«+l)  =  ei^^  and  ,/,  («+!)=  J- (13). 

W  («)  y  («) 

From  the  expressions  for  i^K  and  ^k  in  terms  of  g,  I  shall  now  show 
how  to  derive  the  modular  equation  for  any  prime  value  of  n. 

The  several  values  of  i/\  and  yx',  corresponding  to  the  n+1 
transformations,  are 

Choose  any  pair  of  these,  say 

therefoi^  ^V  =  ,f,  i"^^^) , 
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therefore  V^  =  2  Vgr  y^«vS5«S  (i_g+23»-3g»...) 

Pntting  qV'gi'*'^)!*  —  a,  we  have 

*^  =  2  t/a  •/a"(l-a«+2a*'...)(l-a+2a'...), 
*^'=  2  (l-2a"+2a«-  ...)(l-2o+2a»-...), 

that  is,  ire  hare  exactly  the  same  form  as  if  we  had  taken 

*/X  =  f(nm)    and    yX'=^(n**). 

3.  In  order  to  find  the  reUtion  connecting  vkK  and  Vk\',  we  have 
to  eliminate  q  between  the  equations 

t^  =22»(«+«(l-g+23'-33»+V-)(l-5"+2g^-39*"+-.)  ) 
t^'  =  (l-2g+2g»-4a»+63* ...)  (l-23»+2g*'-43«-+ ...)  5 

(14). 


Now  n+1  mnflt  be  diyisible  by  either  2,  4,  or  8,  when  reduced  to  its 

lowest  terms.    Let 

n-f  1  __  jD 

8     "  *' 
where  «  is  some  one  of  the  numbers  1,  2,  4. 
Hence,  raising  the  above  formnlaa  (14)  to  the  power  «,  we  have 

(  ^)'  =  jV,  (g),     (  y?V)»  =  /,  (g). 

Denoting  ( t^)*  and  (  v^ir'X')*  by  a?  and  y  respectiyelj,  we  see  that 
corresponding  to  any  value  of  x  we  have  p  values  of  q ;  for 

e^f'  =  qP^  (g),  where    ^  =  1, 

and  therefore  also  we  have  p  values  of  y. 

Hence  the  relation  between  z  and  y  must  be  of  the  form 

where  the  quantities  A,  B,  G  .„  P  must  be  of  the  degree  77  al  m/jgt 
in  OS. 

Obviously,  the  relation  existing  between  x  and  y  mast  bst  nnhlUsrwl 
by  interchanging  these  quantities,  so  that  we  may  e(\ua\\3  unV^  \\\^ 
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modular  equation  in  tlie  form 

^ya^+J5^aj^-»  +  C^aj'-»+...  +  L,»+P^  =  0 (15), 

wliere  A^^  B^,  Op  ...  P^  are  tlie  same  functions  of  y  that  A„  B^  0, ...  P« 
were  of  x. 

A.  I    now    proceed    to    show    how   to    determine    the    functions 

Ay  Bf  G  ...  P, 

I.  Substituting  in  (15)  for  x  and  y  their  values  in  terms  of  q,  we 
see  that  the  term  L^x  contains  no  powers  of  q  less  than  ^,  and  the 
previous  terms  none  so  low  ;  hence  P,  must  be  such  a  rational  func- 
tion of  y  that  when  expanded  in  powers  of  q  it  shall  contain  no 
powers  of  q  less  than  p. 

But  y  =  1— a^-|-5gf' ..., 

therefore  P^  =  (y  -  ly. 

The  form  of  the  modular  equation  must  thtrefore  in  general  be 

A,ix^+B,x^-^-^Opaf'^-^ ...+LpX-^(y^iy  ^  0 (15'). 

II.  ifo=*:^,  a,=i|:, 

then  one  value  of  CI  is  given  by 


(16). 


n 

therefore  Q+l  =  ■i±!i=  ("+*'-16)  +  16    

n  n 

Therefore  ^  (O  +  l)  is  the  value  of  i/K  corresponding  to 

*/ic=0(ai-H+16). 

But  0(O+l)  =  e*"^^,     ^(0+l)=^,; 

and,  since  n— 16  is  odd,  we  have 

^  («  +  n-16)  =  e»^-")"  */4-,     ^1^  («+n-16)  =-!-,; 
therefore 

^(O+l)^  («+n-16)  =  «»"•*'-">" y^^^=6»<-')'^^^  =  y«,X,, 

and^(n  +  l)4,(«+«-16)=  -1=  =         -L=. 

vkK  vifiX, 
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Bat  5-t-  when  reduced  to  its  lowest  terms  is  -£■  (p  of  conrse  being 

8  8 

odd),  therefore 

y;^=e*/.)«'*M.  and  i^i^i^-^,, 


ihentore  (^''iM'=  "  (\/;§)'.  ^^^  <  *^^*  =  (^AtV 


Hence 


«i  = and  yi  =  — 

y  y 


(17). 


Bat,  from  (16),  Xi  and  y^  mnst  satisfy  the  modular  equation  corre- 
sponding to  n ;  hence  we  have  the  following  theorem, — 

If  in  the  modular  equation  (token  of  an  odd  degree)  tee  replace  x  and  y 

X  1  , 

hy and  —  reepeMvely,  the  equation  miut  remain  unaltered, 

y       y 

5.  Applying  the  principle  to  the  modular  equation  (15^,  we  have 

y^  "'^    sP"   ^''    y^"    ''  /    ■"   ' 

which  must  be  exactly  the  same  equation  as  before.     Therefore 
^A^f,^ar'yBy,+af'yGi,,..,  +  (y^iy=afA,-\'a^'^B^+...  +  (y--iy. 

Hence  ^  =  ]^^  J5y  =-yBi/y,    Gy-^-y^Guy  (18), 

and  therefore  the  coefficients  of  sf'^  must  be,  if  r  is  even,  of  the  form 

a(/+l)  +  6(y*-»  +  y)+c(y*-H3/«)  +  ..., 
and,  if  r  is  odd,  of  the  form 

a(2r-l)+6(y-»-y)+c(y'-»-y«)  +  .... 

If,  however,  p  is  even,  we  must  have  *  =  1,  and  therefore  we  have, 
as  hef ore,  


and 


A/~7r7        1 

t^r'X' 


Hence,  when  p  is  even,  if  we  replace  a?  and  y  by  —  and  — ,  the 
equation  must  remain  unaltered ;  hence  ^  V 


a>'J,^^+aj'-V-Bi/r+»'"yO,/,+  ...  +  (y-l)'' 


=  a^^-f.^->|J9^+aj^-yf^^+-.  +  (.y-lY. 
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therefore  -4^  =  1,    y^i/y  =  -B^,    y'Oi^  =  0^ ... , 

and  tlie  coefficient  of  af  "'*  mnst  be  of  tbe  form 

» (/+!)+&  (y'"*+y)  + (W). 

6.  From  what  we  have  just  proved  it  is  at  once  evident  that,  if  the 
modular  equation  is  of  an  odd  degree,  then  it  must  be  a  homogeneous 
symmetric  function  of  a;,  y  and  —  1*;  and,  if  of  an  even  degree,  it  must 
be  a  homogeneous  symmetric  function  of  »,  y,  and  1. 

First,  if  it  is  of  an  odd  degree,  it  is  unaltered  by  interchanging  x 

and  y,  and  it  is   also  unaltered  by  changing  x^  y,  and  —1    into 

1 
,  — ,  and  —1,  that  is,  into  — »,  1,  and  — y,  that  is,  into  »,  —  1,  y ; 

y    y 

therefore  x,  y,  and  —1  are  interchangeable. 

The  same  reasoning  applies  to  those  cases  where  the  degree  of  the 
equation  is  even,  only  that  it  is  a  symmetric  function  of  x,  y  and  +!• 

The  form  can  therefore  be  conveniently  written  down  in  terms  of 
the  quantities  P,  Q,  E,  where 

P  =  aj+y  +  l,      or  a-hy— 1, 

0=ajy-|-»+y,    or  ajy— a?— y, 

E  =  +  ajy,  or  — ajy, 

according  as  the  degree  is  even  or  odd. 

7.  I  shall  now  illustrate  the  preceding  theory  by  means  of  some 
examples,  the  results  of  which  are  already  known,  from  the  researches 
of  GutzlafP,  Schroter,  Hurwitz,  Fiedler,  and  others. 

For  the  case  n  =  8,  we  have 

=  (l-2g+V-63*+...). 

In  this  case  p=  1  and  «  =  2 ;  and  then  the  equation  must  be 
linear  in  x  and  y,  where 

X  =  >/«X,  y  =  \/k\\ 
and  must  therefore  be  y/xX  -h  \/r\'— 1  =  0. 
In  exactly  a  similar  manner,  it  follows  that  for  n  s  7,  we  have 
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Ontolaff's  form  _^ 

n+1        3 
For  n  =  5,  we  have  —5—  =  -j-  *  hence  the  equation  most  be  of  the 

third  degree  in  k\  and  k\\     Denoting  these  by  x  and  y,  we  haye 
and,  since  it  mnst  be  unaltered  by  interchanging  x  and  y,  it  reduces  to 

But  y;^  =  2g»  (1-3  + V...)(l-9*+V...) 

_  =  25«(l-3+V...), 
yr'V=l-2g+2^...; 

hence  «  =  165*  (1-45+14^...), 

y  =  l-83  +  325f*.... 

Substituting  and  equating  to  zero  the  coefficient  of  g^,  wc  have  at  once 

16(6+c)-8*=0, 
therefore  c  =  26, 

therefore        aj»+3«'(y-l)+»  (3y^^+32y)+^^=^  =  0, 
therefore  aj+y— 1*  =  —  32ajy, 

aj+y-1  =-2y^, 


or  icX+r  X'+2  y4rXicr  =  1, 

Schroter's  form  of  the  modular  equation. 

8.  The  next  cases  I  shall  consider  are  those  for  n=  11,  and  n  =  23, 

inasmuch  as  the  degree  of  the  modular  equation  in  each  case  is  3. 

n+1        3 
For  n  =  11,  we  have  — ^—  =  -  ;  that  is,  />  =  3,  *  =  2  ;  hence  the 

modular  equation  is  a  cubic  in  \/icX  and  Vk>!.    Denoting  these  bj  x 
and  y  respectively,  we  have,  as  in  the  case  of  n  =  5, 

a^  +  3aj*(t/-l)+aj  (3y«  +  cy+3)  +  iPT  =  0, 

x  =  ^kK  =42»(l-g  +  25«...)'(l-g"  +  23«...y 

=  43»(l-2(?...), 

y  =  y?V=(l-2g+22»...)'(l-2(/"  +  25'...'/ 

=  1—43-1-...  . 
VOL.  XIX.— jro.  321.  h 


>v 


98    Mr.  Robert  Russell  on  kX-^kX  Modular  Equations.  [Nov.  10, 

Substituting  in  the  modular  equation,  and  equating  to  zero  the 
coefficient  of  g^,  we  have 

4(c+6)-4*  =  0, 
c  =  10. 

Therefore     »»+3««  (y-l)+aj  (8  jPi'+16y)+7^*  =  0, 

therefore  aj-|-y — 1  +  16ajy  =  0, 

therefore  yi^+  V^' + 2  V^\i^\'  =  1 ; 

and  in  an  exactly  similar  way,  we  have,  for  n  =  23, 

Schroter's  forms  of  these  modular  equations. 

9.  The  next  case  in  order  of  simplicity  is  that  of  n  =  31 ;  here  we 

have  — ^  =  4,  hence  the  relation  between  X/kK  and   VkX'  must  be 
o 

of  the  fourth  degree,  and  must  fulfil  the  condition  (19),  and  must  also 
remain  unchanged  by  interchanging  x  and  y.  These  conditions  re- 
duce the  equation  at  once  to  the  form 

aj*-4aj»  (y-|-l)+»' (6y'+ay+6)-»  (4i/»-ay«-ay+4)  +  (y-l)*  =  0. 

But  X  =  23*(l-3  +  2g»...)(l-s"+23"...), 

y=  (l-2g+23»...)(l-22«+23"...). 
Hence,  substituting  and  equating  to  zero  the  coefficient  of  y^  we  have 

-2(8-2a)+2*  =  0, 
therefore  a  =  0 ; 

and  the  equation  becomes 

»*-4a?(y  +  l)  +  6a^(y«-|-l)-4«(y«+l)  +  (y-l)*  =  0, 
which  may  be  written 

(aj'-|-y«+l-2ajy-2»-2y)*  =  4a?y(aj+y  +  l), 
or  aj'+y'  +  l— 2x1/— 2^-2y  =  2\/»y  \/aj+y  +  l, 

or        (^1^+  '>/i?A?+l-2  t/aVX'-2  ^1^-2  t^i^X')' 


=  4  VicXicX  ( t^icX  +  t^icX+l), 
a  form  of  the  modular  equation  different  to  Schroter's  form. 


1887.]   Mr.  Robert  Bassell  on  kX'-k'X'  Modular  Equations.       99 

10.  For  n  =  19,  we  have  —J-  =  — ;  lienoe  tlie  equation  is  of  the 

fifth  degree  in  ^/kK  and  \/icX,  which,  as  usual,  reduces  to 
«*+5«*(y-l)+aj»(10y«+ay  +  10)+«*(10^«  +  y-6y-10) 

+x  (V+aj/»-6y«+a2/+6)  +  (y-.l)»  =  0, 

where  x  = -/^  =  4^  (1  -q-^2^-S^y  =  4^  (l-2^  +  5g»-10g»...), 

We  have  now  to  snbstitnte  for  x  and  y  in  the  above  eqoation,  and 
equate  to  zero  the  coefficients  of  the  powers  of  q.  It  will  be  found 
necessary  to  expand  only  as  far  as  q^,  and  the  last  two  terms  only 
need  be  considered. 

They  may  be  written 

»[57=l*+(a+20)(y»+y)-(6  +  30)2/«]+(2/-l)», 
or     4^  (l-2g  +  52»...)[(a+20)(2-16g+802'...) 

-(6  +  30)(l-8g  +  323')]-4V(l-10g  +  602'...). 
The  coefficients  of  ^  and  q^  when  equated  to  zero  give 

2(a+20)-(6  +  30)=:4*, 
and  that  of  ^  gives 

122  (a  +  20)-53  (6  +  30)  =  4* .  60, 

therefore  16  (a+20)  =  7 .  4*, 

a+20=112, 

6+30  =-32. 

The  assumed  equation  may  be  written  in  such  a  way  as  to  facilitate 
the  substitution  of  these  numbers,  viz., 

a5»+5**^l+aj»  [l0^^^'-|-a+20.y]  +»«  [10^'+6TS0  y"^] 
+aj  [6 ^=l*+^+20  ^»Ty-6T30 y']  +^^'  =  0 ; 

which,  on  substituting  for  a  +  20  and  6  +  30  their  values,  becomes 

(x+y-iy  +  lU  ix-\-y''iyxy-256xy  (xy-x-y)  =  0, 
or    (v/.^+y;?V-l)»+112(yi^+v/icX-l)«  v/kXicX 

-266  v/i^A^  (yaYV-  ^k\-  v/Zv"')  =  0, 

for  n  =  19,  agreeing  with  Fiedler's  form. 

H  2 
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»+l 
11.  We  now  come  to  the  case  of  n=47,  for  which  —3—  =  6,  p  =  6, 

o 

5  =:  1.  The  relation  between  v^icX  and  ^/kX  or  x  and  y  mnst  be, 
according  to  the  principles  preyionslj  proved,  of  the  form 

^•-6a^(y+l)+aj*(15y«+a2/+15)-aj«(20y«+V+6y+20) 
W  (16y*-6y«+cy«-6y  +  15) 
-»(6y*-ay*+2^+V-ay  +  6)  +  (y-l)*  =  0, 

where        a  =  2g«  (l-gf+2^-3g»+ V-^3'+ V-)> 

y  =      (l-2g+2g['-43«+62*-8g*+12g«-16g'...). 

This  is  the  first  case  we  have  considered  in  which  the  calculation 
presents  the  slightest  difficulty.  The  process  in  general  is  the  same, 
so  that,  having  explained  the  method  in  this  example,  I  shall  in 
future  simply  proceed  with  the  calculation.  I  may  here  anticipate 
that  I  shall  hereafter  give  another  method  of  finding  the  constants 

which  will  not  involve  the  expansions  of  v^rX  and  Vtf\'  according  to 
powers  of  g. 

In  order  to  calculate  the  values  of  a  and  5,  we  see  that  the  last  two 
terms  are  the  only  terms  in  the  equation  which  contain  any  terms 
below  g".  Hence  we  take  the  coefficients  of  any  two  of  the  terms 
q'y  2®,  2*,  ...  2",  and  equate  them  to  zero.  It  will  always  be  found 
that  ^  and  ^  give  the  same  conditions  for  finding  a  and  \  so  that  we 
shall  have  to  proceed  as  far  as  g^. 

Now  y-1  =-22(l-g+2gf«-3g«+43*-6g»+8g«...)  =  -2gf>, 

and  »  =  23*  (p+g*)  as  far  as  g" ; 

substituting,  we  have,  as  far  as  g", 

4^"(30-26+c)-23Vp+2«)(67Tr--a^q:^  +  6^q:7)  +  2-gV, 

or,  dividing  by  p  +  g", 

V  (30-26+c)-2g«  (6  7+l-at^^+67T?)+2«2V*  (l-^*) 

as  far  as  g". 

The  coefficient  of  ^  and  g^,  vanishing,  give  as  conditions 

6-0  +  6  =  2*, 
and  300-34a  +  266  =  2*.40; 

therefore  a  =  —  10, 

6=0. 
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The  coefficient  of  9*  in  y'+l  is  3820,  and  in  y^+y  is  1420,  and  in 
P*  (1—3*)  is  1159 ;  hence  we  have  c  =  — 14 ;  and  the  modular  equa- 
tion reduces  to 

-iB(6y»+10y*+10y+6)  +  (y-l)*  =  0. 
This  equation  may  be  put  in  a  neater  form  as  follows.     Put 

y;rif+t/?V+l=    aj+y  +  l=P, 


then  the  above  equation  is  a  symmetric  function  of  a;,  ^,  1,  and,  when 
expressed  in  terms  of  P,  Q,  and  By  becomes 

128JP+1J  (28P*-96PQ)-(P«-4Q)«  =  0, 

or  128jB«+4EP»-(P*-4Q)*+24ieP  (P'-4Q)  =  0. 

(4  y2  E»)* + (  5/4  P&y  -  (P*  -  4Q)» 

+3(4y2E«)(y4PE»)(P'-40)  =0, 

therefore  4  ^2  E»-f  ?/4  PE* -  (P'-40)  =  0. 

The  modular  equation  for  n  =  47  consequently  reduces  to 


=  ?/4(yr\+t/ic'X'+l)  %XicX+4y2  S/rXic'X', 

which  may  be  compared  with  the  form  given  by  Hurwitz,  Math,  Ann. 
17,  page  69. 

12.  The  next  case  in  order  of  simplicity  is  that  for  n  =  13.     In 

w+1        7 
this  case  -^  =      ,  «  =  7,  *  =  4 ;  and  therefore  the  modular  equa- 

8  4 

tion  is  of  the  7***  degree  in  rX,  r'X' ;  and,  denoting  these  quantities  by 
X  and  y,  its  form  is 

«'+7aj^(y-l)+ajn21t/'+a2/  +  21)+aj*(35t/»+V-^2/-3o) 

+  a;n35/-fcy»  +  %'  +  ci/  +  35)  +  a5'(21t/»  +  6/+(Zy>-%'-6l/-21) 

where  «  =  rX  =  16g'  (1  - 4g  +  Uj' - 402»+ 10 V- 2363"^ +...), 

y  =  icV=  (l-83  +  323>-963»+2563*-6243*  +  14083«-.,.). 
If  we  substitute  these  values  in  the  modular  equation,  we  aoe  «,t 
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once  that,  in  order  to  determine  a,  b  and  c,  we  only  require  the  last 
two  terms,  viz., 

Equating  to  zero  the  coefficients  of  g^  and  q^,  we  obtain  immediately 
two  relations  between  a,  h,  and  c. 

They  are  2a-26+c+14  =  8*.4,  and  4a-6  +  63  =  8*.  11. 

A  third  relation  is  obtained  by  equating  to  zero  the  coefficient  of  ^ ; 
this  involves  very  little  labour,  but,  in  order  to  find  d,  we  require  to 
expand  as  far  as  q^\  and  the  labour  of  doing  so  is  rather  unpleasant. 
I  shall  therefore  explain  another  method  of  determining  the  con- 
stants which  is  practically  independent  of  the  expansions  according 
to  powers  of  q. 

Since  11=—-,  therefore    —  =  -;-  -^. 
7  *  2         7     2 

Hence  any  relation  connecting  O  and  w  will  still  remain  true  if  Q 
and  uf  are  replaced  by  —  and  -^ . 

But  if  t/^  =  ^(0)   and    y\^:=:ip(^V 

we  know,  from  (3),  that 

.    _2v/X      w_l-X 

^^"i+x'  ^^-iTx- 

Hence  k,\=i—- — --— ,   and  »fiXi  =  T-r — rTT  » 

therefore  x,  =  ,    ^^^,^,   and  y,  =  |+^^^^, 

where  B  =  aj  +  l'— t/'. 

Hence,  if  in  the  modular  equation  we  replace  x  and  y  by 

4v/aj 


H-«+v^i2 


and  1±^=V?, 


respectively,  the  relation  must  still  be  true.     Since  x  and  y  are  inter- 
changeable, wo  may  equally  replace  x  and  y  by 

_Wi_    ^^^  1-hy-ya 

respectively,  where  JB  =  y  +  l'— aj'. 
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I  shall  make  nee  of  this  laat  form.  Sabstituting  in  the  given  equa- 
tion, we  hayOy  by  patting  odd  terms  on  one  side,  and  even  terms  on 
the  other — 

yi[4y+4f3^{42(TT^+2J)+aa^}+4«y{70(H:^V6TT^'E+iP^ 

+4  (14(1+^+15 TT^*E+15rTy*lP+lP) 

=  »  [4?lV+4*y«  {70  (3 rTy*+lJ)  +26aj'} 

+4fy{4Q(5T+y+lOlTyB+B') 

Bationalizing,  we  have  an  equation  of  the  14***  degree  in  x,  in  which 
there  are  no  odd  powers  of  x.  The  equation  may  therefore  be  con- 
sidered of  the  7^  in  0^,  and  its  roots,  taking  x*  as  the  unknown,  will  be 
the  squares  of  the  roots  of  the  assumed  modular  equation.  The  co- 
efficient of  x^^  in  the  above  is  easily  seen  to  be 

2"  14(l-hyy-f  {2"((g-6+21)-2^(2a  +  26+c-14)}y 

2" 

and  equating  this  to  the  sum  of  the  squares  of  the  roots  of  the 
modular  equation,  we  have 

2*  ((i-6+21)  =  (2a+26+c-14)>-2"  (a -I- 66), 

which  determines  d  in  terms  of  a,  6,  c. 
The  coefficient  of  jb'  is 

7(1  +y)" + (14a- 26 + 210)rfy''y  +  (56c  +  280a  -  176a  +  2800)T+^V 
-|-4>.  7  (8a-|- 10c- 166-24)  ITyV 


+4»(72a-846+42c+504)l+y  y* 

+  4*  (42a-146+2c+406)  TTyV+2 .4»  (o+56)  / ; 

equating  this  to 

(7/+ay»-6y*+cy»-6y«  +  ay+7)« 
Q^  -2(y-l)'(21t/*+6y*+ci/-ciy'-6y-21), 

[7^qT*+o-4*2y4-lVy-(4a+6-63)TTy'y'  +  (2a+26  +  c--14)y»-]* 
-2  [^TI*-4>  1+^*^+6.4* TTi/*y"-4*^Tl'y'+4*] 
X  [21^n*+6-63y  +  l'y  +  ((i-6+21)t^], 
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we  see  tliat  we  get  five  equations  to  determine  a,  h,  c,  d,  from  any 
four  of  which  a,  &,  c,  d  can  be  determined ;  bat,  the  equations  not 
being  linear,  the  5*^  equation  determines  *which  solution  is  to  be  re- 
tained. Thus  we  see  that  it  is  possible  to  determine  completely  the 
modular  equation  in  this  case  without  the  assistance  of  the  "  q- 
formulae,'*  and  the  same  reasoning  evidently  applies  to  every  case 

where  =  £-  (p  being  odd), 

o  4 

In  writing  down  the  equations  just  referred  to,  I  have  used  a 

slightly  difEerent  set  of  constants,  viz.,  I  put 

a+42  =  a,     6  +  106  =  /?,     c  +  140  =  y,     (i-210  =  S. 

These  constants  were  suggested  by  noticing  that  the  modular  equa- 
tion may  be  written  in  the  form 

(i»+y-iy+ajy/(a5,y)  =  0, 

and  when  in  this  form  the  constants  a,  6,  c,  d  are  always  associated 
with  the  numbers  42,  105,  140,  and  210.  The  equations  for  deter- 
mining the  constants  are 

a«  =  604a -196i3  +  66y -1-23   (1), 

a(4a-fi3)  =  238a  +  882/3-663y-f  163  (2), 

(2a+2/3  +  y)«  =  3840a  + 1280/3 +896y+ 6123 (3), 

(4a+/3)(2a  +  2/3  +  y)  =  -2912a +  2400/3 +80y+ 2663    (4), 

and  a  fifth  which  I  have  not  written  down. 

It  is  rather  remarkable  that  in  these  equations  the  absolute  terms 
disappear.  From  these  four  equations  we  can  determine  a,  /3,  y,  3. 
Inasmuch,  however,  as  two  equations  are  so  easily  found  from  the 
"  (^'-formulBB  **  in  practice,  it  will  be  found  convenient  to  utilise  them. 
In  the  present  case  they  were  shown  to  be 

2a-2/3  +  y  =  8\4   (6), 

and  4a-/3  =  8Ml  (6). 

Eliminating  3  from  (1)  and  (2)  above,  we  have 

a(4a-/3)  =  3794a-2450/3  +  1001y 

=  1001(y-2/3  +  2a)+448(4a-/3). 
Therefore  a .  8M1  =  1001 . 8» .  4  +  448 .  8* .  11, 

a  =  91.32+14.32, 
a  =  32. 106 (7), 
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and  from  (1),  (5),  (6),  (7)  we  get 

a=  -2'. 91. 

Hence    o  =  32.106,  /3  =  -8«.494,  yssS'.QSS,  «  =  -2^.91. 

Substitnting  tliese  yalnes  for  a,  fl,  y,  S,  and  noticing  that  the  modular 
equation  is  a  symmetric  function  of  the  quantities  x,  y^  —1,  it  may 
easily  be  reduced  to  the  form 

2"E*P-2»ie(106P*-2'llP»G+2"0»)+J^  =  0, 

where  P  =  aj+y  — 1  =cX  +  if'A'— 1, 

Q  =  xy^x-^y  =  icXk'X'— rX— cX', 
B  =z  —zy  ^^  —  icX  k\\ 

and  P+Q+E+1=0. 

The  modular  equations  in  the  cases  where   -^  =  -^  are,  of  course, 

much  the  most  difficult  to  obtain  by  the  '*  ^-formnlaB/'  but  we  can 
always  determine  very  easily  a  few  of  the  constants  by  that  method, 
and  then  apply  the  principle  explained  in  the  last  section  to  determine 
the  remainder.  In  applying  the  principle  we  shall  find  it  convenient 
to  reject  in  the  rationalisation  those  terms  which  do  not  bear  on  the 
final  result,  as  we  never  require  more  than  fche  coefficients  of  a^'^ 
and  x\ 

13.  The  theory  developed  in  the  last  section  applies  equally  to  the 

case  where   —zr—  =  -^  ,  as  in  the  case  ^  ^  -  =  ^-  . 

8  2'  84 

The  modular  equation  in  the  former  case  is  a  relation  between 
vkX  and  y/xX' ;  hence  for  »'  and  t/'  we  substitute 

P^ — 7-r  and  ,  "'"y'""  \     respectively, 

where  B  =  (y»  +  l)'— a;*. 

Put  l+y^-s/B  =  N,     l  +  y*+v'ii5  =  jD, 

then  ND  =  x*; 

and,  when  we  make  the  substitution,  the  result  takes  the  form 

where  F  and  O  are  rational  functions  of  sc*  and  y.    On  squaring,  we 
obtain  an  equation  of  degree  2p,  but  which  contains  no  odd  ^Qr?<^x% 
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ot  X.  The  roots  of  this  equation,  considering  of  as  the  unknown 
quantity,  are  the  squares  of  the  roots  of  the  assumed  modular  equation. 

Hence  we  have  a  means,  as  in  the  case  of  ^^—  ^  ^  >  ^^  establish- 
ing relations  among  the  constants. 

This  will  be  n^ade  more  clear  by  reconsidering  the  case  of  n  =  19, 
the  method  being  perfectly  general.     The  equation  is 

a»+5»*(y-l)+«*(10t/«+ay+21)-f»'(10y«+V-^-10) 

-|-«(5y*+ay»-5y«  +  ay  +  5)  +  (y-l)»  =  0; 

and,  making  the  above  substitutions,  we  have 

j^  [2V+2»y  (102rrB  +  a»»)+2  (65PTD*+a«'FT2)-6aj*)] 

-{-(y/N-y/D)  [5.2y+2V  {iO^Tir+(6  +  6)aj»} 

+  (-?^+D»-4»>3rKD+6»*)]  =  0. 

On  transposing  and  squaring  we  have  an  equation  of  10^  degree  con- 
taining only  even  powers  of  x.  We  proceed  therefore  exactly  as  in 
the  case  of  n  =  13. 

14.  We  have  seen  that,  when  the  modular  equation  is  of  an  odd 
degree  in  a;,  y  (whether  x  represents  v^rX,  \/rX,  or  a:X),  then  it  is  a 
symmetric  function  of  the  quantities  sb,  y,  — -1,  and  its  form  can  there- 
fore be  written  down  in  terms  of  P,  Q,  B,  where 

P  =  a-l-y— 1,    0  =  «y— »— y,    B=i—xy. 
For  example,  the  form  of  the  modular  equation  for  n  =  17  is 

X  and  y  being  k\  and  k\'  respectively. 

Now,  in  determining  the  constants  by  the  method  of  substitution 
already  explained,  we  always  found  that,  when  we  made  the  coefficient 
of  a  certain  power  of  ^  to  vanish  in  order  to  determine  a  constant, 
then  at  least  the  next  highest  vanished  with  it.  There  are,  therefore, 
unnecessary  terms  somewhere.    How  are  we  to  get  rid  of  them  P 

The  expressions  ay—  "V    ^^       7"      -.x.  contain  only  even  powers 

ofq-  («+2/-i)'         (x+y-^iy  ^        ^ 

Employ  the  notation 

*/*:  =  0  («),         yX  =  ^  (O), 

y/= ,/;(«),       yx'=,^(o), 

where  we  have  always  taken  O  =  nor,  and  therefore  O+n  =  n  (w  +  1) 
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Now,  changing  the  sign  of  q  is  eqaivalent  to  replacing  *»  by  w+l> 
and  therefore    O    hj  Q+n,     and    therefore    ^ffX    and     v^rV  bj 

gli(-i)w  *M    and    -i=,  and  therefore  «  and  y  by  -  —  and  i  . 
Bat  this  change  makes  no  change  whateyer  in  the  expressions 

SLZ^LUL  and  — ^=3L_  . 

hence  these  can  contain  only  even  powers  of  q. 

This  is  most  important  as  it  reduces  yerj  mnch  the  labour  of  ex- 
pansion. 

O  B 

15.  It  is  not  difficult  to  obtain  expressions  for  -p-  and  -=-,  in 

terms  of  q*.    We  have 

v.-HW     y/-®M     y\-yi^     yx'-oroAi 

Hence,  if  x  and  y  denote  rX  and  k\\  as  in  n  =  17,  we  have 

^  H«(K)H«A        ^  e'(Q,Oe«(0,x) 
e>(K)e*(A)'  ^       e*(K)e«(A)   ' 

therefore 

|H«(K)  tf(A)  e«(o,  r)  e«(o,  x)-e«  (k)  e*  (a)  h'  (k)  h'  (A)  ^ 

^_.l --e'(K)e«(A)e«(0,oe'(0,x) £ 

P"  [H*(K)H»(A)+e*(0,c)e«(0,x)-e«(K)e»(A)]» 

Now    ff(K)H«(A)  =  163^(l+3«+2«+g»+g»+...)«(l+g»*+...)«, 
a  function  of  odd  powers  ;  again 

0(O,ic)=l+2g*+2g"+...-(25+22»  +  25»+...), 
and  9  (K)  =  l  +  2^*+23"+...  +  (25+25*+2^+...). 

Hence  it  is  obvious  that  e*(0,  k)&(0,  X)-.e'(K)  e»(A)  is  a  function 
of  odd  powers  only ;  we  see  therefore  that 

1  =  /-^.    and    ^=^F(,^, 
Now  the  modular  equation  forn  =  17  may  be  written 
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therefore  a^F'(f)+q''F{^)  {fi^+yf(q*)] 

+  { V+'sVCa*) +02'/*  (9*)  +♦/•  (3*)}  +  ^  =  0 ; 

we  therefore  require  tlie  values  of  /  (5*)  and  .    as  far  as  gf",  and 

^(^)  as  far  as  q*.  These  expressions  are  not  at  all  difficult  to  obtain 
bj  the  above  method,  and  when  found  there  remains  no  difficulty  in 
determining  the  constants. 

I  shall  merely  state  that  in  a  similar  manner  it  can  be  shown  that 

^  and  pj  are  always  functions  of  even  powers  of  q,  where  x  repre- 
sents icX,  \/icX,  or  v^  ;  only  that  we  must  remember  that,  when  the 
degree  of  the  equation  is  even,  P,  Q,  and  B  denote  the  quantities 
«+y+l,  «y+«+y,  and  xy. 

The  principles  stated  in  the  last  section  reduce  the  labour  of 
calculation,  unless  in  very  difficult  cases,  within  very  narrow  limits, 
inasmuch  as  we  have  got  rid  of  unnecessary  terms. 

There  will  be  no  difficulty  found  in  calculating  the  constants  for 
n  =  13  by  this  method.  I  had  not,  however,  noticed  these  facts  until 
after  the  calculation  had  been  performed.  I  shall  therefore  leave  it 
in  its  present  state.  I  also  leave  the  completion  of  the  discussion  for 
n  =  17,  until  I  have  more  time  at  my  disposal.  There  is  absolutely 
no  difficulty  about  the  subject,  except  occasionally  a  long  numerical 
calculation. 

16.  The  modular  equation,  in  the  case  of  n=17, 1  have  found  to  be 

2" .  3»i?+2"jB«(7309P»-2» .  117PQ) 

+  2«.E(-287P»+2*.261P*Q-2".15P«Q*  +  2»^Q«)+i*  =  0. 

In  endeavouring  to  discover  some  short  method  of  determining  the 
constants,  I  came  across  the  following  plan  of  solving  these  equations 
when  we  put  k  =  X'  and  k  =  X. 

It  has  been  already  explained,  in  connexion  with  the  case  of  n=13, 

that,  if  in  the  modular  equation  ( where  "T  =  -£  J  we  suppose 
that  equation  arranged  in  powers  of  a;,  and  then  replace  x  and  y  by 

iT.        aji^  —iLi — 5l —  respectivelvi 

we  obtain,  on  rationalising,  an  equation  which,  when  arranged  in 
powers  of  af,  has  for  roots  the  squares  of  the  roots  of  the  original. 
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This  gives  ns  an  identity,  and  on  oomparing  coefficients  enaUes  as  to 
establish  conditions  amongst  the  constants. 

Let  ns  consider  what  form  this  identity  takes  when  in  it  we  assnme 
yss^l.    In  this  case 

¥        =±  and   l±»rVfi  =  _i. 
l+y+-/B""  X  1+y+yJK 

Hence,  if  in  the  assomed  modular  equation  we  put  y  =  —  1,  and  then 
change  x  into  — ,  we  obtain  an  equation  whose  roots  can  only  differ 

X 

in  sign  from  the  original  equation.  Thus,  /  (jb,  y)  =  0  being  the 
modular  equation,  we  see  that 

/(»,-!)  =  0   and  /(i.,_l)  =  0 

have  roots  which  can  only  di&r  in  sign.  Of  course  it  is  not  necessary 
that  they  should  all  differ  in  sign.  Assuming  a;  =  2jp,  this  amounts 
to  saying  that 

f(z, -1)  =  0.   and  /(l,-l)=0 

bare  roots  that  can  only  differ  in  sign. 

Now  the  modular  equation  for  n=  17  is,  in  general. 

Putting  y  =  —  1  and  x=  2Zf  this  becomes 

or  /(^,  -1)  =  0. 

Changing  z  into  — ,  we  have 

z 

i5y(y,  -l)  =a.2».««  +  2«.i5*(2»/3i::^*+2yzr^i:r4) 

•f  22»(3.2«r=?+2*€z  r=^/^^+2Wr=i'^^'+^is*2'^')  +2»(l-z^». 

But  this  is  exactly  the  expression  we  obtain  if  in  the  modular  equa- 
tion we  wrote  *  =  X'  and  k  =  X,  and  then  denote  2kk  by  z.  Hence, 
then,  to  solve  the  modular  equation  under  these  \a&t  c\T^\im:^<ASk!(:ft,<«^ 
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we  have  only  to  solve 

f(z,  -1)  =  i^-9*«-4666«'-106164«»-16082«»+30338«* 

+  103428«'-7108a'+ 15aB-l, 

«»/(-i-,  -l)  =a»-163»'+7108»'-103428«»-30338*'+16082«* 

+ 106164i»+4566a' + 9«— 1. 

It  will  be  foDnd  at  once  that  these  expressions  lutve  as  a  common 
factor  («-l)(a*-80a»-98«'-80a+l),  and  that 

f(^,  -l)  =  («-l)(»'-80a»-9a5'-80«+l)(«'-36»-l)', 

and  therefore 

f(z,  -1)  =  (i5-l)(«*-80«»-98^-80;?+l)(««+36«-l)>. 

If  therefore  we  put  k=s\'  and  ic'=X  in  the  modular  equation  for  n=17 
we  obtain,  for  determining  2kk  =  z,  the  equation 

(«-l)(«'-36«-l)>  («*-80«»-982«-80i5+l)  =  0, 

which  can  at  once  be  solved,  and  thence  the  value  of  2kk    when 
~  =  -v/17i    This  method  will  apply  to  every  case  where  — ^  =  -^ 

and  enable  us  to  solve  the  equation  for  2kk  when  -=r  ==  y/n. 

In  the  above  equation  the  &ctor  0  —  1  =  0  corresponds  to  K'/K  =  1, 
the  factor  «*— 36i5— 1  =  0  to  K'/K  =  ^13,  and  the  reciprocal  quartio 
z'—SO^-dSA-SOz-^l  =  0  to  K'/K  =  -v/17. 

It  is  scarcely  necessary  to  add  any  explanations  to  the  following 
Table.  It  is  given  purely  for  ease  of  reference.  Many  of  the  results 
are  of  course  old. 

I  did  not  take  the  trouble  to  calculate  the  equations  for  determining 

2icic'(  when  --  =  s/nj  for  any  difficult  cases,  except  n=13  and  n=17. 

It  is  most  remarkable  that  the  factor  g^—SSz—l,  which  corresponds 

to  —  =  yi3,  should  occur  in  the  case  for  n  =  17. 

K  » 

Again,  I  believe  thati  s^  +  l^-hl,    which  occurs  in  the  case  ot 

•—  =  \/13,  determines  2jcr' when  —:  =  ^9  =  3. 
K  K 
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The  Algebra  of  Multi'linear  Partial  Differential  Operators. 
By  Captain  P.  A.  MacMahon,  B.A. 

[SeadDec.  8M,  1887.] 

§1. 

In  Vol.  XYiii.,  p.  61,  Proc.  Loud.  Math,  Soc.y  I  discnssed  a  linear 
partial  differential  operator  which  was  defined  bj 


«■• 


•  ■0 

where 

A.^^%        (^-^)  '        a-oh'Kf^d'* ...  l^"    ^  '^) . 
K^ !  rj !  r, !  «:, !  ...  ***  VS^jc,  =  «  / 

These  operators  were  shown  to  form  an  altematiog  gronp,  in  that  the 
alternant  of  any  two  of  them  resulted  in  another  operator  of  the  same 
class. 

It  will  be  convenient  to  call   the  successive  operation  of  two 
operators  P  and  Q  their  outer  multiplication,  and  to  write  it 

(P)  (G), 

also  their  symbolic  algebraic  multiplication  may  be  called  their 
inner  multiplication,  and  may  be  written 

and  the  explicit  operation  of  P  upon  Q,  the  latter  being  considered  as 
a  function  of  symbols  of  quantity  only,  may,  for  reasons  which  will 
subsequently  appear,  be  termed  the  symbolic  addition  of  P  and  Q, 

and  may  be  written  (PfQ), 

Of  these  three  operations  the  second  only  is  in  general  commutative. 
We  have  then 

(P)(Q)  =  (P(3)  +  (Pt(2), 

P  and  Q  being  any  linear  operators  whatever,  and  the  main  theorem 
(loc,  cit,)  was  that,  P  and  Q  being  any  members  of  the  multi-linear 
class  above  defined, 

(P)(<2)-(G)(P)  =  (PtG)-(GtP), 

=  an  operator  of  the  same  class. 


' 
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This  result  expresses  that  the  alternant  of  P  and  Q,  vis. 

is  anotlier  operator  of  the  same  general  class,  and  hence  the  character- 
istic property  of  these  operators,  that  they  form  an  alternating  gn^up. 
The  multiplication  theorem  which  was  auxiliary  to  this  result  was 

(ji\  V  ;  m',  n)  Oi,  y  ;  m,  ti)  =:  {(/»',  v  ;  m',  »')  .  (/i,  v ;  m,  n)} 
+  'S  }  (m'+m-l)  <+ic/  I  {/*+(n+c)  v}  J.....-, 90....,., 

•  •0     V,  til  J 

which  by  analogy  may  be  written 

(ji\  y\  m\  n)  (/ii,  v ;  m,  n)  =  {(/«',  v  ;  w,  n).(jiyV ;  m,  »)} 

+  I   (m'+m— 1)*^^  /;  /*+»V,  y;  m'+m— 1,  n+»  p 

the  operator  last  written  is  a  multi-linear  operator  of  six  elements 
which  arises  from  the  theorem 

(/,  V  ;  m\  n)  f  (/^i  *';  ^»  ^) 
=  ]  (m'+m— 1)— ^  /;  /*+nV,  v;  m'  +  w— 1,  n'+n  >  . 

In  the  farther  development  of  the  algebra,  operators  of  8,  10,  12,  ... 
elements  will  arise ;  in  &ct 

(/»",  v"  ;  m",  nO  t  {(/»  y' \  »»'>  ^1 1  (/i,  i' ;  m,  n)} 

=  (/i",  /';  m^  n")  t  f...  +'s   (  (m  .|-m-l)'i,4-(n'+0  /| 

L        #"0  \^  in,  ) 

i-o  C  m  )    C  m  ) 

or,  finally,  we  have  a  formula  introducing  a  multi-linear  operator  of 
8  elements,  viz. : 

Oi",  r'j  m",  n")  t  {(/A',  J'' ;  w',  n)  f  (/i,  v  ;  w,  n)} 
=  r(m"+m'+m-2)  ^^  v"  ;  (m'+m-l)  ^,-¥n'y\  /; 

/i+(n"+w')  v,y\  m"-hm'+m-2,  n"-Vu-VtJ\- 
FOfi.  XIX — jro.  312,  I 
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The  next  formula  involving  an  operator  of  10  elements  is,  without 
difficulty,  found  to  be 

Oi'",  .";  m"',  n'")  f  [ (p",  y' ;  m", «")  f  [(/.  v' ;  m ,  n  )  t  O*.  -  5  »i,  n)  }  ] 


Hf 


7fl 


nt 


(f»"+w'+m-2)^+m'"i''',   y" 

m 

m 
(n   +n  +n)  f,    v 
^m   H-m  +m -f  m— o,   n   +n  -|-n -fn 

where  for  conciseness  the  pairs  of  elements  on  the  right-hand  side 
have  been  written  underneath  one  another. 

By  induction,  the  law  of  formation  of  the  successive  pairs  of  ele- 
ments is  easily  established. 

Section  2. 

Explicit  operation  of  a  six-element  upon  a  fout'element  operator. 
Denoting  by  P,  Q,  B,  any  three  four-element  operators,  we  have 

{(PtQ)tB}  =  {(P)(Q)t(B)} -{(PQ)tW} 

showing  that  P,  Q,  and  B  are  non-associatiye  as  regards  symbolic 
addition,  and  this  may  be  regarded  as  a  theorem  either  for  the  ex- 
pression of  the  explicit  operation  of  the  six-element  operator  (P  f  Q) 
upon  the  four-element  operator  By  as  a  result  of  explicit  operations 
performed  only  upon  B;  or  as  the  expression  of  the  explicit  operation 
of  the  symbolic  product  (PQ)  upon  B  by  means  of  explict  operations 
without  the  prior  performance  of  symbolic  multiplication. 

We  may  write  the  formula  as  follows, 

(PQfB)  =  {PfiQiB)]-{(FfQ)fB], 
also  (B)  (Pf  Q)-iPf  Q)(B)  =  {Bf  iPfQ)]-{(Pf  Q)f  B] 
=  {Bi(PfQ)]-{Pf(QiB)}+iPQfB); 

so  that,  if  B  be  lineo-linear,  its  alternant  with  (PfQ)  is  expressible 
hj  means  of  two  operators  of  eight  elements  each. 
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Section  3. 

The  general  multilinear  operator  may  be  expressed  in  terms  of  the 
lineo-linear  operators 

4,  =  (1,0;  1,  X)  =ao3fl3,+ai3a^^j  +  o,3a^^j+..., 


for 


va  —  —  —  — = —  -f-  — j *-T —  -r... , 

*  /»  «.*  n*  «.• 


«•  -0 


0  0 


where  h,  is  the  product  of  aj ,  and  the  total  symmetric  function  of 
weight  a  of  the  roots  of  the  equation 

«  =  ao«*— ai«"**4-a,»*"'— ...  =  0     (n  =  oo)  ; 

and  hence 

C  Ott  a;  oj  ) 

^    <»0  »o  *0  ^ 

+ 

Oft  C  Oq  a^j       ; 


C  Oo  Oo  '^o  -^ 


Now,  since  — tt"  =  ^^.m— -4,,«aj+-4,,^»'— ..., 

tit 


tt-i  =  I.  +  Aaj  +  Aa,«+... 


We  find,  by  multiplication  and  comparison  of  the  coefficients  of  x% 


m 


a. 


a: 


i2 
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further  v^'^u  =  —  ^i,« -1-2-4,, ,««— 3^,, ,„«'+...  , 

m'^-V  =  —  -4i,,».i-h2^,,,„.iaj— 3-4,,,».iaj*-|- ... , 

therefore 
therefore 

»^.»-i  =  »-^,--(»-i)4A-..«+...+(-)-'%iA.-; 

whence  the  coefficient  oid^*,  is 

m— 1 


\    m  / 


and  the  operator  becomes 


««o  \    fit  / 


The  operator  in  the  theory  of  pure  reciprocantsnow  takes  the  simpler 
and,  in  some  respects,  more  convenient  form 

2ocJi+36d,+4c(i8+... . 

Section  4. 

The  sub-group  of  Operators  of  Two  Elements. 

A  special  case  of  the  general  operator  arises  when  the  second  ele- 
ment y  is  zero ;  then  we  may  without  loss  of  generality  put  /i  equal 
to  unity,  since  it  is  common  to  every  term,  and  we  may  represent  the 
operator  (1,  0  ;  m,  »)  by  the  shorter  notation  (m,  n). 

The  multiplication  theorem  is 

m-^m  —  l 


(m',  n)(m,  n)  =  {(m',  n)(jn^  ?i)]  H ; (m'-|-m— 1,  n-^-n)^ 


an  identity  in  which  only  operators  of  two  elements  occur. 

This  class  thus  constitutes  an  algebraic  group  in  the  sense  that 
algebraic  operations  produce  operators  which  may  be  always  expressed 
by  operators  of  the  same  class. 

For  the  alternant  of  (/i',  v  ;  m',  n)  and  (m,  n),  we  find 
(/i',  y\  m\  w')(m,  n)—{m,  n)(ji,  v';  m',  n) 
=  (f^u  ^i'^  m'-hw— 1,  n -hn), 
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where 


m'— 1   / 
^1  =  - V. 

m 
This  alternant  will  vanish,  if  /«i  =:  Vy  =  0. 

Case  I.— If  v  =  0,  then 

m'  =  m,  or  m  =  1— m, 

leading  to  the  resnlts 

(w,  n  )  (w,  n)  —  (w,  n)  (m,  n')  =  0, 

(1— m,  n) (w,  n)  — (m,  n)(l— m,  n') 


=  0. 


Casb  n.— If  m  =  1,  then 


n 


wi— 1  ' 


leading  to 


(n,  w— 1 ;  1,  n')(w,  n)  — (w,  «)(n,  m— 1 ;  1,  n)  =  0. 
Thus,  in  general,  (m,  n)  has  the  three  commutors 

(w,  n), 
(1— m,  »')» 
(n,  w-1 ;  1,  n)  ; 
the  alternant  is  given  by 


(m',  n),  (m,  n) 
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(m'H-m— l)(m— m')  ,    ,  ,  ,      '  ,     \ 

=  ^ j^ ^  (m  +m— 1,  n  -|-n), 


mm 


to  which  may  be  added  the  result 

(m",  n"),     (m',  n  ),  (m,  n) 

(m",  n"),     (m'j  n),  (m,  n) 

(m",  n"),     (m',  n^,  (m,  n) 

=  ^ j^ ^  \{m  ^n){m  +m— 1,  n  ■\'n)\ 

m>m 

,  (m"+m'— l)(w'— m")  r/        \/    "  •      '     i      "  •     *\^ 


m  m 


,  (m-\'m  — l)(m>  — m)  </    r     *\f     •     "     i       i     "\") 
+  ^ — 1 Ll L  \{m^  n){m-\-m  —1,  w  +  n  )j. 


TTim 
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Section  5. 
Let  7,  po  ^  ^^7  ^^o  members  of  the  alternating  group,  and  fnrtber 

(»)  (Po)  -  0>o)  W  =Pi. 
W(ft)-(Pi)(x)=p„ 


•••         •••         ••• 


(»)(pj-(p  )(»)=pm.i; 


• t •  ••• 


we  have  then  the  known  theorem 

(')"  (p.)  =  0'o)(»)"+«  (p.)(')"-'+ *  ^"7^^  (pi)(»)"-'+ - . 

If  the  subject  of  operation  be  previonsly  operated  npon  bj  p^  we  have 

(»)"0»o)'  =  0>.)'(')"+»  {(p.)(f»i)+0»i)0>.)}  W"-' 

which  may  be  symbolically  written 

(»)"(p.)'=(p+p)»  (')"+«  0»+p)'  (»)"-•+  ^^%p^  (P+P)'  (»)"-•+ ... . 

wherein  (p+p)'  denotes 

(p.)(pO+«  (p,)(p«-.)+  ^^^(p.)fp.-.)+...- 

Let  us  assume 

(t)"  (p,^'  =  (2p)«  «•+«  (Spy  (-)-'+  tL(|=l)  (ip)'  (,)-«+ ... , 

and  then  (»)»  (p.)'*>  =  (Sp)«  (r)"  (p,)  +  n  (Sp)'  (r)-  (p.) 

+  ^^^^(5P)'W'(P.)+..., 
or,  by  a  previous  theorem, 

(')"  W  =  (2p  +  p)«(ir)"+n  (ip+py  (»)"-' 

=  ('5p)«(T)-+n(  Sp)'(»r'+  ^^^^  (2p)'{»)"-+ ... ; 

or,  the  law  assumed  true  for  the  expansion  of  (x)"  (p^)'  is  equally 
true  for  the  expansion  of  (x)"  (p^)'*^. 
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Hence,  by  induction,  the  general  law  is  establislied. 
In  particnlar,  if  (x)  =  0, 

(ir)-  (p,y  =  (ipy. 

We  may  write  the  resnlt  in  the  form 

(»r(Po)'  =  (Sp+ir)-; 
and  we  easily  reach  the  companion  theorem 

(p.)'  W  =  ('-Sp)". 

More  generally 

/  (-)  (p.)  =  (p.)/(') + fj  /  w  +  ^r  (') + ... , 

wherein  /  (w)  denotes  any  rational  integral  function  of  x ;   whence, 
proceeding  as  before,  we  find 


/(')(P,)'=/(2P  +  T); 

snd  also 

(P.)7«=/('-2p). 

Let  now 

f  (p.)  =  ^A.  (p,y, 

and  ihen 

/(»)f(Po)  =  2^/(2p  +  ir); 

or,  if 

/.=/(ip+T), 

and 

f(f)  =  SA.f., 

then 

/W^(P.)  =  0(/). 

and 

^(P«)/(')=^(A 

where 

/;=/(T-Sp), 

and 

0  (/)  =  2  Aj: . 

Section  6. 
(P),  (Q)  denoting  any  two  linear  operators  whateyer,  we  have 

(P)(G)  =  (P<2)+(PtG), 

and  comparing  this  with  the  symmetric  function  relation 

or,  in  the  notation  of  partitions, 

(Z)(m)  =  (Zm)-f(Z  +  m), 
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we  see  that,  regarding  the  symbol  t  as  expressing  a  symbolic  addition, 
the  linear  operators  (P),  (Q)  combine  according  to  precisely  the  same 
law  as  single  partition  symmetric  functions;  the  algebra  of  the 
operators  is  not,  however,  commutative,  and  we  may  in  the  first  in- 
stance reg^ard  it  as  the  algebra  of  symmetric  functions  freed  from 
the  restriction  of  being  commutative  in  the  two  respects  of  outer 
multiplication  and  addition. 

As  regards  three  linear  operators 

(tti)»  («i)>  («i)i 
we  have  the  theorems 

(«h)(<*l)(«l)  =  («*1«*S**8)  +  (th  t  **f,  ««)  +  (<*i  t  t*f  1 1*,)* 

+  («*«  t  «8l  «*l)> 
(1*1)  (tijt*,)  =  (Ui«,«8)  +  («*i  t  t*i,  **») 

wherein,  in  the  expansion  of  (t^iti,)  (u,),  the  operator  (t^i^tt<s)  is 
formed  by  multiplying  (ui)  and  (u,)  symbolically,  and  adding  the 
result  symbolically  to  («,). 

It  will  be  observed  that,  qud  the  symbol  f,  the  suffixes  are  in 
numerical  order. 

Comparing  these  with  the  corresponding  relations  in  symmetric 
functions,  we  observe  perfect  coincidence  of  theory,  except  in  the 
case  of  the  term  (u^u^  f  ^s)* 

But,  if  (tts)  be  lineo-linear,  this  operator  vanishes,  and  there  is  no 
longer  any  exception. 

In  general,  an  exception  occurs  whenever  an  operator  is  formed  by 
the  explicit  operation  of  a  symbolic  product  of  linear  operators  upon 
a  linear  operator. 

Any  outer  multiplication  of  operators,  each  of  which  is  either  a 
single  linear  operator  or  a  symbolic  product  (inner  multiplication)  of 
linear  operators,  may  in  general  be  expanded  in  a  series  of  symbolic 
products,  each  component  of  which  is  a  linear  operator. 

♦  Observe  that  («i  t  «s  t  "s)  means  Wi  t  («s  t  "s)  and  not  (wi  t  «j)  t  «*«>  and  that 
f<i,  t<3,  f<s  are  associative  as  regards  outer  multiplication. 
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Restricting  onrselyes,  in  tbe  first  place,  to  oater  mnltiplications  of 
two  operators,  we  may  calculate  the  set  of  relations 

+  («httt4l«ltOl 

=  (»1«1«»  Wi)  +  K  t  «»  S^i)  +  K  t  <*I,  «1 1  «*4)  +  («l«l  t  «»»  tti) 
-l-K  t  «*4»  S**8)  +  K  1 1*41  «|  tt*,)  +  Oh**f  t  tt4,  llj) 
+  (tt,tlH,«h«*4) 
+  Ktt*4i  »!«•)• 

(^«l«*l)  («*4)  =   (th«l  Wl W4)  +  («l  t  «*4.  «!«•)  +  K^  1 1*4,  «l)  +  («*lS«»  t  t*4) 

+  (t*l  t  t*4,  Uj  Wi)  +  (f*i«*«  t  tt4»  ^«l) 
+  K  t  «4,  ^«*l)  +  K Wl  t  tl4,  1*1), 

("l)K«*t«*4^)  =  (»l^«*«4«»)  +  (»ltWl,  ttaW^ttj) 

+  (<*1  t  t<4,  ^l^tttft) 

+  (Wi  t  1/41  ««W,tO  +  (Wi  t  «4*  «*f  t  «8,  t*,)  +  (t^jtt,  1 1*4,  I*,!*,) 
+  («*1  t  ^5,  t*,t*iW4)  +  (Wi  t  Wj,  «,  t  W„  M4)  +  (ttjtt,  t  «5,  WjW^) 
+  (Wl  t  Wj»  ^1^41*5)  +  (tti  1 144,  t*,  t  Wj,  Wj) 
-f  (1*,  t  t*4i  «*1  W««*6)  +  (^  1 1*5,  ^t  1 1*4»  t*l) 
+  Kt«5,  t*i**8«*4)  +  Ktt*s,  ttjtttj,   1*4), 
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+  (t*l  t  t*5»  **f**8«*4)  +  K«l  t  «1,  ^8^4) 
+  (tl,  1 1*4.  <h«*»««8)  +  K«»  t  t*4»  <*f  ^ 
+  (tt,  1 1%,  lh«»«*4)  +  K^l  t  «•!  ^^4) 
+  K  t  t*4,  U,«,t«5)  +  (tijt*,  t  «*4l  <*1«5) 

+  K  1 1*4,  «t  t  «li  <%)  +  Kttl  t  «4»  «•  t  «•)  +  K«*lWl  t  t*4»  «*5) 
+  (^  t  W5,  14,  t  t*4,  «,)  +  K  ^  t  Uj,  U,  t  ttj  +  («*i  «1  Wl  t  t*i»  «*4) 

+  («*ltt*4l  Wlt«l,  «*«)  +  (^^  t  <*4.  Wft  «*6) 
+  («*1  t  «li  <*l  t  W4,  t*f)  +  (t*iWl  t  «5,  «,  t  t*4) 
+  («*«  t  «4i  ^  t  t45,  Uj) +  («,!*,  t  t*4>  ^  t  tO 
H-  (^  1 1«5,  n,  t  t*4,  Wi)  +  (t*,t*,  t  Mb,  1*1  t  t*4), 

(UlttjttjttJK)  =  (t*it*,t4,tt4M5) 
+  (t*l  t  Uj,  tl, W,t*4)  +  (ttitt,  t  tlj,  ttjttj  +  (t*it*,t*a  t  tlj,  ttj  +  (^«,t4,tt4  t  ttj) 
+  («*i  t  «8,  «l^«*4)  +  (<*1«*8  t  «8,  tijttj  +  Oh^lU^  t  «8,  «*•) 
+  (W,  t  t«Bi  «*l  «1«4)  +  (t*i t*4  1 145,  t<,t4,)  +  (UiU^U^  f  tt,,  tl,) 
+  K  t  «»>  <*I«l«l)  +  (tt|t*i  t  «»  «*1«*4)  +  («*f«l«*4  1 1%,  Wi) 

H- (1*8^4  tt45,  U,t«,). 

In  these  expansions  it  will  be  observed  that  explicit  operation  only 
takes  place  upon  a  single  linear  operator. 

It  is  easy  to  see  that  the  onter  multiplication  of  two  operators,  each 
of  which  is  a  symbolic  product  of  linear  operators,  may  be  always  so 
expanded. 

Considering,  in  general,  the  product 

(UlUfUt  ...  Urn)  (VlVfVa  .-  ^n)y 

there  will  arise  a  batch  of  operators  corresponding  to  every  partition 
of  m,  and  every  lower  number,  into  n  or  fewer  parts. 

If,  for  instance,  we  fix  the  attention  upon  the  batches  correspond- 
ing to  the  partitions  oi  p  {p^  m)  into  «  («  <  n)  parts,  we  see  that 
the  total  number  of  operators  which  occur  in  these  batches  depends, 
firstly,  upon  the  number  of  ways  in  which  it  is  possible  to  pack  up  p 
things  in  exactly  5  parcels ;  and  secondly,  upon  the  number  of  ways  in 
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which  s  out  of  n  things  can  be  diBtribnted  amongst  these  parcels,  one 
in  each  parcel. 

The  number  of  ways  of  choosing  p  out  of  m  things  is 

ml 
p\im^p)V 

and  p  things  can  be  distributed  into  8  parcels  in  a  number  of  ways 
denoted  by 

9 » 

in  the  notation  of  the  calculus  of  finite  differences. 

Further,  we  can  distribute  s  out  of  n  things  amongst  these  8  parcels, 

one  in  each  parcel  in 

n! 

(n— «)! 

Consequently,  in  the  batches  corresponding  to  the  two  numbers  p 
and  «,  there  will  be  a  number  of  operators  equal  to 

m!  1   ^,  r/%«N      n! 


|7!(m— jj)!   si 


4  A'  m 


(n-«)!' 


and  in  the  aggregate    of  batches  corresponding  to  the  number  p 
there  will  be 


ml 


«•» 


n! 


operators. 


pi  (m— J?)!  «.i  si  (n— #)! 


A'(O') 


Giving  p  all  values  from  0  to  m,  we  shall  obtain  the  complete 
number  of  operators  which  appear  in  the  expansion ;  this  number 
thus  is 


2 


I 


f 


ml        *2*       **  • 


A'(O'). 


^-0  p !  (m  —p)  !«-!#!  (n— *)  ! 
It  will  now  be  shown  that  this  expression  has  the  value 

(n-hir. 
First  consider  the  summation 

n! 


$»n 


and  write 


•-1  «!  (n—s)  I 
n! 


A*  (0^), 


—    A*      • 

(n-«)  !  -  '^• 


1 


81 


7A(0')  =  Z, 
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(see  M.  Maurice  d'Ocsgne  "  Snr  nne  Classe  de  Nombres  remarqaables," 
American  Journal  of  Mathematics,  Vol.  ix.,  No.  4,  p.  366) ; 

and  then  's     .,**',  A* (0')  =  2X X! 

<•!  8 !  (n— »)  !       ^    '       ->    »     J" 

= Ai,E*,  +4[  Ki+j:i£i+ ...  a:e; 

=  n^  (toe.  ot^.). 
Consequently  the  number  we  are  in  search  of  is 

S  ~ n^ 

pmo  p]  (m—p)  ! 

=  (n +  !)"•. 

The  theorem  may  be  stated  as  follows  : — 

''  The  outer  multiplication  of  two  operators,  the  sinister  and  dexter 
being  symbolic  products  of  m  and  n  linear  operators  respectively,  may 
be  expressed  as  a  sum  of  (n+1)"*  operators,  each  of  which  is  a 
symbolic  product  of  linear  operators." 

In  the  case  of  the  dexter  being  formed  wholly  of  lineo-linear 
operators  the  theory  is  identical  with  that  of  the  algebraic  theory  of 
symmetnc  functions. 

Section  7. 

Symbolic  Addition  of  Operators, 
Denoting  by 

operators  of  the  m^  and  n^  orders  obtained  by  the  symbolic  multi- 
plication of  the  linear  operators  w,,  t^j ... ,  v^,  v^ ... ,  we  require  the 
expansion  of  the  operator  (witt, ...  t*«  f  tJiV, ...  v^)  as  a  linear  function 
of  operators,  each  of  which  is  a  symbolic  product  of  linear  operators. 

It  will  be  shown  that  the  number  of  operators  occurring  in  the 
development  is  precisely  n"*. 

Consider  a  simple  case  of  Leibnitz *s  theorem,  viz.,  the  continued 
performance  of  a  single  linear  partial  difEerential  operation  upon  a 
product  of  two  functions  ^|,  0,. 
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If  (tt)"*  designates  m  saccessiye  operations  of  u,  we  bare 

It  is  to  be  proved  tbat  a  perfectly  valid  tbeorem  is  obtained  if  berein 
we  write  (u*)  in  place  of  (i^)',  wbere,  as  nsnal  in  tbis  paper,  (u')  de- 
notes tbe  operator  of  tbe  s^  order  reacbed  bj  raising  u  symbolically 
to  tbe  power  s. 

In  fact,  tbe  tbeorem  to  be  proved  is 


In  general,  tbe  most  extended  form  of  Leibnitz's  tbeorem  is  capable 
of  a  similar  dnal  interpretation,  wbiob  may  be  establisbed  in  tbe 
following  manner : — 

Suppose 

Uj,  U],  «,,  ..•  u«  to  be  any  linear  operators  wbatever, 
and  pnt 

furtber  let        ^i,  92,  ...  0^  be  any  m  functions  of  a,  h,  c,  d, ... , 

and  pnt 

tben 


9  =^i^,^a  ...  ^mJ 


0«(a+eo,  6+01,  c+e,, ...)  =  «,+e^i-h  ^**+  ^fr' ^'+-  » 


and 


*+®*+f?*+  ^^*+-  =  °"(^.+®^«+fr*«+  -3?^'+-)' 

tbat  is, 


2! 


=  n  )^,+cXit*,+Xju,-hX,tt,-f  ...+x,tt,)0, 

We  now  compare  tbe  coefficients  of 


y;  y; ...  x;* 


•  •• 
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on  the  two  sides  of  this  identity,  and  obtain  a  result  which  may  be 
written  in  the  form  : — 

where  0,4-/5^4.^^4. ...  4.^^  =  ^^^     (^  =  1^  2, ...  «)• 

and  the  donble  summation  is  in  regard  to  every  positive  integral 
solntion  of  these  s  equations  and  to  every  permutation  of  the  ^'s. 

When  we  compare  this  result  with  that  of  Leibnitz,  viz. : — 
xJXi-  — X*-*  ajo,!..   a,!^i  ftlftl  —  ftl^, 

we  establish  its  dual  character. 

Comparing  either  of  these  formulsd  with  the  ordinary  multinomial 
theorem,  we  see  at  once  that  the  number  of  terms  in  the  development 

is  m^\ 

Applying  the  theorem  to  the  case  of  symbolic  addition,  we  find  in 
particular 

wherein,  be  it  remembered,  the  operator 

(vi,  <*i^t«s) 
is  formed — 

(i.)  By  multiplying  u^  and  u,  together  symbolically. 

(ii.)  By  then  operating  with  this  symbolic  product  upon  v^ 
considered  as  a  function  of  the  symbols  of  quantity  only  and  not 
of  the  differential  inverses. 

(iii,^  By  finally  multiplying  the  last  result  by  Vi  symbolically. 
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Also 

(«*i«»«i  t  Vi V.)  =      (Vi,  tti«««i  t  f s)  +  K  t  f  1,  «,«,  t  rj 

+  (t*,tvi.  "i^itO 

+  («*itr^t*,«,tri) 

+  («itfi,ttittftff) 

+  (u,t»»ttit<,tt'i). 
In  general,  in  writing  down  the  expansion  of 

(t*it«,...t*«t»i  »!...»•), 

we  shall  obtain  a  batch  of  operators  corresponding  to  everj  partition 
of  m  into  n  or  fewer  parts,  and^  as  before  remarked,  the  total  number 
of  operators  is  n"*. 

Section  8. 

A  very  important  example  of  the  symbolic  interpretation  of 
Leibnitz's  formula  occurs  in  the  theory  of  symmetric  functions. 

In  the  result 

—^^,0, ...  ♦._  i .!.!...,. .i!(m-2.)! ' 

put  A  =  ^  =  TT  (a3*+^.+ca4+  ...y, 

thus  obtaining 

Supposing  fi,  0t*  •••  ^i»  ^  ^  symmetric  functions  of  the  roots  of  the 
equation 

expressed  by  means  of  partitions,  the  effect  of  operating  with  Dt  upon 

any  partition  containing  a  symbolic  number  ^,  is  to  take  away  one 

such  number  t ;  further 

D,  it)  =  1, 

and  any  partition,  not  containing  a  number  t,  is  obliterated. 

Hence  the  operation  of  D^  upon  a  compound  symmetric  function  is 
performed  by  picking  out  the  different  partitions  of  m  in  all  possible 
ways  from  the  partitions  of  0i,  ^i,  ^„  ...  ^m,  one  part  only  at  a  time 
from  each  partition. 
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Thus  D,  (641)(321)(21)  =     (*  41)(32  *)(21) 

+  (*41)(321)(2*) 
+(5*1)(3*1)(21) 
+  (5*1)(821)(*1) 
+  (5*1)(34*)(2*) 
+  (54*)(*21)(*1), 

where  the  asterisks  denote  the  partitions  of  6,  snccessively  picked 
ont. 

The  result  then  is 

D,  (541)(321)(21)  s     (41)(32)(21) + (41)(321)(2) 

+ (51)(31)(21) + (51)(321)(1) 
+  (51)(32)(2)  +  (64)(21)(1). 

From  any  symmetric  function  identity,  we  can,  by  repeating  opera- 
tions similar  to  the  above,  derive  a  nnmber  of  other  identities. 

In  particular,  in  the  theory  of  invariants,  we  can  from  any  syzygy 
between  covariants  derive  a  nnmber  of  lower  syzygies. 

The  operation  of  "  decapitation,"  whether  of  a  single  or  compound 
symmetric  function  of  a  degree  9,  is  seen  to  be  merely  the  performance 
as  above  of  the  operation  D,. 

Also  B.ycd'..,,  (/3  +  y+^+...  =6), 

=  D.(iy(l«)^(l*)'..., 
=  a'(iy(lV..., 

showing  that  a  symmetric  function  of  degree  B  belonging  to  the 
equation 

is  transformed  by  the  operation  of  7>«  into  one  appertaining  to  the 

equation 

aa5"-feaj''-»  +  ftB*-»-...  =0. 
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Confocal  Paraboloids.    By  A.  6.  Greenhill. 

[Mead  December  8M,  1887.] 

The  geometrical  and  analytical  theory  of  confocal  central  qnadrics 
has  received  considerable  attention  from  its  important  applications  to 
problems  in  Hydrodynamics,  Electricity,  Magnetism,  and  Attractions ; 
bnt  except  for  §  154,  Chapter  x..  Vol.  I.,  of  Maxwell's  Electricity^  the 
corresponding  theorems  and  applications  of  confocal  paraboloids  have 
not  received  special  treatment  ;*  and  it  is  the  object  of  this  article  to 
develop  this  mathematical  treatment  from  an  independent  stand- 
point. 

It  will  be  fonnd  analytically  interesting  and  instructive  to  carry 
this  out,  as  the  elliptic  functions  required  in  the  general  case  of  con- 
focal central  qnadrics  degenerate  in  the  special  case  of  confocal  para- 
boloids into  the  ordinary  circular  and  hyperbolic  functions ;  and  con- 
sequently the  problems  discussed  do  not  require  a  knowledge  of 
anything  more  than  the  properties  of  the  functions  employed  in 
elementary  mathematics. 

1.  Taking  the  ordinary  system  of  three  rectangular  axes  Oa?,  Oy, 
Oz  in  space,  and  two  points  aS,  S'  on  the  axis  of  x^  each  at  a  distance 
a  from  the  origin  0,  then  the  two  foci  8  and  jS',  and  the  two  coordi- 
nate planes  zOx,  zOy  are  sufficient  to  define  a  system  of  confocal 
paraboloids. 

Any  point  A  being  taken  in  the  axis  of  «  as  the  vertex  of  a  para- 
boloid, the  two  principal  sections  of  the  surface  made  by  the  coordi- 
nate planes  zOx  and  xOy  will  be  the  parabolas  in  these  planes,  having 
a  common  vertex  at -4  and  foci  S  and  S'  respectively  ;  these  parabolas 
may  conveniently  be  called  the  principal  or  directing  parabolas  of  the 
paraboloid. 

If  A  is  taken  anywhere  between  the  foci  S  and  ff^  the  paraboloid 
will  be  hyperbolic ;  but  if  A  is  taken  anywhere  beyond  8  or  S'  on 
either  side,  the  paraboloid  will  be  elliptic. 


•  [I  have  iTwt  received  Parabol%»che  Koordinaten,  von  Dr.  Karl  Baer,  Frankfort 
a/0,  1888.    A.  G.  G.,  19th  April,  1888.] 
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2.  Suppose  a  vertex  A^  taken  beyond  8  on  the  positive  side  of  the 
axis  of  a;  at  a  distance  from  0,  which  we  shall  denote  by  a  cosh  a ;  then 

8Ai  =  a  (cosh  a— 1)  =  2a  sinh*  ^a, 

8'Ai  =  a  (cosh  a  +  l)  =  2a  cosh'  ^a  ; 

and  the  equations  of  the  directing  parabolas  in  the  coordinate  planes 
of  zOx  and  xOy,  with  common  vertex  at  A^  and  foci  8  and  8^,  are 

y  =  0,     j?*  =  8a  sinh*  Ja  (acosha— aj), 

2  =  0,     y'  =  8a  cosh'  j-a  (a  cosh  a— a)  ; 

and  therefore  the  equation  of  the  corresponding  elliptic  paraboloid  is 

— 01-+  -T-4ri~  =  8a(acosha~aj) (1). 

cosh' fa       smh'fa 

For,  putting  y  =  0  and  z=^  0  alternately  in  equation  (1),  the  equa- 
tions of  the  corresponding  directing  parabolas  are  obtained. 

3.  Next  suppose  a  vertex  A^  taken  between  8  and  8^,  at  a  distance 
from  the  origin  0,  which  we  shall  denote  by  acos/J  ;  then 

Ai8=  a  (l-cos/3)  =  2asin'i/5, 

/SM,  =  a  (14-  cos  /3)  =  2a  cos'  i/3. 

The  equations  of  the  directing  parabolas  being  now 

y  =  0,     z*  =  8a  sin'  J/3  (x—a  cos  /3), 

z  =  0,     y'  =  8a  cos'  ifi  (a  cos  /3 — a?)  ; 

the  equation  of  the  corresponding  hyperbolic  paraboloid  will  be 

Jift-Jw^-'''^''^'^-''^ ('^>- 

These  hyperbolic  paraboloids  will  have  generating  lines,  parallel  to 
the  asymptotic  planes 

-T ^  =  0. 

cos'  J/J      sin*  1/3 

4.  Lastly,   suppose   a  vertex  A^  taken  beyond  S',  at  a  distance 
a  cosh  y  from  the  origin  0  ;  then 

A^8  =  a  (cosh y  f  1)  =  2a  cosh'  f y, 

-4j>S'=  a  (cosh  y— 1)  =  2a  sinh'  -J-y  ; 

and  the  equations  of  the  directing  parabolas  being 

y  =  0,     2'  =  8a  cosh'  f  y  (a  cosh  y -ha;), 

«  =  0>    2/'  =  8a  sinh'  i  y  (a  cosh  y +»), 
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the  equation  of  the  corresponding  elliptic  paraholoid  will  he 


2 4-. 

sinh'  \y      cosh*  \y 


=  8a  (a  cosh  y  4  «) 


(3). 


These  equations  (1),  (2),  and  (3)  represent  a  system  of  orthogonal 
confocal  paraholoids  in  their  simplest  canonical  form ;  and  the  para- 
meters a,  /3,  y  are  the  equivalents  of  Lame*s  thermoroetric  parameters 
for  confocal  ellipsoids  and  hyperholoids. 

5.  Solving  these  equations  (1),   (2),  (3)   for  x^  y,  z  in  terms  of 

o,  /},  y,  we  find 

25  =  fl  (cosh  a  +  cos  /3  —cosh  y)  ' 


2/  =  4a  cosh  ^a  cos  ^/3  sinh  j-y 
z  =  4ta  sinh  ^  sin  j-/3  cosh  |y   . 


(4); 


80  that  to  agree  with  the  corresponding  expressions  given  by 
Maxwell,  Electricity  and  Magnetism^  Vol.  I.,  p.  190,  we  mast  invert 
the  positive  direction  of  the  axis  of  x,  and  interchange  y  and  z. 

The  whole  series  of  surfaces  and  of 
values  oi  X,  y,  z  is  obtained  bj  making  a 
range  from  oo  to  0,  /3  from  0  to  tt,  and  y 
from  0  to  00  . 


B 


A, 


Since  cos  /3  =  cosh  t/3, 

cosh  y  =  —  cosh  (tV-f  y), 


^, 


0 


A 


a 


^we  may  take  a  period  parallelogram  of  infinite  length,  open  at  one 
end  and  bounded  by  the  lines 

y  =  0,     aj  =  0,     and     y  =  jt  ; 

and  then  the  vector  of  a  point  moving  round  the  perimeter  of  the 
period  parallelogram  will  give  the  series  of  confocal  paraboloids  ;  the 
vector  being  o  anywhere  on  A^O^  i/?  on  OA^B,  and  iw  r  y  on  BA^;  so 
that  now,  writing  a',  /3',  y'  for  a,  il3  and  tV  +  y,  we  shall  obtain  the 
symmetrical  expressions  fgr  x,  y,  z  in  terms  of  a',  ^,  y\ 


so  that 


aj  =  a  (cosh  a' -h  cosh  /5'-|-cosh  y') 
y  =  —  4fia  cosh  \a  cosh  ^/3'  cosh  \y 
z  =  —  4a  sinh  ^a'  sinh  j-/3'  sinh  Jy' 


(5), 


4*a  (exp  \  (a'+/3'+y')  +  exp  i  (a'-/3'-y') 

+exp  i  (-a'+Z?- /)+exp  i  (-a'-«3'-^-r'^\. 
k2 
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6.  The  generating  lines  of  the  paraboloids  are  real  only  on  the 
hyperbolic  paraboloids  given  by  equation  (2)  ;  and  their  equations 
are  of  the  form 

^"^^'^      ^^^*'^  ^  (6), 

y  z      _  2  (ocos/3— a?) 

cos  ^/3      sin  i/J  "~  X 

so  that  the  projections  of  the  genei^ting  lines  on  the  plane  yOz  are 
two  sets  of  parallel  lines  inclined  at  an  angle  /3. 

This  is  well  seen  in  the  cardboard  model  of  this  surface  made  by 
Brill,  of  Darmstadt,  which  exhibits  the  series  of  different  forms  of 
confocal  hyperbolic  paraboloids  made  by  the  deformation  of  the 
model  and  its  generating  lines,  when  the  angle  /3  between  the  two 
sets  of  parallel  planes  of  cardboard  is  altered  ;  the  focal  parabolas 
being  obtained  in  the  two  positions  in  which  the  model  is  flattened  out. 

With  the  values  of  a?,  y,  z  given  in  (4), 

X  =  cosh  j-a  sinh  Jy  ±  sinh  |a  cosh  Jy  =  sinh  J  (y  ±  a)  ; 

so  that,  keeping  ft  constant,  then,  along  a  generating  line  of  the 
corresponding  hyperbolic  paraboloid,  y  it  a  is  constant. 

7.  Employing  Maxwell's  notation,  in  Chapter  x.,  Electricity  and 
Magnetism,  let  us  denote  by  ds^,  (2«„  ds^  the  elements  of  the  normal  to 
the  surfaces  a,  /3,  y ;  then 

(£)'=  ith  ith  (£)'. 

1  (^\=  sinh«a-|-4sinhUa  cos'|/3  sinhUy -h4coshV  sin*i/3  cosh'^y 
a   \da/ 

=  sinh*  a  4- 1  (cosh  a  -  1 )  (14-  cos  ft)  (cosh  y — 1) 
-f  I  (cosh  a4-l)(l  -cos/3)(cosh  y4-l) 
=  sinh'a-l-l— -cos/S  cosh  y4-cosh  y  cosha— coshacos/J 
=  (cosh  a— cos /3)  (cosh  a  4- cosh  y)  ; 
and,  similarly, 

-y  [Tn]  =  (cosh  o  —COS  ft)  (cos  ft  +  cosh  y), 
-j- 1  T-*  J  =  (cosh  a  +  cosh  y)  (cos  ft  4-  cosh  y). 
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Denoting  hj  Zj,  mj,  nj  the  direction-cosines  of  the  normal  to  the 
snr&ce  a,  then 

,  dx_  ^  dx  fds^ sinh  a 

dsi       da  I  da        y  ^  (cosh  a — cos/5)  (cosh  a  4-  cosh  y)  )  ' 


f«,= 


»i  = 


2  sinh  |a  cos  \fi  sinh  j-y 

V'{(cosha— co8/3)(oosha-hco8h  y)} 

2  cosh  |a  sin  ^/3  cosh  \y 

y/ [ (cosh  a  —cos  fl) (cosh  a 4- cosh  y)  ] 


Writing  D\  for  cos /3  4- cosh  y,  D]  for  cosh  a  +  cosh  y,  D,  for 
oosha— C08/3,  by  analogy  with  Maxwell's  notation,  then  2,,  m,,  n,  and 
If,  m„  n,  denoting  the  direction-cosines  of  the  normals  to  the  surfaces 
j3  and  y,  a  similar  investigation  proves  that 


j,=- 


sin  3  2  cosh  4a  sin  Ifi  sinh  4y 


_  2  sinh  j-u  cos  yi  cosh  -^-y 

'^  ~  AA  ' 


J,= 


—  _  sinhy 


__  2  cosh  j^g  cos  |/3  cosh  ^y 
__  2  sinh  ^  sin  |/3  sinh  |y 


Thns 


ZjZi  +  Wj7Wi  +  n,ni  =  0, 

verifying  that  the  surfaces  a,  /3,  y  form  a  triply  orthogonal  system. 

8.  Laplace's  equation   with  a,   /3,   y    for  variables  now   becomes 
(Maxwell,  §  148) 


or 


My  ^y 

V'7  =  (cos  /5  +  coah  y )  ^-r  +  (cosh  y  4- cosh  a)  — rj 

aa  op 

-h  (cosh  a  —  cos  /3)  — —  =  0  , 


134  Mr.  A.  G.  Greenhill  on  Gonfocal  Paraboloids,     [Dec.  8, 

Supposing  V  =  ABF,  where  A  ib  &  function  of  a  only,  B  of  j3,  and 
r  of  y,  then  Laplace's  equation  is  equivalent  to 

-^=^cosha  +  ;^,       -_  =  -e7C08^-/., 

-  —  =  -grco8hy  +  A, 

three  degenerate  forms  of  Lamp's  equation. 

Laplace's  equation  is  also  satisfied  if  F  is  a  linear  function  of 
«!  A  y- 

As  an  Electrostatic  example,  suppose  two  elliptic  paraboloids, 
denoted  by  a,  and  a,,  are  electrified  to  potentials  Vi  and  F|  respectively ; 
then  the  electric  potential  in  the  interspace  will  be 

o,— a,  Oi  — a, 

and  the  electrification  o*},  at  any  point  of  the  surface  aj,  will  be  given  by 

d^i  ttj — Oj  dsi  tti— Oj       a 

with  a  similar  expression  for  the  electrification  9,  at  any  point  of  the 
surface  a|. 

When  two  surfaces  /3i  and  /3,  or  y^  and  y,  are  electrified  to  potentials 
Fj  and  F,,  similar  expressions  to  the  above  hold  for  the  potential  in 
the  interspace,  and  for  the  electrification  on  either  surface. 

With  regard  to  the  geometrical  interpretation  of  D„  D„  and  D„  we 
notice  that,  if  ^j,  J„  ^j  denote  the  vertices  of  the  paraboloids  a,  /3,  y, 

Di  =  a.  A^A^y     D^  =  a,  A^Ai,     D^:=^  a  .  A^A^ . 

With  confocal  central  qnadrics,  D,  and  2),  are  the  semi-axes  of  the 
central  section  of  a  which  is  conjugate  to  the  diameter  through  the 
point  of  intersection  of  the  surfaces  a,  /3,  y,  and  these  are  parallel  to 
(2^1  and  ds^. 

But  with  paraboloids  the  centre  has  gone  off  to  an  infinite  distance 
and  a  different  geometrical  interpretation  must  be  devised. 

9.  As  a  Hydrodynamical  application,  consider  the  disturbance  in 
the  motion  of  infinite  liquid  flowing  in  the  direction  xO  with  uniform 
velocity  U,  due  to  the  presence  of  a  fixed  obstacle  in  the  shape  of  the 
elliptic  paraboloid  a, ;  then  we  must  seek  to  determine  a  velocity 
function  ^  satisfying  Laplace's  equation  and  also  the  conditions  that 
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^  =  -U,    ^  =  0,    f?  =  0,    when  a  =00, 
dx  ay  dz 

and  ^  ==  0,     when    a  =  a,. 

This  can  be  effected  by  sapposing  the  yeloeity  function  of  the  form 

obvionslj  satisfying  Laplace's  equation  as  the  equation  of  continuity, 
and  then  determining  ^  so  as  to  satisfy  the  boundary  conditions. 


"■"      il=''(^5-i)  =  ''h|-') 


^  jji  A    smha      ,  \ 


which  when  a  =  QO  becomes  —  CT,  since  sinh  a/ i>|D,  is  then  ulti- 
mately zero ;  and  similarly 

ft=0,     ^  =  0,     when    a  =  cx). 
dy  dz 

Next,  when  a  =  Oi , 

so  that  -4  =  Zj  —J  =  a  sinh  n^ ; 

da 

and  therefore  the  expression  for  the  velocity  function  is 

^=  Z7  (aa  sinh  a^  — a;). 

Similar  inyestigations  for  a  fixed  obstacle  in  the  shape  of  the  hyper- 
bolic paraboloid  /3j,  will  show  that  the  velocity  function 

^  =  [7  (a/3  sin /3i  -  jc)  ; 

while  the  velocity  function  when  the  fixed  obstacle  is  the  elliptic 

paraboloid  y^  is 

0  =  JJ  {x—ay  sinh  y,), 

the  liquid  being  now  supposed  originally  flowing  uniformly  with 
velocity  JJ  in  the  direction  Ox^  in  order  to  flow  over  the  outer  convex 
surface  of  the  paraboloid  y,. 

A  paraboloid  receiving  the  stream  of  liquid  on  the  concave  side 
would  stop  the  stream,  instead  of  merely  deflecting  it,  as  the  convex 
side  does,  and  the  preceding  investigations  are  no  longer  applicable. 
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10.  Next  snppose  the  infinite  stream  of  liqnid  originally  flowing 
parallel  to  the  axis  of  y  with  uniform  velocity  F,  and  disturbed  by 
the  presence  of  a  fixed  obstacle  in  the  shape  of  the  elliptic  paraboloid 
a, ;  to  investigate  the  form  of  the  velocity  function  ^. 

We  shall  find  that  the  required  conditions  can  be  satisfied  by 
supposing  ^  to  be  composed  of  two  terms,  one  term  being 

Vy  =  4a  F  cosh  \a  cos  ^/3  sinh  \y, 
and  the  other  term  being  of  the  form 

^Fsinh  |a  cos  ^ft  sinh  \y. 

For  the  first  term  Vy  satisfies  Laplace's  equation,  and  so  also  does 
the  second  ;  so  that  now,  putting 

^  =zV(A  sinh  ^a  cos  ^/3  sinh  ^y— y), 

we  must  seek  to  determine  A  from  the  boundary  conditions. 

As  before,     ^  =  0,     -^  =  —  F,     ^  =  0,    when    a  =  oo  : 
ax  ay  dz 

also  ^=:vUa  cosh  ^a,  cos i/3  sinh  |y  ^  -mj)  =  0, 

when  a  =  a^ ,  so  that  A^=  4ia  tanh  ^a^ ;  and  therefore 

^  =  F  (4a  tanh  {a^  sinh  \a  cos  |/3  sinh  iy — y) 
=  4aFco8  i/3  sinh  Jy  (tanh  ^a,  sinh  Ja— cosh  Ja) 
=  4aF8ech^i  cosh  J  (aj— a)  cos  ifi  sinh  ^y. 

If  the  stream  was  originally  parallel  to  the  axis  of  z,  and  the  same 
fixed  obstacle  Qj  was  introduced,  then  we  should  find,  as  before, 

tp  =z  W  (4a  coth  ^a,  cosh  Ja  sin  ^fi  cosh  Jy — «) 

=  4aTFco8ech  ^a^  cosh  |  (a— aj)  sin  |/3  cosh  ^y. 

The  corresponding  expressions  for  the  velocity  function  ^  when  the 
fixed  obstacle  is  the  hyperbolic  paraboloid  |3|,  or  the  elliptic  paraboloid 
y,,  are  now  easily  written  down ;  for  instance,  we  shall  find,  for  the 
surface  /3, , 

0  =  —  4aF    sec  ^/3,  cos  |  (/3  -ft)  cosh  ^a  sinh  |y, 

or  ^  =      4aTFcosec  |/3,  cos  ^  (/3— ft)  sinh  ^a  cosh  |y, 

according  as  the  liquid  was  originally  streaming  parallel  to  the  axis  of 
y  or  z;  while  the  corresponding  expressions  for  the  surface  y,  are 

0^=      4aFcosech  ^yj  cosh  ^a  cos  |/3  cosh  ^  (y— y,), 
and  0  =  ~  4a}F  sech  ^y^  sinh  |a  sin  |/3  cosh  ^  (y — yi). 
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11.  Suppose  tbe  interspace  between  aj  and  a,  filled  with  Hqnid,  and 
now  suppose  the  surface  a,  to  be  moved  with  yolocity  Ui,  and  a,  with 
▼elooitj  U^,  parallel  to  Oo; ;  to  determine  the  velocity  function  f  of 
the  initial  motion  of  the  liquid  filling  the  interspace. 

This  is  obtained  by  putting 

<p  =  Aa-i-Bx, 

thus  satisfying  Laplace's  equation  of  continuity ;  and  then  A  and  B 
are  determined  from  the  conditions  that 


^  =  JJ^l^y     when    a  =  Qj ; 


^    =  C;^,,     when    a  =  a,. 


Now  V- =  ^/t"  =  ^/^sinha, 

aSi         I  da 


and 

dx       J 

so  that 

dividing 

out  Zj, 

M 

u, 

A 

=  -  cosech 
a 

a,  +  B, 

V, 

=  —  cosech 
a 

0,  +  ^, 

whence  A  and  B  are  determined.     Then 

(  (Ui—Ui)  a  sinh  a,  sinli  a,  ) 

.  _  ^   C  —  (  ^i  sinh  a,  —  /7,  sinh  a,)  (cosh  a  +  cos  /3  —  cosh  y)  \ 

sinh  aj— sinh  Qj 

Supposing  a,  >  a,,  then,  for  the  infinite  liquid  outside  the  surface 
a„  the  motion  due  to  the  velocity  Ui  of  a^  is  given  by  the  velocity 

function  tfi  ^=  aUia  sinh  a^ ; 

while,  for  the  liquid  filling  the  interior  of  the  surface  a„  the  velocity 

function  is  simply  0  =  U^x, 

If  the  surfaces  a,  and  a,  had  been  started  with  velocities  F,  and  F, 
parallel  to  Oy,  then  we  should  have  to  put 

(p  =z  (A  sinh  Ja  +  B  cosh  Ja)  cos  i(y  sinh  |y, 
satisfying  the   equation    of    continuity ;    and  then  the    bouii.d»»\'\ 
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conditions  —  =  V^m^,  when  a  =  Oj, 

dsi 

^  =  F,w„  when  0  =  0,, 

lead  to  the  equations 

A  cosh  jai'\-B sinh  ^,  =  4a  F^  sinh  Joj, 
^  cosh  \a^ + B  sinh  j^  ■=  ^V^  sinh  ia„ 

for  the  determination  of  J.  and  B ;  so  that 

^  =  4ia  cosech  \  (aj— a,) 
X  {  Fi  sinh  |ai  sinh  J  (o — a,)  +  F,  sinh  ^a,  sinh  J  (a,  —  a)  ]  cos  |/J  sinh  \y. 

When  the  surfaces  a^  and  a,  have  initial  velocities  TT,  and  TF, 
respectively  parallel  to  Oz^  then  we  must  pnt  the  velocity  function  of 
the  liquid  in  the  interspace 

^  =  ( J.  sinh  ^-^B  cosh  ^a)  sin  J/3  cosh  \y  ; 

and  determine  A  and  £  from  the  boundary  conditions 

3^  =  IFith,     when  a  =  Qj, 
dsi 

-2  =  TTj^j,     when  a  =  a, ; 

thus  leading  to  the  equations 

A  cosh  Joj  +  5  sinh  J-aj  =  4alF,  cosh  i<i„ 
A  cosh  j-a,-f  J?  sinh  |a,  ==  4a TF,  cosh  }a,, 

for  A  and  J? ;  and  finally  giving 

^  =  4a  cosech  \  («!— a,) 
X  {  TFj  cosh  J^a ,  cosh  J  (  a  —  a,)  —  IF,  cosh  ^o,  cosh  \  {a^  —  a)  }  sin  J/3  cosh  \y. 

Similar  expressions  can  easily  be  written  down  for  the  motion  of 
the  liquid  in  the  interspace  between  the  two  surfaces  /3i  and  /3j  or  y, 
and  y„  due  to  arbitrary  velocities  Fj  and  F,  parallel  to  Oy,  or  W-^  and 
W^  parallel  to  Oz^  imparted  to  the  surfaces. 

12.  As  another  example,  suppose  liquid  filling  the  interspace  of  the 
surfaces  /3|  and  /3,  to  be  set  in  motion  by  communicating  an  angular 
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and 


yelocitj  pi  to  the  surface  /3„  and  an  angalar  velocity  p,  to  the  snrface 
/3,,  each  about  the  axis  of  a; ;  to  determine  ^,  the  velocity  function  of 
the  initial  motion  of  the  liquid. 

We  must  make  ^  satisfy  the  conditions 

<i0  _  C  normal  component  of  the  velocity  of  the  ) 
dsf  ""  L  snrface  ^,  due  to  the  angular  velocity  p,  ) 

=  |ji  (y«i— «w,),  when  /?  =  /3, 

^  =  p,(yn,-«i»,),  when  /3  = /3^ 
n       sinh  a  sinh  y 

The  proper  form  to  assume  for  the  velocity  function  is 

^  =  (il  cos  /3  +  J?  sin  j3)  sinh  a  sinh  y, 

and  then,  when  P  =  /3i, 

=  —22-  sinh  a  sinh  y, 

so  that  the  variable  factors  sinh  a  sinh  y  and  DjT),  cancel,  and  then 

— ^  sin  /3i + ^  cos  /3i  =  2a'  pi, 

and  similarly  —  -4  sin  /3,  +  J?  cos  /5j  =  2a'^^ 

whence  A  and  J?  can  be  determined  ;  and  then 

^  =  2a'cosec(/3i— /3,)  [pjcos  (/3i— /3)  — i?iC08(/3— /3,)  j  sinh  a  sinh  y. 

If  the  interspace  had  been  bounded  by  the  surfaces  a,  and  a„  then 
we  should  have  had 

^  =  (-4  cosh  a-\'B  sinh  a)  sin  /3  sinh  y, 

and  il  and  B  determined  by  the  equations 

A  sinh  a,  -f- Bcosh  «,  =  2a'p„ 

il  sinh  0,+^  cosh  aj  =  2a* j[?, ; 
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and  then 

^  =  2a*  ooseob  (o,  —  o,)  {p,  cosh  (o  —  a,)  —  p,  cosh  (a, — o)  }  sin  )3  sinh  y. 

If  Pi  =  0,    and    Oi  =  00 ,   then 

A  +  B  =  0, 

and  -4  =  —J?  =  —  2a*;),e-, 

so  that  f  =  —  2a'|?,e"***«  sin/J  sinh  y, 

the  velocity  function  dne  to  the  rotation  of  the  snrface  a,  abont  the 
axis  of  X  with  angular  velocity  p,,  in  infinite  liqnid  snrronndiDg  this 
elliptic  paraboloid  on  the  outside. 

Bnt,  if  C4  =  0,  then 

^  =  2a'  cosech  a^  [  p^  cosh  o— j?,  cosh  (aj— o)  ]  sin /3  sinh  y  ; 
and,  if  j7|  =  0  also,  then 

f  =  2a'2>i  cosech  a,  cosh  a  sin  /3  sinh  y, 

the  velocity  function  of  liquid  inside  the  elliptic  paraboloid  Qj  ;  but 

as  pointed  out  by  one  of  the  referees  of  this  paper,   this  state  of 

motion  implies  that  the  focal  parabola  for  which  a  =  0,  and  therefore 

^  =  0, 

y'  =  8a  (a-a?), 

mast  be  looked  upon  as  a  fixed  boundary. 

When  this  boundary  is  removed,  the  motion  of  the  liquid  inside  the 
elliptic  paraboloid  a,,  due  to  a  rotation  p^  abont  Ox,  will  be  g^ven  by  a 
velocity  function  of  the  form 

^  =  Ayz 

=  2a' ^  sinh  a  sin  0  sinh  y, 

and  then  we  shall  find,  as  before, 

A=:pi  sech  a, ; 

so  that  ^  =  i'l  y^  8^^  ^1- 

When  the  hyperbolic  paraboloid  ft^  is  rotated  about  Ox  with  angular 
velocity  p^^  then  the  motion  of  infinite  liquid,  on  either  side  of  the 
surface,  is  given  by  the  velocity  function 

^^  Piyzaecfii. 
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13.  When  the  sarfaces  Ui  and  a,  are  made  to  rotate  with  ^gnlar 
velocities  g,  and  q^  about  the  axis  Oy,  the  velocity  function  of  the 
initial  motion  in  the  interspace  is  more  complicated,  the  bonndarj 
conditions  being  now 

J    =  S'l  (*^~**h)>  when  a  =  Oj, 
dsi 

or  3^  =  o^i  («^— «»h)  D,D, 

da 

=  2a' gi  {28inh|a8iuha  — (cosha+cos/3— co8hy)co8h^a]8in|/3cosh|y 

=  2a*  g,  (cosh  a— cos /3  + cosh  y— 2)  cosh  ^asin  ^/3  cosh  |y, 
when  a  =  Qf ;  and 


3^=5,  (rZ,— a;n,),  when  a  =  u,, 
dsi 

for  all  values  of  /3  and  y. 

The  form  of  the  velocity  function  must  be  inferred  by  analogy  from 
the  corresponding  expressions  for  confocal  centi*al  quadrics. 

Inside  the  surface  a,,  the  velocity  function  of  the  liquid  motion 
would  be  of  the  form 

0  =  Cxz 

=  40a'  (cosh  a  -|-  cos  /3  —  cosh  y)  sinh  \a  sin  ^/3  cosh  \y ; 

and,  noticing  that  the  terms  a  and  cosh  ^a  sin  |/3  cosh  |y  give  the 
motion  of  the  liquid  due  to  translations  parallel  to  Ox  and  Oy,  we  are 
led  to  infer  that  the  required  velocity  function  must  bo  built  up 
partly  of  terms  of  the  form 

(cosh  a  +  COS  /3  — cosh  y)  cosh  |a  sin  \ft  cosh  |y 
and  a  sinh  |a  sin  |/3  cosh  |y. 

But,  substituted  in  Laplace's  equation  of  continuity  of  §  S,  we  find 
V  (cosh  a  +  cos  /3 — cosh  y)  cosh  |a  sin  ^/3  cosh  \y 

=  —  2  (cos  i3  + cosh  y)  cosh  |a  sin  ^/3  cosh  |y, 

V  a  sinh  |a  sin  |/3  cosh  |y  =  (cos  /3  +  cosh  y)  cosh  \a  sin  |/3c08h  |y  ; 
80  that  these  two  terms  must  be  combined  in  the  form 

{(cosh  a  +  cos j3— cosh  y)  cosh  la-\-2a  sinh  ^a]  sin ^/3  cosh  |y, 

in  order  that  the  equation  of  continuity  may  be  satiBfied. 
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To  these  terms  may  be  added  the  terms 

(cosh  o -h  cos  /3  —  cosh  y )  sinh  ^o  sin  |/3  cosh  \y 

and  (P  cosh  Jo  -h  Q  sinh  \a)  sin  \fi  cosh  |y, 

obvioaslj  satisfying  the  equation  of  continnitj ;  so  that  now  in  the 
general  case  we  may  pnt 

^  =  [(cosh  o-hcos  ,8— cosh  y)  {A  cosh  |a  +  ^  sinh  \a) 

-\-2Aa  sinh  Ja  -f- P  cosh  |a  +  Q  sinh  Ja]  sin  J/3  cosh  Jy, 

and  now  we  have  sufficient  disposable  constants  A^  P,  P,  Q  to  satisfy 
the  boundary  conditions  when  a  =  Oj  and  ct  =  a,. 

Similar  expressions  can  be  constrncted  for  the  surfaces  /3|  and  i3„ 
or  yi  and  y^. 

14.  The  velocity  function 
0  =  xyz 
=  2a'  (cosh  a  -h  cos  /3— cosh  y)  sinh  a  sin  j3  sinh  y 

satisfies  the  equation  of  continuity,  and  gives  the  motion  of  the  liquid 
inside  a  sui*face  due  to  a  torsional  strain  imparted  to  the  surface 
about  a  principal  axis.  <    . 

The  velocity  function  of  the  motion  of  the  liquid  in  the  interspace 
between  two  surfaces,  due  to  arbitrary  torsional  strains  of  the  sur- 
faces, may  then  be  constructed  by  analogy  with  the  solution  of  the 
corresponding  problem  for  confocal  central  qnadrics,  being  built  up 
of  terms  of  the  form 

a  sinh  a  sin  (i  sinh  y, 
(cosha+cos^-coshy)^?^J«-/3-J,. 

in  addition  to  the  terms  employed  in  the  previous  solutions. 

Similar  investigations  will  enable  us  to  determine  the  induced 
magnetism  in  sheets  of  soft  iron,  bounded  by  two  confocal  paraboloids 
of  the  same  kind,  due  to  a  magnetic  field  of  potential 

^aj  +  Py  +  Ci5 + Py« -h  Q«a?  +  22»y  +  Sa:y«. 
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On   Recijtrocal  Theorems  in  Dynamics, 
By  Horace  Lamb,  M.A.,  F.B.S. 

[Bmd  Jan.  12M,  1888.] 

In  a  recent  paper  on  Least  Action*,  ¥on  Helmholts  has  gtvea  a 
reciprocal  theorem  of  great  generality,  whicli  may  be  stated  as 
follows  : — 

Consider  any  natuitil  motion  of  a  conservatiye  syBtem  between  two 
confignrationH  A  and  A'  thi*ough  which  it  passes  at  times  i  and  { 
respectively,  and  let  t'—t  =  t.  Let  yi,  q^  ...  be  the  coordinates  of  the 
system,  and  p^,  /),,  ...  the  component  momenta,  at  time  t,  and  let  the 
values  of  the  same  quantities  at  time  f  be  distingnisbed  by  accents. 
As  the  system  is  passing  throngh  the  confignration  A^  let  a  small  im- 
pulse ipr  of  any  type  be  given  to  it ;  and  let  the  consequent  alteration 
in  any  coordinate  q,  after  the  time  r  be  denoted  by  iq'g.  Next  consider 
the  reversed  motion  of  the  system,  in  virtue  of  which  it  would,  if  undis- 
turbed, pass  from  the  configuration  A'  to  the  configuration  A  in  the 
time  r.  Let  a  small  impulse  ^p',  be  applied  as  it  is  passing  through 
the  configuration  A\  and  let  the  consequent  change  in  the  coordinate 
qr,  after  a  time  r,  be  Bq^.   The  theorem  in  question  asserts  that 

Bqr  :^p[  =  ^q9  :  ipr (1). 

If  the  coordinates  g^,  q^  be  of  the  same  kind  {e.g,,  both  lines  or  both 
angles),  the  statement  of  the  theorem  may  be  simplified  by  supposing 
ip'^  =  5j\,  in  which  case 

^qr  =  ^  ji- 

In  words,  the  change  produced  in  the  time  r  by  a  small  initial  impulse 
of  any  type  in  the  coordinate  of  any  other  (or  of  the  same)  type,  in 
the  direct  motion,  is  equal  to  the  change  produced  in  the  same  time 
by  a  small  initial  impulse  of  the  second  type  in  the  coordinate  of  the 
first  type,  in  the  reversed  motion. 

The  proof  given  by  von  Helmholtz  is  based  on  the  properties  ol 
Hamilton's  *'  chaittcteristic  function  *' 


8 


=  f''(T-F) 


dt. 


(2) 


where  T  and  V  are  the  kinetic  and  potential  energies  of  the  system. 


•  Crelle,  t.  100,  pp.  137  and  213. 
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and  8  is  sapposed  expressed  in  terms  of  the  initial  and  final  coordi- 
nates Ju  9t>  •••  '^d  9>  9i>  ■'•  >  B^*^  ^^^  time  r.  Under  these  circnm- 
stances  we  haye  the  relations 


,      d8  dS 


(3). 


from  wliich  the  theorem  is  dednced  withont  mnch  difficulty. 

Yon  Helmholtz  has  also  giyen  a  second  reciprocal  theorem,  to  which 
reference  will  be  made  farther  on. 

In  searching  for  a  more  general  resnlt  which  shonld  inclnde  these 
theorems  (and  possibly  others)  as  particnlar  cases,  I  was  led  to 
recognise  that  the  desired  generalisation  is  already  contained  in  a 
remarkable  formula  established  by  Lagrange  in  the  "Mecanique 
Anaiytique,"*  by  way  of  prelude  to  his  theory  of  the  variation  of 
arbitrary  constants.  Starting  from  his  equations  of  motion  in 
generalised  coordinates,  he  proves  that 


dt 


2  [ipr  .  Aqr-Apr  .  ^Qr}   =  0. 


(4), 


where  the  variation-symbols  B  and  A  refer  to  any  two  slightly  dis- 
turbed natural  motions  of  the  system.  To  call  attention  to  this  some- 
what n^lected  theorem  of  Lagrange,  and  to  some  of  the  consequences 
which  flow  from  it«  is  the  main  object  of  this  paper. 

In  the  first  place,  integrating  from  t  to  t\  we  have 

In  this  form,  it  may  be  noted,  Lagrange's  result  follows  very  readily 
from  the  Hamiltonian  relations  (3).    Writing  for  shortness 


d'S 


=  (r,  J?), 


d'S 


-  =  (r,  8), 


we  have 


dq^dq,  dq^dq', 

^Pr  =  —  S.  (r,  s)  ^2'.-  S,  (r,  s)  ^q'„ 


with  a  similar  expression  for  Ap^*     Hence 
S(^,.  Ag,-A2?,.&Z,)  =  -S,{S.(r,  5)a9.+S.(r,  8)^q:]Aqr 

+  2,  {X  (r,«)  Ag.+  2.  (r,  O  Aq',]  Sq, 
=  SrS,(r,  «)  {^qr  .  ^q.— Aqr  *  Sq,}  


(6), 


*  Bertrand's  edition,  t.  i.,  pp.  300  et  seq.  The  theorem  appears  to  have  been 
fintpablished  in  a  memoir  read  to  the  Institute,  March  13th,  1809  (Cay  ley,  Repwi 
on  Tneoretieal  Dynamia), 

roL.  ja.-^MO.  314.  l 
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The  same  value  is  obtained  in  like  manner  for  the  expression  on  the 
right-hand  side  of  (5). 

The  reciprocal  theorem  above  stated  is  an  immediate  consequence 
of  Lagrange's  formula.  For,  suppose  all  the  ^q  to  vanish,  and  like- 
wise all  the  Bp  with  the  exception  of  Bp,.,  Again,  suppose  all  the  Ag 
to  vanish,  and  likewise  all  the  Ap'  except  dp^.     The  formula  (5)  then 

reduces  to  Bpr .  Ag^  =  —  Ap^ .  Bq'„ 

or  Bq,  :Spr=      Aqr'  —  Ap« 

which  is  equivalent  to  Yon  Helmholtz*s  result,  since  we  maj  suppose 
the  symbol  A  to  refer  to  the  reversed  motion,  provided  we  change  the 
signs  of  the  Ap. 

A  slight  extension  may  be  given  to  the  statement  of  the  reciprocal 
theorem  from  the  consideration  that  the  expression 

^{^Pr-^qr—Apr'^qr)      (7) 

is  a  covariant,  and  that  the  coordinate  systems  employed  on  the  two 
sides  of  (5)  may  therefore  (if  we  please)  be  different.  To  see  this  we 
may  recall  Hamilton's  variational  equation 

aflf  =  -jE7^r+2i);.^9;-2i?r.^gr  (S), 

in  which  E  denotes  the  total  energy.  It  is  known  that  'Sp  ,Bq  \a  co- 
variant,*  and  we  may  therefore  suppose  the  initial  and  final  coordi- 
nates in  terms  of  which  (with  r)  S  is  expressed  to  belong  to  different 
systems.  The  relations  (3)  will  still  hold,  and  fi'om  these  (as  we 
have  seen)  the  proof  of  Lagi^ange's  formula  immediately  follows, 
through  equation  (6).t 

The  freedom  we  have  thus  gained  of  using  different  coordinates  in 
the  two  configurations  contemplated  in  the  reciprocal  theorem  is  of 
importance  in  the  optical  applications  to  be  referred  to  further  on. 

Some  good  illustrations  of  the  theorem  are  afforded  by  the  case  of 
a  single  particle.  For  instance,  in  elliptic  motion  about  the  centre, 
if  a  small  velocity  Bv  in  the  direction  of  the  normal  be  communicated 
to  the  particle  as  it  is  passing  through  either  extremity  of  the  major 
axis,  the  tangential  deviation  produced  after  a  quarter-period  is  easily 
found  to  be  Bv/fi^,  where  /n  is  the  "  absolute  force."     And  it  is  readily 


•  •  • 

♦  It  is  in  fact  =  2//»  {x9x  +  t/d^+z  5-:),  where  ar,  y,  2  are  the  rectangular  coordi- 
nates of  any  particle  m  of  the  system.  The  proof  of  this  forms  part  of  the  UBual 
investigation  of  Lagrange's  equations  of  motion  in  generalised  coordinates. 

t  The  covariant  property  of  (7)  was  suggested  to  mo  as  probable  by  Mr.  J. 
Larmor.  It  may  also  bo  established  by  direct  transformation  of  coordinates,  but 
the  work  is  rather  long. 
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verified  that  a  tangential  velocity  ^v,  communicated  at  the  extremity 
of  the  minor  axis,  produces  after  a  quarter-period  an  equal  normal 
deviation  hv/fi^. 

Again,  in  the  corpuscular  theory  of  light,  take  the  case  of  a  medium 
symmetrical  about  an  axis  (e.g.,  an  optical  system),  and  consider  two 
points  P,  P*  on  the  axis,  and  let  V,  V'  be  the  corresponding  velocities 
of  light.  At  P  let  a  small  impulse  be  applied  at  right  angles  to  the 
axis  so  as  to  produce  an  angular  deflection  ^0,  and  let  fi'  be  the  con- 
sequent lateral  deviation  at  P'.  In  like  manner,  in  the  reversed 
motion,  let  a  small  deflection  ^B'  at  P"  produce  a  lateral  deviation  P 
at  P.    The  reciprocal  theorem  asserts  that 

that  is,  the  "  apparent  distance  "*  of  P  from  P'  is  to  that  of  P'  from 

P  in  the  ratio  of  the  refractive  indices  at  P'  and  P  respectively. 

When  the  restriction  as  to  symmetry  about  an  axis   is  abandoned, 

it  is  convenient  to  adopt  independent  systems  of  coordinates  at  P  and 

P*.     Taking  these  points  as  origins  of  rectangular  systems  a;,  y,  z  and 

x\  y\  z  respectively,  the  axes  of  z,  z  being  tangential  to  the  ray,  the 

lateral  deviations  at  P*  due  to  impulses  cx^  ly  at  P  will  be  given  by 

equations  of  the  form 

Ix  =  Alx-\rBly^ 

ly  -=.  Clx-^-Bly, 

The  reciprocal  theorem  then  shows  that  the  deviations  at  P  due  to 
impulses  lx\  ly  at  V  will  be  given  by 

Ix  =  Alx  -VGly^ 
By  =  Bhx  -^  D^y  , 

Hence,  if  o  be  the  section  at  P'  of  a  small  pencil  of  rays  proceeding 
from  P  and  forming  there  a  solid  angle  w,  and  if  <t,  w'  have  similar 
meanings  with  regard  to  a  pencil  from  P*,  we  shall  have 

i_  __  d  {Bx\  hj)  __    .j._ 


AB-BG, 


y^io       d  (Ex,  Bij) 

The  same  value  is  obtained  for  (tjV'^o),  so  that,  if  /x,  /lc'  be  the  re- 
fractive indices, 

which  is  the  theorem  of  **  apparent  distance  "  in  its  extended  form. 


•  Cf,  Lord  Rayleigh,  Fh\L  Mag.y  June,  1886,  p.  472. 
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Most,  if  not  all,  of  the  reciprocal  relations  already  known  in 
Dynamics  appear  to  range  themselves  as  particular  cases  nnder  our 
present  theorem. 

Thus,  if  the  system  be  originally  at  rest,  and  if  the  time  r  be  infi- 
nitely short,  we  may  put 

and,  on  acconnt  of  the  linearity  of  the  relations  between  the  momenta 
and  the  velocities,  the  restriction  to  infinitely  small  impulses  ^r  ^^^^7 
be  dropped.  Hence  the  velocity  of  type  s  produced  by  an  impulse  of 
type  r  is  equal  to  the  velocity  of  type  r  produced  by  an  equal  impulse 
of  type  8, 

Again,  applying  the  theorem  to  the  case  of  small  periodic  disturb- 
ances fi*om  a  configuration  of  equilibrium,  we  are  led  to  the  reciprocal 
relation  which  is  discussed  at  length  by  Lord  Rayleigh  in  his 
"  Theory  of  Sound.***  This  includes  as  particalar  cases  the  impor- 
tant principles  of  acoustical  and  optical  reciprocity  formulated  long  ago 
by  Yon  Helmholtz,  although  in  the  case  of  a  continuous  medium  some 
care  is  necessary  to  recognise  the  displacements  and  impulses  of 
corresponding  types.  The  acoustical  principle  is  to  the  effect  that  in 
a  uniform  mass  of  air  (or  other  gas),  bounded  in  whole  or  in  part  by 
rigid  or  perfectly  elastic  walls,  the  variations  in  density  at  a  point  P' 
dne  to  a  simple  source  of  sound  at  P  are  identical  in  amplitude  and 
phase  with  those  produced  at  P  by  an  equal  source  at  P'.  "  In  this 
theorem  equal  sources  of  sound  are  those  prodaced  by  the  periodic 
introduction  and  abstraction  of  equal  quantities  of  fluid,  or  something 
whose  effect  is  the  same."  The  statement  needs  modification  when 
the  nature  of  the  medium  is  different  at  P  and  at  P^ ;  but  this  is  of 
no  great  interest  in  Acoustics. 

The  optical  principle  is  as  follows,  in  (as  nearly  as  possible) 
Von  Helmholtz's  own  words  :t — "  Let  a  ray  of  light  from  the  point  P 
arrive  after  any  number  of  reflections,  refractions,  <fcc.,  at  the  point  P*. 
At  P  draw  two  planes  ai,  a,  through  the  direction  of  the  ray,  and  at 
right  angles  to  one  another.  Let  two  similar  planes  a^  ai  be  drawn 
through  the  direction  of  its  ray  at  P'.  The  following  result  may  then 
be  proved :  If  a  quantity  I  of  light  polarised  in  the  plane  aj  proceeds 
from  P  in  the  direction  of  the  ray  in  question,  and  if  of  this  the 
quantity  F  arrives  at  P'  polarised  in  the  plane  a{ ;  then  reciprocally, 
when  a  quantity  I  of  light  polarised  in  the  plane  a{  proceeds  from  P', 
the  same  quantity  J'  of  light  polarised  in  the  plane  a^  arrives  at  P." 


♦  T.  i.,  §  107,  &c. 

t  Fhynohgische  Optik,  p.  169,  or  Geiommelte  Werke,  t.  ii.,  p.  136. 
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Yon  Helmholtz  goes  on  to  say  that  the  light  may  on  its  path  be  subject 
to  anj  amount  of  single  or  double  refraction,  reflection,  dispersion, 
and  diiEraction.* 

The  statement  may  perhaps  be  made  a  little  more  precise,  if  we 
define  I  to  mean  the  intensity  of  a  source  of  light  at  P,  polarised  in 
the  plane  o^,  as  measured  by  the  energy  emitted  per  second,  and  / 
the  intensity  of  the  component  polarised  in  the  plane  a{  of  the  light 
which  arrives  at  P',  as  measured  by  the  energy  which  falls  per  second 
on  unit  area  placed  perpendicular  to  the  ray.  If  P  and  /  have 
similar  meanings  for  light  proceeding  from  P'  to  P,  we  have 

J'  :I=J:r, 

This  supposes  the  medium  to  be  the  same  at  P'  as  at  P.  When  this 
is  not  the  case,  we  are,  I  think,  obliged  to  enter  into  some  considera- 
tion of  the  mechanism  by  which  light  is  propagated,  although  the 
final  result  is  independent  of  the  particular  theory  adopted  on  this 
point.  To  do  this  here  would  lead  us  too  far ;  the  result,  whether  we 
adopt  the  elastic  solid  or  the  electro-magnetic  theory  of  light,  is  (I  find) 

V       •      *^      ..       1    .       1 

where  /i,  f/  are  the  refractive  indices  at  P  and  P',  respectively.  This 
law,  which  is  thus  proved  by  purely  dynamical  reasoning,  is  identical 
with  that  established  in  other  ways,  and  under  somewhat  narrower 
restrictions,  by  Yon  Helmholtz  and  Clansius. 

In  some  further  applications  of  the  reciprocal  theorem  care  must 
be  taken  that  in  the  "  reversed  "  motion  the  reversal  is  complete,  and 
extends  to  every  part  of  the  system.  For  example,  if  the  system  con- 
tain gyrostats  in  rotation,  the  rotation  of  each  one  of  these  must  be 
reversed. 

Again,  the  propagation  of  sound  in  a  moving  atmosphere  has  been 
recognisedf  as  a  case  to  which  Yon  Helmholtz's  principle  of  acoustic 
reciprocity,  as  above  ftated,  does  not  apply.  In  fact,  if  P'  be  to  the 
leeward  of  P,  the  intensity  at  P'  duo  to  a  source  at  P  will,  in  conse- 
quence of  refraction,  be  greater  than  that  at  P  due  to  a  source  at  P' 
The  reciprocity  is,  however,  restored  if  when  we  transfer  the  source 
to  P'  we  also  reverse  the  wind. 


*  He  al80  includes  absorption,  which  does  not  come  within  the  scope  of  the 
general  reciprocal  theorem  which  is  the  subject  of  this  paper.  It  is  covered,  of 
course,  by  Lord  Kayleigh's  principle,  which  does  not  exclude  the  action  of  dissipa- 
tive  forces. 

t  Theory  of  Sound,  {111.  ad  Jin, 
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Another  interesting  example  is  famished  by  the  magnetic  rotation 
of  the  plane  of  polarised  light.  Von  Helmholtz  himself  called  attention 
to  the  fact  that  his  optical  principle  of  reciprocity  does  not  hold  when 
the  ray  in  its  conrse  traverses  a  medinm  possessing  the  rotatory  pro- 
perty in  virtue  of  magnetic  influence.  Now  that  we  have  obtained  a 
dynamical  basis  for  the  principle,  we  can  assert  that,  if  the  phenomenon 
is  susceptible  of  a  dynamical  explanation  at  all,  there  must  be  some 
motion  in  the  medinm  independently  of  the  Inminiferons  disturbance. 
Also  the  reciprocal  relation  mnst  necessarily  hold  if  we  are  able  to 
reverse  this  latent  motion  when  we  transfer  the  source  of  light  from 
P  to  i''.  As  a  matter  of  fact,  it  does  hold  if  we  reverse  the  magnetic 
field.  This  indicates  that  the  motion  in  question  is  of  a  dipolar 
character ;  and  the  only*  motion  of  this  kind  which  we  can  associate 
with  the  magnetic  field  is  one  of  rotation  about  the  lines  of  force.  We 
are  thus  led  by  the  general  theorem  of  dynamical  reciprocity  to  Sir 
W.  Thomson's  well-known  argument,  in  a  very  compact  form. 

At  the  end  of  the  paper  on  *'  Least  Action,"  von  Helmholtz  has 
given  a  second  reciprocal  theorem.  In  this  the  motion  through  the 
configuration  A  is  supposed  to  be  varied  by  a  slight  change  in  the 
value  of  one  of  the  coordinates  (say  qr),  the  momenta  being  all  un- 
altered, and  the  subject  of  the  theorem  is  the  consequent  variation 
Bp',  in  any  one  of  the  momenta  after  the  time  r.  In  proving  this 
theorem,  Hamilton's  function 


(2=r(T-7+S^..(?.)(i^ 


which  is  supposed  expressed  in  terms  of  the  initial  and  final  momenta, 
and  the  time  r,  is  employed.     This  function  possesses  the  properties 

4G  -  ^        ^  -  _  ^' 
dpr^''      dp:"      ^" 

This  second  reciprocal  theorem,  like  the  former  one,  is  an  immediate 
deduction  from  the  Lagrangian  formula  (5).  Let  all  the  ^  vanish, 
and  all  the  Bq  save  Bqr .  Again,  let  all  the  Ap'  vanish,  as  also  the  Aq' 
with  the  exception  of  £^q',.     The  formula  reduces  to 

or  Bp,  :  Bq^=z-~  Apr  :  A^;, 


♦  [Mat/y  1888.     This  is  perhaps  stated  too  absolutely.     For  example,  an  arrange- 
ment of  vortex  rings  whose  axes  are  tangential  to  the  lines  of  force  would  possess 
^Ae  requisite  dipolar  quality,  however  improba\Au  it  nva^  \iQ  QUQlViftt  ^jcounds.^ 


f 
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wliicli  is  tlie  theorem  in  question,  if  we  make  tbe  symbol  A  refer  to 
the  reversed  motion  by  changing  the  sign  of  ^pr. 

As  an  example,  consider  an  optical  system  symmetrical  about  an 

axis,  and  let  F  and  i'^'be  the  principal  foci.  The  above  theorem, 
applied  to  the  corpuscular  hypothesis,  shows  that  the  convergence  at 
J^  of  a  parallel  beam  from  jP  is  to  the  convergence  at  F  of  a  parallel 
beam  of  equal  breadth  from  F  in  the  inverse  ratio  of  the  refractive 
indices  at  JP"  and  J^  respectively.  This  is  equivalent  to  Gkkuss's  result 
that  the  two  focal  lengths  are  to  one  another  directly  as  the  corre- 
sponding indices. 

A  third  reciprocal  theorem  may  be  obtained  by  making  all  the  dq 
and  all  the  Ap'  to  vanish,  whUst  all  the  ip  vanish  save  Spr,  and  all  the 
^'  save  Aq'g .     Under  these  circums1».nces,  we  have 

^Pr.Aqr  =  ^i?I.  Ag,', 
or  ^^ :  ^pf  ^  Ag,. :  Aq[, 

The  optical  interpretation  of  this  is  that  the  angular  divergence  at 
P'  of  a  pencil  of  rays  from  P  is  to  its  divergence  at  P  as  the  breadth 
at  P  of  a  parallel  beam  from  P'  is  to  its  breadth  at  P.* 

The  first  reciprocal  theorem,  however,  is  perhaps  the  one  most 
worth  preserving  in  a  separate  form.  For  cases  which  do  not  imme- 
diately come  under  it,  it  is  best  to  have  recourse  directly  to  the 
Lagrangian  formula.  As  a  final  application  of  this,  let  P,  P'  be  con- 
jugate foci  of  an  optical  system.  We  may  then  suppose  the  ^q  and  the 
iq  all  to  vanish,  and  likewise  all  the  ip  and  Bp'  save  those  with  the 
suffix  r.     This  leads  to 

^Pf, .  Aqr  =  ^Pr .  Aq'r  • 
Writing  8p,  =  F.  SO,    Bp^  =  F'.  a^, 

Ag,  =  /3,     A2;  =  i3', 

where  50  and  BO'  are  the  divergences  at  P  and  P'  of  a  ray  between  these 
points,  and  P  and  p'  me  the  breadths  of  conjugate  images,  then 

or  /i/3  .  56  =  fx'fi' .  5er, 

which  is  the  well-known  optical  law  of  Lagrange. 

•  [Provided  the  refractive  indices  at  P  and  P'  are  equal.] 
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On  the  Analogues  of  the  Nine-Points  Circle  in  Space  of  Three 
r   Dirnensions,  and  connected  Theorems.     By  Samuel  Boberts. 

[R$ad  January  12M,  1888.] 

-  1.  When  one  analogue  to  a  plane  theorem  exists  in  space  of  three 
dimensions,  we  are  apt  to  find  others  which  have  rival  claims.  This 
is  so  with  i*espect  to  the  nine-points  circle  in  many  of  its  relations  to 
the  associated  triangle.  For  two  spheres  present  themselves  imme- 
diately as  entitled  prima  fade  to  the  rank  of  analognes.  The  middle 
points  of  the  sides  of  a  triangle  may  be  regarded  either  as  the  centres 
of  circles  described  on  the  sides  as  diameters,  or  as  the  centroids 
of  the  sides.  We  may  therefore  consider,  as  corresponding  to 
the  nine-points  circle,  the  sphere  passing  through  the  centres  of  the 
circles  circumscribed  about  the  faces  of  a  tetrahedron  (or,  say, 
through  the  centres  of  the  spheres  circumscribed  about  the  faces  and 
having  their  planes  respectively  for  diametral  planes),  or  else  the 
sphere  passing  through  the  centroids  of  the  faces. 

The  difficulty,  however,  at  once  occurs,  that  the  altitudes  of  a 
tetrahedron  form  four  generators  of  the  same  system  of  a  hyperboloid, 
and  do  not  co-intersect,  except  when  it  degenerates  to  a  cone.  If, 
therefore,  this  common  intersection  be  insisted  on,  we  must  forego 
obtaining  any  general  analogue,  or  else  subject  the  tetrahedron  to 
conditions. 

M.  Prouhet,  adopting  the  latter  alternative,  obtained  an  analogue  in 
the  case  of  the  '*  orthogonal  "  tetrahedron,  iu  which  the  altitudes  pass 
through  the  same  point.  This  sphere  passes  through  the  centroids 
and  orthocentres  of  the  faces.  I  shall  hereafter  refer  particularly  to 
a  paper  by  Signer  Carmelo  Intrigila,  in  which  he  extends  the  analogy 
to  the  general  tetrahedron.  His  sphere  of  twelve  points  passes 
through  the  centroids  of  the  faces. 

2.  There  appear  to  be  some  reasons  for  giving  the  first  rank  as  an 
analogue  to  the  sphere  which  passes  through  the  centres  of  the  circles 
circumscribed  about  the  faces. 

The  orthocentre  of  a  triangle  possesses,  in  addition  to  the  property 
from  which  it  derives  its  name,  a  further  characteristic  which  equally 
defines  it,  viz.,  it  is  the  isogonal  conjugate  of  the  centre  of  the  cir- 
cumscribed circle  with  respect  to  the  triangle.  Moreover,  in  regard 
to  the  triangle  the  following  theorems  exist : — 

(a)  If  a  pair  of  points  are  isogonal  conjugates,  the  orthogonal  pro- 
jections of  the  points  on  the  sides  lie  on  a  circle. 
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This  circle  has  for  a  diameter  the  major  axis  of  the  ellipse  inscribed 
in  the  triangle,  and  haying  the  points  in  question  for  its  foci. 

(6)  If  two  circles  are  giren,  the  centres  of  all  circles  which  are, 
bisected  by  either  of  the  circles  and  orthogonallj  cnt  by  the  other/' 
lie  on  a  circle  coaxal  with  the  given  circles,  and  whose  centre  is  the 
middle  point  between  their  centres. 

(e)  If  any  circle  be  described  about  a  given  point  as  centre,  and 
circles  be  described  on  the  intercepts  made  by  it  on  the  sides  of  a 
triangle  as  diameters,  the  radical  centre  of  the  circles  is  the  isogonal 
conjugate  of  the  centre  of  the  first-named  circle  with  respect  to  the 
triangle. 

(d)  C!ombining  these  results,  we  see  that,  if  a  pair  of  points  are 
isogonal  conjugates  with  respect  to  a  triangle,  and  two  circles  be 
described  about  them  as  centres,  such  that  each  cuts  orthogonally  the 
circles  described  on  the  intercepts  made  on  the  sides  by  the  other  as 
diameters,  the  six  orthogonal  projections  of  the  points  on  the  sides  lie 
on  a  circle  whose  centre  is  the  middle  point  between  the  centres  of 
the  first-named  circles,  and  which  is  coaxal  with  them. 

If  one  of  the  pairs  of  circles  is  circumscribed  about  the  triangle, 
the  other  is  the  "  polar "  circle,  and  the  derived  circle  is  the  nine- 
points  circle. 

The  latter  circle  may  therefore  be  described  as  the  locus  of  the 
centres  of  circles  which  are  bisected  by  one  or  other  of  the  circum- 
scribed and  polar  circles,  and  cut  orthogonally  by  the  other. 

3.  Now,  the  theorems  (a),  (&),  (c),  and  (d)  have  close  analogues  in 
solid  space.  In  fact,  we  only  have  to  substitute  **  sphere ''  for 
"circle,"  "tetrahedron**  for  "triangle,*'  "face"  for  "side,"  and 
adapt  in  minor  ways  the  phraseology. 

Thus  the  following  theorem  may  be  enunciated  (Educational  Times, 
August,  1887)  : — {D)  If  a  pair  of  points  are  isogonal  conjugates  with 
regard  to  a  tetrahedron,  and  two  spheres  be  constructed  about  them 
as  centres  such  that  either  of  the  spheres  cuts  orthogonally  the  spheres 
constructed  on  the  intercepts  made  on  the  faces  by  the  other  as 
diametral  sections,  the  eight  orthogonal  projections  of  the  pair  of 
points  on  the  faces  lie  on  a  sphere  whose  centre  is  the  middle  point 
between  the  centres  of  the  first-named  spheres,  and  which  has  a 
common  section  with  them. 

The  derived  sphere  has  for  its  diameter  the  major  axis  of  the 
ellipsoid  of  revolution  inscribed  in  the  tetrahedron  and  having  the 
pair  of  points  for  its  foci  (Neuberg,  "  Sur  le  T^traedre,*'  t.  xxxvii., 
MSmaires  publics  par  VAcademie  Roy  ale  de  .Belgique,  \fift4y 
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Prof.  Neaberg  has  farther  pointed  out  that  the  isogonal  conjugate 
of  the  centre  of  the  circumscribed  sphere  is  the  centre  of  the  sphere 
inscribed  in  the  tetrahedron  formed  by  connecting  its  four  orthogonal 
projections  on  the  faces  of  the  original  tetrahedron  (Ediicational 
Times,  December,  1887). 

Let  A,  B,  Oy  V  be  the  vertices  of  a  tetrahedron,  and  let  0^  be  the 
isogonal  conjugate  of  0,  the  centre  of  the  circumscribed  sphere,  and 
Oi  the  middle  point  between  0  and  0,.  Then,  prodacing  AO^  BO^ 
GO^,  DOi,  respectively,  to  A\  B',  (T,  IX,  so  that  A0^=^  0^A\ 
BOi  =  OjB',  Ac.,  we  get  the  vertices  of  another  tetrahedron  sym- 
metric with,  equal,  and  inversely  homothetic  to  the  original  one,  and 
which  has  0,  for  the  centre  of  the  circumscribed  sphere,  0  being  its 
isogonal  conjugate  with  respect  to  the  new  tetrahedron. 

Hence,  by  the  symmetry  of  the  figure,  the  sphere  about  O^  as  centre, 
according  to  the  before  mentioned  conditions,  is  common  to  the  two 
tetrahedrons,  and  the  sixteen  orthogonal  projections  of  0,  0,  on  the 
faces  lie  on  the  sphere  about  0,  as  centre.  The  sixteen  points  are  the 
extremities  of  eight  diameters  of  this  sphere,  and  the  line  joining  0  or 
0]  to  a  vertex  of  the  tetrahedron  is  perpendicu]fkr  to  the  plane 
through  the  orthogonal  projections  of  0,  or  0,  as  the  case  may  be,  on 
the  faces  meeting  at  that  vertex. 

The  sixteen  points  correspond  to  the  twelve  points  determined  on 
the  nine-points  circle  of  a  triangle,  by  a  precisely  analogous  construc- 
tion, and  comprising  amongst  them  the  nine-points  from  which  the 
circle  derives  its  name. 

4.  To  bring  out  more  clearly  the  analogies  of  these  constructions,  1 
have  recourse  to  certain  equations  which  retain  marked  geometrical 
characters.  It  will  be  convenient  to  collect  in  the  first  instance  some 
results  relating  to  a  triangle. 

Let  the  sides  opposite  the  vertices  A,  B,  0  oi  2k  triangle  be  denoted 
by  he,  ca,  ab  respectively  ;  then  in  triangular  coordinates  the  equation 
of  a  circle  whose  radius  is  p  and  the  coordinates  of  whose  centre  are 

Oil  /3i,  yi  is 

where  the  symbol  2  denotes  the  summation  of  similar  combinations 
of  the  quantities  involved. 

When  the  coordinaties  of  any  point  are  substituted  for  a,  /3,  y  in 
the  above  left-hand  expressions,  the  result  is  minus  the  square  of  the 
tangent  from  that  point  to  the  circle,  or  minus  the  power  of  the  point 
wM  respect  to  the  circle.    K,  then,  T,  T^,  T^  are  the  tangents  from 
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the  yertices  A^  B,  0,  we  may  write  tlie  equation  in  tlie  form 

Let  <*,  t\,  ^  be  the  powers  of  the  yertices  with  respect  to  circles  drawn 
on  the  opposite  sides  respectively  as  diameters.  The  equations  of  these 
circles  will  be 

Sa?a/3-<«aSo  =  0,  Sa6'a/3-^J/3  2a  =  0,  SoTo/J-fJy  So  =  0...(1). 

The  equation  of  the  circle  cutting  them  orthogonally  is 

256V-2  /-i—  (^fi+icy)\  Sa+  -V  (Sa)«  =  0. 

vH  J     ^i 

This  is  the  polar  circle.  The  equation  may  be  obtained  by  taking  the 
Jacobian  of  the  left-hand  expressions  of  the  equations  (1),  or  perhaps 
more  readily  by  first  determining  the  coordinates  of  the  centre  of  the 

f       t^       ^ 
circumscribed  circle  in  the  form  r-r,  ;r-^ ,  -z^^ ,  where  o,  Ot,  o,  are  the 

W    2pJ     2pJ 

altitudes  of  the  triangle.  The  coordinates  of  the  isogonal  conjugate 
are  therefore  l/i'2  ~,  lAjS^,  l/^IS^. 

The  equation  of  the  circumscribed  circle,    2  a6  a/3  =  0,  may  be 
written  in  the  form 

256'a)8-S(^(55'/3+^V))  2a+2E«(2a)*=0  (2). 

The  equation  of  the  circle  passing  through  the  centres  of  the  circles 
described  on  the  sides  as  diameters  (i.e.,  the  nine-points  circle)  is 
therefore 

22^'ci/3-2/-^(i?/3  +  S?r)\2a+--V(2a)»  =  0  ...(3). 

V^\  J       4 

For  the  nine-points  circle  is  coaxal  with  the  circumscribed  and 
polar  circles,  and  its  centre  has  for  triangular  coordinates 

i(i/«'5-i.+«'/v),  i{i/^!5-i-+^/2p!).  i(i/^;2-i-+<!/2j,;). 

To  obtain  its  equation,  therefore,  we  have  only  to  add  the  left-hand 
member  of  (2)  to  the  left-hand  member  of  the  equation  of  the  polar 
circle,  and  equate  the  result  to  zero.  But  in  (2)  the  terms  following 
Sod' a/)  are  identically  zero,  and  we  may  omit  them. 


156  Mr.  Samuel  Boberts  on  the  Analogues  of  the     [Jan.  12, 

We  have  also  the  following  equalities 

?r-,«i'+  ^M  =  Aac+  S-M  =  Aa^+  A^c  =  22P, 
2i>'  2p\  V  2p\  2p[  2p\ 

which  may  be  verified  hj  means  of 

2<»  =  ab'+ae—bc,    2t\  =  a?+be*—ae\    2t\  =  6c*+ca*— oF*. 
By  Bubstitnting  f /2|)',  <J/2pJ,  ^/2p»  for  a,  /3,  y  in  (2)  and  (3),  we  get 

iP+Jj:-(?=l/sl  =2(b;-|.)    (4), 

where  i^,  i2,  are  the  radii  of  the  circles,  and  d  is  the  distance  between 
the  centres  of  the  circumscribed  and  polar  circles. 

The  equations  of  the  polar  and  nine-points  circles  may  also  be 
written 

2a5*a/3-2^a2a  =  0,     2256*a/3-S^aSo  =  0; 


from  which  we  get 


J?-cP-3/2-l-=  ^* (5). 

ir 


Eliminating  2  —  and  cP,  we  get 


and  eliminating  B  and  2  -r-, 

ir 

i2'+2Ej  =  J», 
lastly,  2  i  +  i^  =  0. 

5.  Now,  referring  to  a  tetrahedron  and  tetrahedral  coordinates,  we 
find  precisely  similar  forms.  The  equation  of  a  sphere  whose  radius 
is  p,  and  the  coordinates  of  whose  centre  are  a,,  /B,,  yj,  B^,  is 

2a6' a/3-2  {ai(56*/3  +  5^*y  +  i3'a)}  2a  +  (2i5'a,/3i+p»)(2a)«  =  0, 

where  ab  denotes  the  edge  connecting  the  vertices  A,  B  of  the  tetra- 
hedron ABCD,  and  so  on. 

If  jT,  jTi,  T,,  T,  are  tlie  tangents  from  the  vertices  respectively  to 
the  sphere,  ifcs  equation  may  be  written 

2a6'a/3-2(T»a)2a  =  0. 
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Denoting  the  tangents  from  the  vertices  to  tlie  spheres  having  for 
diametral  sections  the  circles  circomscribed  about  the  opposite  faces 
^  ^»  ^}  ^it  ^1)  ^o  equations  of  those  spheres  are 

S5J*a)3-?a2a  =  0,     2^5*  a/3  -  ^J/3  Sa  =  0,     2a5'a/J-^y  Sa  =  0, 

SiPa/3-^^2a  =  0. 

And  the  equation  of  the  sphere  cutting  these  orthogonally  (the 
Jacobian  of  the  left-hand  expressions  equated  to  zero)  is 

SS6*a/3-S/— ^-  (S'iS-f  5?y  +  i3"a)\Sa+  Ar  (2a)*  =  0...(6). 

The  equation  of  the  circomscribed  sphere  2  a6  a/3  =  0  is  identical  with 
2H5'aiS-2  (^(55'/3+5^'y+^a))  2a+2E*  (2a)*  =  0, 

R  being  the  radius,  p,  p^,  |7„  j?,  being  the  altitudes  of  the  tetrahedron, 

and  the  tetrahedral  coordinates  of  the  centre  being  ^/2p*,  ^/2p„  &c., 
as  I  shall  presently  show. 

Consequently,  the  equation  of  the  sphere  passing  through  the 
centres  of  the  spheres  having  the  circles  circumscribed  about  the  faces 
for  diametral  sectors  is,  as  in  the  case  of  the  triangle, 

22SB'ai3-2/— ^-(S'/3  +  5^*y  +  5a'5)\2a+-i-(2a)>  =  0...(7). 

Also  the  following  equalities  hold — 

2  —  =  1 

2p;       ^  2pJ      ^  1p\         2p*      ^  2p\     ^  2p\ 


2p»  2p;  2p\  2p^  2p\  2p\ 


=  ^.ac'+  A  5i*  +  .i_^*  =  ^«^^'+  ^53"+  ^^'  =  222*. 


By  means  of  the  general  expression  iii  tetrahedral  coordinates  for  the 
distance  between  two  points,  we  have 

J 2  ad  he  (abf  -\-ac  ^hc)  —  2  ab  be  ac 

2  be  {ab  -{-ac  —be) 

_  a3'sin2^-hS5'  sin2JB-hc5'sin  2a-4A, 
sin  2ul  +  sin  25  +  sin  2  0  ' 

if  ^,  JB»  (7  are  the  angles  of  the  face  ABO  and  \  is  the  aieoi^ 
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And  there  are  corresponding  expressions  for  ^,  t^,  t^ 

Let  the  faces  opposite  the  vertices  A,  JB,  0,  B  of  the  tetrahedron  of 
reference  be  denoted  by  A,  d|,  A„  d,  respectively,  and  let  F  be  its 
volume.     Then 

But  ^  =  j^,  {S5?^(K>'+6y-^)-2rc'53'S'}. 

<fec.  &c., 

and  16S^'A»  =  2.144F*. 

Hence  2  s-i  =  !• 

Since  the  fowr-plane  coordinates  of  the  isogonal  conjugate  to  the  centre 

of  the  circumscribed  sphere  are  as  ^,  -^ ,  ^ .  ^ ,  those  of  the 

^      A      t\      t\ 

fi    i^     f     t* 

centre  in  question  are  as  — ,  -^ ,  -*- ,  -*- ;   and  the  tetrahedral  ooor- 

P     Pi     Pt     Pt 

e       t^       t^       t* 
diuates  are  therefore  — .  — *- .  — ^  •  — "--  • 

uxu»u«7D  »io  uiiuroxui^    g^,,    g^,,    g^,,   g^,. 

If,  then,  the  radii  of  the  spheres  (6)  and  (7)  are  12,,  ^,  and  d  de- 
notes the  distance  between  the  centres  of  the  circumscribed  sphere 
and  (6),  we  have 


ii'+i?j-d'  =  JL  =  2(B;-|.). 


The  equations  of  the  spheres  (6)  and  (7)  may  be  written  also 
2  55' a/3-2  (^o)  2a  =  0,     22^'  a/3-2  {pa)  2a  =  0  ; 

from  which  we  derive  the  additional  equation 


E» 


4 


-cf'--i-  =  i2j. 


^f 


These  expressions  differ  in  form  from  the  expressions  (4),  (5),  only 
by  the  substitution  of  the  numerator  4  for  3  over  2  -—  in  the  last 
equation.  This  slight  difference,  however,  creates  ultimately  a  fault 
in  the  general  analogy  of  moi*e  importance.     Eliminating  1/2  -^  and 
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(P,  we  get 

12Z?J  =  3E»+E?. 

Eliminating  1/2 -5-  and  J^,  we  get 

r 

8iP  +  5Ej  =  3(P; 
andsimOarly         -V+i^!=^»    JB»  =  5i2|+4- 

6.  It  thus  becomes  necessary,  in  order  to  maintain  the  analogies,  to 
admit  the  claim  of  the  sphere  passing  through  the  centroids  of  the 
faces.  Analogues,  however,  have  different  ranks,  and  1  think  the 
sphere  we  haye  been  discussing  is  entitled  to  precedence.  1  propose 
to  state,  as  fairly  as  1  can,  the  case  of  the  other  analogue  in  the  light 
of  Signer  Intrigila's  paper  ''  Sul  Tetraedro ''  (Berhdicanti  delta  Societd 
Beale  di  NapoU,  Anno  22,  1883). 

The  four  altitudes  p,  pi,  j?„  p^  of  a  tetrahedron  AD  CD  are  four 
generators  of  the  same  system  of  a  hyperbolo'd.  Also  the  normals  to 
the  faces  at  the  several  orthocentres  are  generators  of  the  other 
system  belonging  to  the  same  hyperboloid.  This  theorem  is  attributed 
to  Joachimstal  {Grunert,  t.  xxxii.,  p.  109).  Signor  Intrigila  determines 
by  an  easy  geometrical  construction  the  centre  I  of  the  hyperboloid. 

If  0,  0,  are  the  centres  of  the  circumscribed  sphere  and  the  sphere 
through  the  centroids  of  the  faces,  he  shows  that  J,  0^  and  the  centre 
of  gravity  Q  of  the  tetrahedron  lie  in  one  straight  line,  Q  being  the 
middle  point.*  Moreover,  I  and  Q  are  the  centres  of  direct  and  in- 
verse similitude  of  the  spheres.  The  modulus  is  3.  These  relations 
are  analogous  to  those  of  the  circumscribed  and  nine-points  circle, 
and  do  not  hold  in  the  previous  case. 

2/'  2p\ 

of  the  centre  0,  and  those  of  G  are  ^,  4,  Acy  we  find  for  the  coordi- 
nates of  0] 

and  for  those  of  J, 


In  tetrahedral  coordinates,  since  ^j-^ ,  ^ ,  &c.  are  the  coordinates 


^(i-7-)'.^(i-|^)'*''- 


*  The  aathor  quotes  Joachimstal  as  giving  this  resalt  also  {NoHvelles  AfuMlen, 
t.  zviii.,  1859,  p.  266). 
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The  corresponding  coordinates  in  the  case  of  the  triangle  are  the 
coordinates  of  the  centre  of  the  nine-points  circle, 

and  those  of  the  orthocentre 

(>-f).  0- !)•*«• 

Signer  Intrigila  shows  that  the  sphere  which  passes  through  the 
centroids  of  the  faces  also  divides  the  distances  of  the  vertices  of  the 
tetrahedron  from  the  centre  lof  thehyperboloid  into  two  parts  whose 
ratio  is  2,  and  passes  through  a  point  on  each  face,  which  is  the  haiv 
monic  conjugate  of  the  orthocentre  of  the  face  with  respect  to  the 
orthogonal  projections  thereon  of  the  opposite  vertex,  and  the  centre 
I  of  the  hjperboloid.  Thus  twelve  noteworthy  points  are  deter- 
mined. 

The  paper  of  Signor  Intrigila  contains,  beyond  these  results,  several 
theorems  of  a  more  general  character,  but  lying  outside  the  field  of 
analogy  to  the  plane  case.  He  also  makes  application  of  his  re- 
sults to  equifacial  and  orthogonal  tetrahedra,  demonsfcrating  in  the 
latter  case  that  his  theorems  relative  to  the  general  tetrahedron  be- 
come identical  with  those  of  M.  Prouhet,  as  indeed  they  evidently 
must  since  the  sphere  in  question  is  determined  by  passing  through 
the  centroids  of  the  faces. 

7.  In  the  case  of  the  "  orthogonal "  tetrahedron,  we  find  a  third 
analogue  of  the  nine-points  circle  distinct  from  the  two  already  men- 
tioned. 

The  equation  of  the  polar  sphere  is 

SaPa/J-2T»a.Sa  =  0, 
where  S  T^a  means,  as  before, 

and  the  coefficients  are  the  powers  of  the  vertices  relative  to  the 
sphere,  and  where 

a?  =  !r*-f  TJ,     a?  =  T»+  T*,     SS*  =  r»+  TJ,  Ac, 

which  imply,  of  course,  the  usual  relations 

55*+^  =  "53'+ 53*  =  ^+ 6^' =  2  T», 
and  further 

2T»  =  cff  +  ac-Tc  =  o6*+a3*-6S*  =  ac  i-acP -'cS^, 

&c,  Ac. 
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Bnt  these  are  the  expressions  detenniiiing  the  powers  of  the  vertices 
of  each  face  with  respect  to  the  circles  drawn  on  the  opposite  sides  as 
diameters.  The  sections  of  the  polar  sphere  by  the  plane  of  the  faces 
are,  therefore,  the  polar  circles  of  those  faces.     The  equation 

2^^' a/3-2  T»a  2a  =  0 

represents  the  sphere  passing  through  the  intersection  of  the  polar 
and  circumscribed  spheres,  and  having  its  centre  midway  between 
their  centres,  i.e.,  at  the  centre  of  gravity  of  the  tetrahedron.  The 
sections  of  this  sphere  by  the  planes  of  the  face  are  the  nine-points 
circles  of  the  faces.  Professor  Wolstenholme  has  noted  this  and  other 
properties  of  this  sphere  ["Exercices  sur  le  Tetra^dre,"  Nouvelles 
Annates  (2),  x.,  451,  452].  It  is  evidently  a  close  analogue  of  the 
nine-points  circle,  although  the  centres  of  the  polar  sphere  and  the 
circumscribed  sphere  are  not  isogonal  conjugates. 

It  is  instructive  to  consider   the  following    figure.     If  through 
any  point  P  we  draw  lines  AP,  BP,  OP,  DP  from  the  vertices  of 
a  tetrahedron,    and     produce     them    respectively   to    the    points 
A\  S^f  C,  I/,  so  that  AP  =  PA\   &c.,  the   last-named  points    are 
the  vertices  of  an  equal  and  inversely  homothetic  tetrahedron.     If 
further,  we  make  the  condition  that  B^C  shall  meet  ^D  in  A'\  B'ly 
shall  meet  ^0  in  B^,  and  so  forth,  the  point  P  must  be  the  common 
centroid  of  the  two  tetrahedrons,  and  the  six  points,  say,  A'\  ff\  C", 
Ii\  F",  JET"  can  be  connected  in  four  ways  with  two  corresponding 
vertices,  as  (-4,  -4'),  {B,  B"),  &c.,  so  as  to  form  parallelepipeds.     If  the 
tetrahedron  is  orthogonal,  we  may  have  (7"i^',  ff'i/"  perpendicular  to 
JP^JT;  and  A'F'^  E"B^   perpendicular  to  ir'F\  &c.     Consequently, 
A\  R',  (7",  E'\  JP",  H"  lie  on  a  sphere,  as  before  stated.     But  we  may 
also  regard  the  figure  as  in  plana,  or  as  the  orthographic  projection, 
and  those  six  points  lie  on  a  conic  whose  centre  is  G.     If  the  conic  be- 
comes a  circle,  it  is  in  the  projection,  the  nine-points  circle  of  each  of 
two  projected  faces,  and  the  projections  of  the  two  veHices  not  on 
those  faces  will  be  the  centres  of  the  circumscribed  circles  and  the 
orthocentres. 

The  imposition  of  conditions  on  the  tetrahedi'on  manifestly  in- 
creases the  number  of  analogues.  We  might  establish  another,  for 
instance,  by  taking  the  isogonal  conjugate  of  the  intersection  of  the 
altitudes,  constructing  a  sphere  which  should  cut  orthogonally  the 
spheres  having  for  diametral  sections  the  circular  intercepts  on  the 
faces  made  by  the  polar  sphere.  The  interest,  however,  attaching  to 
these  analogies  is  much  diminished  by  the  limitations  involved. 
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Thursday,  February  Qth,  1888. 

Sir  JAMES  COCKLE,  F.R.S.,  President,  in  the  Chair. 

Messrs.  A.  E.  Hough  Love  and  G.  G.  Morrice  were  admitted  into 
the  Society. 

The  following  communications  were  made : — 

Farther  remarks  on  the  Theory  of  Distributions  :  Captain  P.  A. 

MacMahon,  R.A. 
The  Free  and  Forced  Vibrations  of  an  Elastic  Sphencal  Shell 

containing  a  given  Mass  of  Liquid :  A.  E.  H.  Love,  B.A. 
On  the  Volume  generated  by  a  Congruency  of  Lines :  R.  A. 

Roberts,  M.A. 
On  Isoscelians :  R.  Tucker,  M.A. 

The  following  presents  were  received  :— 

•*  Educational  Times,"  for  February,  1888. 

**  Bulletin  dela  Soci6t^  Math^matique  de  France,"  Tome  xv..  No.  7. 

<*  Beiblatter  za  den  Annalen  der  Physik  und  Chemie,"  Band  xi.,  Stiick  12 ; 
Band  xii.,  Stiick  1. 

*'  Journal  fiir  die  reine  und  angewandte  Mathematik,"  Band  cii.,  Heft  3. 

**  Annali  di  Matematica,"  Tome  xv.,  Fasc.  4. 

'^  Bollettino  delle  Pubblicazioni  Italiane  ricevute  per  Diritto  di  Stampa,*'  Nos.  49 
and  60  ;  Index,  Nos.  1  and  2 ;  Firenze,  1888. 

''Archives  Ntolandaises  des  Sciences  exactes  et  naturelles,"  Tome  xxii., 
Liv.  2  and  3  ;  Haarlem,  1887. 

''  Atti  della  Reale  Accademia  dei  Lincei — Rendiconti,'*  Vol.  ni.,  Fasc.  6,  7,  and  8. 

<<M6moires  de  la  Soci^t^  des  Sciences  physiques  et  naturelles  de  Bordeaux," 
Tome  II.,  Cahier  2  ;  Tome  iii.,  Cahier  1 ;  Paris,  1886. 
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Itoteeliatu.     By  B.  Tuckib,  M.A. 
[StadFti.Olh,  188S.] 

Linea  FQ,  FQ,  drawn  as  in  Pig.  1,  bo  as 
tom^ka /.A<iP=A=  ^^Q'P',  I  propose  to 
call  J*rMceIi<tn«,  becaase  the  triangles  JQP, 
AQP  are  isosceles  triang^lee.  PQ  is  a 
positire  iaoscelian,  and  P'Q'  a  negative 
iaoacelion ;  i.».,  an  iaoeceliaa  is  posi- 
tive  or  negatiTe  according  as  tbe  angle 
(here  A)  ia  made  with  AB  or  AG,  i.e.,  in 
the  cyclical  or  counter-cyclical  order  of 
the  letters  A,  B,  0. 

All   isoscelians  of  the    same  affection  '^'°'  '' 

(positire  or  negative)    for  any  angle  {A 

say)  are,  of  coorBe,  parallels,  and  any  two  of  opposite  affection 
are  anti-parallels ;  '  and  the  median  lines,  with  respect  to  the 
commoa  vertex  for  one  snch  set  of  iaoscelians,  are  evidently  the  sym- 
median  lines  of  a  set  of  opposite  affection  ;  hence  the  median  lines  of 
opposite  sets  are  isogonal  lines.* 

In  Fig.  2,  DBF  is  the  pedal  triangle,  and  ajiy  the  medial  triangle  ; 


Fio.  3. 
thsrefore,  since  the  six  points  are  on  the  i 
^AF/i  =  z/Jay  = 


le-point  circle,  we  have 


■  'Die  nomeDclature  throughout  is  that  adopted  by  Bev.  T.  C.  Simmons  in  hia 
«XMllent  articla  on  "  Eecent  Geometry ''  (pp.  99—184  of  tho  Rev.  J.  J.  Milna'* 
Ctmptitwn  tB  Iht  Wtekly  t^oblrm  Paperi). 
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and  FP  (Dy,  Ea)  are  positive  isoscelians,  and  Ey  {Fa,  D/3)  are  nega- 
tive isosoelians  for  the  angles  A,  B,  G  respectively. 

For  the  moment,  call  AP  (Fig.  1)  X  ;   then  equation  to  BF  is 

«       __  y 


c(6-X)       aX' 

and  to  OQ  is  r-z -? 77  =  —— ^ ; 

0  (c— 2X  cos  A)       2aX  cos  A 

m 

hence  BP^  GQ  intersect  on  the  hyperbola 

aa)8+ (c— 25  cos -4) /3y —  2a  cos -4  ya  =  0. 

This  curiae  evidently  passes  through  A,  B,  G,  A'  (Aa  being  joined  and 
produced  to  A\  so  that  aA'=  aA)  and  has  a  for  its  centre  ;  it  also,  of 
course,  passes  through  the  intersection  of  GF,  Bfl* 

In  like  manner,  BQ^  GP'  intersect  on  the  hyperbola 

aya  +  (6— 2c cos  A)  /3y  —  2o  cos^  afi  =  0, 

which  passes  also  through  A,  B,  C,  A'  and  the  intersection  of  BE,  Oy^ 
and  has  a  for  its  centre. 

Like  results  obtain  for  the  other  angles. 

Now,  take  AP=:>  /u  .  AP,  with  AP  =  X ;  then  equation  to  CQ  is 

6  (c — 2X  cos  A)       2aX  cos  A ' 

to  BQl  is = '^ , 

c  (6 — 2X/i  cos  A)       2X/ia  cos  A 

and  these  intersect  on  the  hyperbola 

(jjic^h)  liy—aya  +  fjiacifi  =  0. 
Similarly,  GF,  BP  intersect  on  the  curve 

/iaya+(/i5  — c)/3y  — oajS  =  0. 

Both  these  curves  have  a  for  their  centre  and  pass  through  A,  B, 
0,  A ;  the  former  passes  through  the  orthocentre  if  /i  =  c/6,  and  the 
latter  does  so  if  /u  =  fe/c.  There  are,  of  course,  four  other  hyperbolas 
for  the  other  angles. 

If  we  take  AL,  BM,  GN;  AL\  BM\  GN'  (the  points  L,  U  being 

*  This  point  7'' (in  figure)  i8<;co8j&,  ccos^,  ncos^;  honco  it  and  the  con«- 
gponding  points  hereinafter  mentioned  are  the  six  points  of  (xxvi.)  of  my  paper  on 
«  *  Cosine'  Orthocentres  of  a  Triangle "  {Mett^of  Math,,  Vol.  xvii.,  p.  100). 
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on  BOf  &e.)  for  the  median  lines  of  tlie  positive  and  negative  iso- 
scelians  respectiyelj,  it  will  be  found  that 


BMf    ON  intersect  in  2cos  0,  1,  4cosjBcos  C 


ON,  AL 
AL,  BM 
BK.ON' 
ON',  AL' 
AL\  BM' 


9t 


» 


99 


99 


99 


4cosCcos^,  2cosil,  1 
1,  4co8ilcos^,  2C08JB 
2oos^,  4cos^cos(7,  1 
1,  2oos(7,  4cos(7cosil 
4cos il  cos  Bf  1,  2  cos  A 


C'l). 
(-0, 


It  is  readily  seen  that  itj,  w{  ;  x^  ttj  ;   x„  tt,  are  inverse  points,  and 
therefore  foci  of  in-conics.     Again,  • 


BM,    ON  intersect  in  1,  2  cos  0,  2co8  5 


ON,  AL' 
AL,  B2r 
BM',  ON 
ON',  AL 
AL',  BM 


9» 


99 


99 


99 


9) 


2cos(7,  1,  2cos^ 

2  cos  J?,  2cosil,  1 

2  cos  £  cos  G,  cos  B,  cos  0 

cos  A,  2  cos  0  cos  A,  cos  0 

cos  A,  cos  B,  2  COB  A  cos  B 


As  before,  »I',  xj",  Ac.,  are  inverse  points.  Further,  if  0  be  the  cir- 
cnmcentre,  the  first  set  lie  respectively  on  AD,  BE,  OF,  and  the 
second  set  on  AG,  BG,  GG. 

If  in  Fig.  1  we  take  AP  =  X,  AP'^  X',  and  denote  afiy  +  hya+cafi, 
aa-^hP+cy,  by  0  and  L  respectively,  then  the  equations  to  the 
circles  APQ,  AP'Q'  are 

aO=L  [(c-2Xcos^)  /3  +  (&-X)  y], 

aO=^L  [(c-X')  /3  +  (6-2X'cos^)  y], 

and  their  radical  axis  (AT)  is 

iS  (V  -  2X  cos  A)  =  y  (X-2X' cos  A). 
This  will  be  a  median  through  A  if 

X' :  X  =  6+2ccos-4  :  c+26cos-4  ; 

a  symmedian,  if 

X' :  X  =  C+26C0S-4  :  6+2cco8il; 

ooincide  with  AG,  if 

X' :  X  =s  cos  (A-B)  :  cos  (fi—A)  \ 
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coincide  with  AD,  if 

X' :  X  =  cos  (0-  A)  :  cos  (A  -B). 

I  proceed  to  find  the  point  P  throagh  which,  if  positive  isoacelianfi 
be  drawn,  their  intersections  with  the  sides  are  concjclic. 

The  isoscelians  for  A,  B,  0  are  FPE,  IXFF,  ETD,  and  P  is  a,  /3,  y- 

Then       ♦5D8ini?  =  y+a?i5_(A=^      BU /BF  :=  2  cos  B, 

sin  2(7 

BFainB  =  a+y  "'°  (^~^^ .      GET/OD  =  2coaO, 

Bin  A 

BinB 

sm2il 
Hence,  becanse  (by  hyp.)  PD.  P2/  =  BF .  PP',  we  get 

2cosP(yfa^^^^^-'^)  =a  +  y^^^^^-^), 
V^        sin  2(7     y         ^^       sin  A       ' 

I.e.,         a  sin  A  [sin  2(7—2  cos  P  sin  (-4—  (7)  ] 

=  y  sin  2(7  [2  sin  A  cos  P-sin  (A-B)], 

or  a  sin  A  sin  2^1  =  y  sin  C  sin  2(7  =  /3  sin  P  sin  2P. 

We  arrive  at  the  same  result  if  we  work  with  negative  isoscelians. 

The  point  is  analogous  to  the  Lemoine-point,  which  for  parallels 
gives  the  "  T.  R.''  circle,  and  for  antiparallels  gives  the  cosine  circle. 


•  Since  (see  Fig.  A) 
BDemB  ^y  +  FDanDPff,  and  a  »  PDmnPDC,  and  DPS ^  KPS''^  A-C, 


Fio.  A. 


8.] 
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Tbe  ciroleB  in  the  present  case  do  not  seem  to  possess  any  simple 
propert;.  The  eqnatiou  to  the  positive  circle  m&y  be  obttuned,  with 
some  tronble,  by  assoming  it  to  be 

0=L(\'a  +  i/fi  +  y'y), 

and,  using  the  property  that  this  circle  and  APQ  hare  for  radical  axis 
PQ,  whose  equation  is 

-2oaXooB^+6/5(c-2\ooB^)  +  2cr{5-\)cos^  =0j 
X  is  here 

=  {emnAeaa20+bain2Aaia2B) 

/  {faa2AmaiB  +  fia2B  EOiiG +nR20  ein^A). 

The  point  P  is  readily  constntcted  thns : — in  Fig.  2,  throngh  0 
draw  a  parallel  to  JJJ  onttiag  AD  in  K  and  AB  in  Q,  through  K  draw 
KB  parallel  to  AB  to  meet  BC  in  R ;  then  Alt  passes  through  P,  for 

BB:BC=QK:KO  =  Fd:dE  =  FD:DE=  sin  2B  :  sin  20. 

Let  DEF  (Fig.  3)  be  the  positive  in-isoscelian  triangle  of  the  circle 


ABG,  then  its  angles  are 

P=20-B,    E  =  2A~C,    F  =  2B-A;'' 


»  C/.  "The'Bine-TripU-AnglB'  Circle"  {Xtii.  of  M<Hh„  Vol.  xvi., t(^.  126,  ua\. 
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hence,  if  Z  CAD  =  0,  we  have,  from  the  quadrilateral  BFEO, 
because  z  GEF  =  z  FEB-^-  Z  OilD  =  ^A—O-^-Q, 

and  Z  ^^i?'  =  z  ABB  =  z  C^D-B  =  0+0-5, 

therefore  2d  =  tt— 2-4. 

This  result  enables  us  easily  to  construct  the  isoscelian  triangle. 

Make  z  GBB  =  Z  0^0  =  90^-^, 

then  B  is  one  vertex  of  the  isoscelian  triangle.     Similarly,  make 

ABE  =  90°- J5,     and     iJCF  =  90°  -  0, 

and  BEF  is  the  positive  in-isoscelian  triangle.     In  like  manner,  make 

BAir=90'''-A,     O5J5r=90°--B,    ^101^=  90°- 0, 

then  BfE'F  is  the  negative  in-isoscelian  triangle  of  ABO. 

If  now  we  take  the  positive  in-isoscelian  triangle  of  the  triangle 
ABO^  viz.,  de/,  it  is  clear  that  its  sides  are  parallel  to  those  of  BEF^ 
and  Bdy  Ee,  Ff  will  intersect  in  the  centre  of  perspective  P*  of  the 
two  triangles.     To  find  its  coordinates,  we  have,  if  AD  cut  BO  in  5, 

AB  =  2Ecos  {A-B),    ^^  =  6  sin  (7/ cos  {A—0), 

therefore  Bh  =  2E  [cos  {A-B)  cos  (^-0)— sinB  sinCj/cos  (-4-0) 

=  —  2B  cos  -4  cos  2^/  cos  (-4  —  0), 

therefore  a- coordinate  of  D  =  2R  cos  ul  cos  241 ; 

hence  P'  is  the  point 

cos  A  cos  2  A  :  cos  JB  cos  2B  :  cos  0  cos  20. 

From  the  symmetry  it  is  evident  that  the  centre  of  perspective  of 
TyFjF\  dfef  is  the  same  point  F'.  [This  result  readily  follows  also 
from  the  geometrical  fact  that  F  is  the  external  centre  of  similitude 
of  the  pairs  of  circles  BEF,  def ;  B'EF,  d'e'f ;  i.e.,  of  the  circum- 
circle  (ABC)  and  the  "  sine- triple-angle  "  circle.] 

When  we  have  got  P',  we  can  readily  construct  the  "  sine-triple- 
angle  *'  circle. 

Let  -4P'  cut  BO  in  p,  then 

Bp  :  Op  =  sin  40  :  sin  4P. 

If  0'  be  the  nine-point  centre,  in  Fig.  2,  and  BO,  BH  perpendiculars 
on  Eff,  Fff,  then 

BO:  BH=  sin  40  :  sin  45. 
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Erect  perpendicnlars  Bg,  Ch,  equal  respectively  to  DO^  DH,  on  oppo- 
site sides  of  BG ;  if  gh  cut  BC  in  p,  we  have 

Bp:Cp  =  Bg  :  Gh  =  sin  4(7  :  sin  4B. 

Hence  P"  is  determined.* 

The  preceding  results  could  be  considerably  extended,  but  they 
embody  the  most  interesting  results  which  I  have,    at  present, 
at. 


[^ote. — ^Professor  Neuberg  has  noticed  that  "le  point  P  est 
risotomique  du  centre  du  cercle  ABO,**  This  important  remark 
follows  at  once  from  the  fact  that  the  trilinear  coordinates  of  isotomic 
points  are  thus  related — 

The  determination  of  P  is  now  simple,  for,  if  ^  0  cuts  BG  in  f ,  then 
AP  will  cut  BG  in  t\  where  Bt  =  Gt'. 

Two  circles  similar  to  the  S.T A.  can  be  obtained  for  the  in-quad. 
of  a  circle,  which  have  a  common  circumcircle.  Let  AB  =i  a, 
BG  =s  fc,  CD  =  c,  DA  =  d.    Drawing  the  isoscelians,  we  have 

a  ^2x  cos-4-f- y 
h  =2y  cosP-f « 
c  =^2z  cos  G+wl 
d=  2wcoaD-{'X 


whence 

X 

2co8il         1          0              0 

= 

a 

1              0          0 

0       2cosP      1              0 

h 

2cosP        1          0 

0             0      2cosO        1 

c 

0        2  cos  0      1 

1             0          0        2cosjD 

d 

0             0      2cosD 

or 


«  (1— 16  cos  A  cos  B  cos  G  cos  D)  =  fjix 
=  (I— 2c cos  P-l-46  cos  (7 cos  D— 8a cos  B  cos  (7 cos  D. 


Similarly,  from 


a  =  »  -I-  2y'  cos  B 
h  =:y'+2z  cos  a 
c  =i  z  -f  2m;'cosD 
(1  =  w'-f  2«'  cos -4 


•  The  point  P',  the  inverse  of  P,  and  the  point  cos^  A  :  cos*  B  :  cos*  C,  all  lie  on 
the  line  a(^— e')8ec^  +  . ..  +  ...  =0,  which  is  the  line  connecting  the  circumcentre 
and  the  ''sine-triple-angle"  centre  (see  Mtu.  of  Math,,  1.  c,  p.  126). 


170   Mr.  Lovfi  on  Free  and  Forced  Vibrations  of  an  Elastic  [Feb.  9, 

we  have 

fix^s  o— 26(508  J?  4- 4c  COS -B  COS  (7— 8c2cos^cos  OcobD, 
The  angles  of  the  two  quadrilaterals  EFOH,  E  F'ffW  are  easily  found 
to  be  2J5-J,     20- B,     2D-C,     2^-D; 

2A-B,    2B-^C,    20- D,    2D'- A, 

I  have  not  succeeded  in  getting  simple^xpressions  for  the  intercepts 
on  the  sides,  or  a  simple  construction  for  the  in-isoscelian  quadri- 
laterals of  Aj  J?,  (7,  D. 

Apnl,  1888.] 


The  Free  and  Forced    Vibrations   of  an  Elastic  Spherical  Shell 
containing  a  given  Mass  of  Liquid,     By  A.  E.  H.  Love,  B.A. 

[JRead  Feb.  9th,  1888.] 

This  paper  contains  an  application  of  the  methods  of  Professor 
Lamb's  papers  on  the  *' Vibrations  of  Elastic  Spheres  and  Spherical 
Shells  "  (Proceedings,  Vols.  xiii.  and  xiv.),  to  the  discussion  of  the 
forced  vibrations  of  an  elastic  spherical  shell  containing  a  given  mass 
of  liquid  and  rotating  slowly  about  a  diameter,  the  whole  being  sub- 
ject to  gravitation  and  to  the  action  of  external  disturbing  bodies 
supposed  periodic  in  respect  of  time.  I  have  prefixed  an  account  of 
the  free  vibrations  of  the  shell  with  and  without  the  liquid  nucleus. 
A  summary  of  aims,  methods,  and  results  will  be  found  at  the  end  of 
the  paper. 

1.  The  equations  of  vibration  of  an  elastic  solid  mass  are 

cx  olr 

mg--hnV«t;  =pg^  ^  (1), 

if 


W-    ^-nV'w  =  P;^- 
02  vr 


n,  v,  w  being  the  displacements  parallel  to  the  coordinate  axes,  and  0 
the  cubical  dilatation 

du/dx  +  dv/dy  -f  dw/dz. 
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Differentiating  these  with  respect  to  x,  y^  z  and  adding,  we  obtain 
in  the  osnal  way  the  equation 

(m+n)V'fl  =  p^ (2). 

Now,  snppose  the  solid  is  performing  vibrations  in  period  2v/p^  we 
have  to  snppose  «,  v,  w  proportional  to  e^,  and  the  eqnations  become, 
writing  (m-f  t»)  V  =  p'p  =  nAj*, 

(V«  +  V)e  =  0 (3), 


a*'       "  '  \  h*/   dy 


(4). 


The  last  three  equations  (4)  are  satisfied  by  patting 

1   98  1   de  1  d$  ,,. 

"  =  -F^'  '^-i^Fy'  "  =  -ya; ^'^' 

where  0  satisfies  (V*+  V)  6  =  0. 

Hence  the  complete  solution  of  the  equations  of  vibration  (1)  will 
consist  of,  first,  the  general  solution  of  (3),  secondly,  the  general 
solution  of  the  equations 

(V*+ifc*)t*=0,     (V*  +  y)v  =  0,     (V«  +  fc')ti;  =  0^ (gj^ 

Ou/Sx  +  dv/dy  4-  dio/dz  =  0  ) 

and  thirdly,  the  particular  solutions  (5). 

2.  In  what  follows,  we  suppose  the  solid  to  be  bounded  by  two 
concentric  spheres.     In  the  first  place  we  have  to  find  the  solution  of 

within  such  a  space.  Assume  6  =  12,  iS,-,  whore  iSj  is  a  spherical  sur- 
face harmonic  of  order  t,  and  Bi  a  function  of  r  the  distance  of  a  point 
from  the  centre  of  the  spheres ;  the  equation  for  Bi  is 

^   .  (rE,)  +  (rEO- Vr^  (r-BO  =  0 (7). 


d  (hry  ^     ''  ^     ''        (hr) 

This  is  the  case  of  Riccati's  equation,  which  is  integrable  in  finite 
terms,  and  the  solution  is 

where  A\  'B  are  arbitrary  complex  constants. 


172  Mv.hoYeonJPreeandForced  Vibrations  of  an  Elastic  [Feb.  9, 
This  may  be  written 

*=-(7l)'(^Tr+*T?-') ">• 

And  hence,  ai,-,  O,-  denoting  spherical  solid  harmonics  of  positive 
degree  t,  we  may  take 

e  =  ''i  {w,yl,,(hT)^Q,%(hr)] (9). 

where  r'  '^i  Qvr)  and  r*  ^i  (hr)  are  the  two  particular  integrals  of  the 
equation  (7)  for  Bt,  of  which  i/^,-  (hr)  is  the  one  which  does  not  become 
infinite  for  r  =  0. 

The  first  term  of  (9)  is  the  solution  used  by  Prof.  Lamb  in  his  dis- 
cussion of  the  yibrafcions  of  an  elastic  sphere. 

3.  Properties  of  the  functions  ^  and  "9, 

The  differential  equation  satisfied  by  \l/i  and  "^i  is  found  from  (7) 
to  be 

and,  observing  that  ( —J  =----—, i-;-,  this  is 

\  r    dr/        r  dr      r  dr 

iHollows  11.1  I,  j  ♦,('')}=■■{  t','',  <*'' }  <"'• 

SO  that 

r*  [  ^';;  (hr)  J  +  (2»+3)  f  J'*'^  (hr)  }  +  A'  {  "^^  (Ar)  ]  =  0 ; 

hence  the  ^  and  '9  satisfy  the  same  difference  equation 

r*iui  (Ar)  +  (2t  +  l)  ^,  (hr)  +  V4>,.,(hr)  =  0. 
Combining  this  with  (11),  we  find,  for  yj/  and  *, 

#i  =  _i.{V4'..,  +  (2i+l).^<}. 
ar  r 
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It  is  conveDient  now  to  change  tlie  notation,  so  that 

*.«  =  (-).  (1.3...  2.>l){i4;;}'C-iH^) 

)■ (12). 

Then  the  above  relations  are  replaced  by 

r£*i.i(hr)  =  _i^V.(Ar)  =  (2»-l)  {i,Mhr)-4'i.i  (hr)] 

and  ^, (Ar)-^,..  (hr)  =  (^-.^iHat+S)  -^^  (*''> 

(13), 

with  exactly  similar  relations  between  the  functions  ^. 

This  change  of  notation  does  not  affect  the  form  of  9,  which  is  still 
given  by  (9). 

4.  We  have  now  to  consider  the  solution  of  equations  (6).  Pro- 
fessor Lamb  has  shown  that  within  a  sphere  the  general  solution  is 
expressed  by 


«  =  2[^,(fcr)(^+y|.'-.^') 


ay 

with  similar  expressions  for  v  and  w,  where  ^^.^i,  Xi  Q'^^  spherical 
solid  harmonics  whose  order  is  indicated  by  the  suffixes. 

The  solutions  of  the  equations 

within  a  sphere  are  functions  of  the  form 

2['^<(fer)F,], 
where  F<  denotes  a  spherical  solid  harmonic,  and  the  equation 

du/dx  +  3y/3t/  4-  Sw/dz  =  0 

reduces  the  number  of  independent  harmonics  from  three  to  two. 
The  reasoniDg  employed  by  Professor  Lamb  proves  that,  if  u,  v,  w  are 
three  functions  of  the  above  form,  where  \f/,  satisfies  the  differential 
equation 
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and  if  du/dx  +  dv/dy  -H  dw/dz  =  0, 

then  the  most  general  form  of  solution  for  u,  v,  w  is  that  given  by 
(14).  We  conclnde  that  the  most  general  values  of  u,  t;,  to  which 
are  of  the  forms 

where  \//j,  ^^  are  the  functions  defined  by  equations  (12)  with  k  in 
place  of  A,  and  which  also  satisfy  the  relation 

du/dx  -h  dv/dy  -H  dw/dz  =  0, 

are  three  expressions  of  which  the  type  is 

»+2  (2t+3)(2t+6)  ^'*'  ^^  dx  V»**V  J 

where  the  ^,  ^,  x>  ^  &<^  spherical  solid  harmonics,  and  the  valaes  of 
V  and  to  are  to  be  obtained  from  that  of  u  by  cyclical  interchange  of 
the  letters  x,  y,  z. 

Adding  to  (15)  the  particular  solutions  (5)  and  rewriting,  we  have 

d 


+  2  [♦.(fcr)  (y^  -,|i)  +>?^.,  (fo.)  ^ 

-  .^  ^''^•*'  ^^>  (2ZTW^)  I  (1^)]  •••<i«>' 

with  expressions  for  v  and  m>  to  be  obtained  from  this  by  cyclical  in- 
terchange of  the  letters  Xy  y,  z. 
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Equation  (16)  is  in  a  form  suitable  for  the  calculation  of  tlie 
surface-tractions. 

5.  If  F,  Of  H  be  the  components  of  the  surface-traction  at  anj 
sphere  r  =  const.,  we  know  that  for  a  solid  sphere  Fr  takes  the  form 

where  p,-,  a^,  h^  Ci,  d^  are  functions  of  r,  and  (7r,  Hr  are  to  be  obtained 
bj  cyclical  interchange  of  the  letters  x^y^  z.  No  reductions  are  made 
,in  obtaining  this  except  such  as  arise  from  the  x*  0*  ^  being  solid 
harmonics, and  the  ^  satisfying  equations  (10),  (13),  with,  if  necessary, 
k  in  the  place  of  h.     It  follows  that  in  the  case  of  the  shell 

(17), 


where  the  P,  A,  B,  C,  D  are  to  be  obtained  from  the  p,  a,  b,  c,  d  by 
writing  ^s  everywhere  in  place  of  4-8. 

6.  The  valnes  of  jp,   a,  6,  c,  d,  as  given  by  Professor  Lamb,  are 
equivalent  to 

Pi=^n[  (i- 1)  i//,  (kr)  +  kr  ^\  (kr)  ] 

«.•  =  -  f-  [2  (i-1)  +.-I  (hr)^  ^  *.  (hr)] 

,  nk^  r**^'   r,   ,,   N  .2(1  +  2),     ,..,   .1 


C^n  [2  (t-1)  J.,.x  (At)  -  1^  ^,  (At)] 
,  {        AV^T;   ,,   ,^2(i+2)  ,    ,//.   x1 

where         if'J  (^r)  =  jy^^  ^t  (^^)»     »/'<  (At)  =  jTrT^»  (^0- 


(18), 


d(Ar) 


d{kr) 


7.  We  consider  two  cases,  (1)  when  the  shell  is  perfectly  free,  and 
(2)  when  it  contains  a  given  mass  of  liquid. 

Let  the  radii  of  the  external  and  internal  surfaces  be  a  and  b,  and 
suppose  botfi  surfaces  free  from  stress,  then  F,  G,  H  vanish  when 
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r=^  a  and  when  r  =  6.  In  future  we  shall  denote  bj  pi,  a^  ...  the 
values  taken  by  the  quantities  given  in  (18)  when  r^^a^  and  by 
Pit  a'i  ..,  their  values  when  r  =  6,  and  similarly  for  P<,  .4^  ...  P^ ...  . 
The  surface  conditions  are  six,  of  the  form 

=  0 (19), 

viz.,  two  others  are  to  be  got  by  writing  y,  z  ...  for  a? ...  in  cyclical 
order,  and  three  by  changing p^,  Oj ...  P^  ...  into|9^,  aj ...  PJ ... . 

Now,  we  may  show  that  these  equations  require  that,  for  all  values 
of  t, 

^y (20), 

and  similar  equations  with  accented  letters. 

For,  take  the  three  equations  such  as  (19),  which  hold  at  the  surface 
r  =  a,  multiply  them  by  a?,  y,  jj,  and  add;  thus 

Cb 

.     .  (21). 

Again,  consider  the  function 

U  = 

j      \    dz         oy/,         \    oz         oyy         ox  ox  ox        ox 


This  is  finite  and  continuous,  and  satisfies  V^U  =^0  within  the  sphere 
r  =  a,  and  =  0  at  its  surface ;  hence  it  =  0  throughout  the  sphere. 
The  same  is  true  of  the  functions  V,  W  got  from  this  by  cyclical  in- 
terchange of  the  lettei's  x,  y,  z.  Hence,  differentiating  U^  V,  W 
with  respect  to  x,  y^  z  respectively,  and  adding,  we  find 

(2i+8)(i  +  l)  [^u;,-f  (£,0,  +  P.n.  +  A^O  =0 (22). 

Fit>m  (19),  (21),  and  (22)  we  at  once  obtain  (20). 
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Observe,  now,  tliat  precisely  the  same  reasoning  applies  to  the  equa- 
tions derived  from  (19)  by  accenting  the  letters.  And  so,  considering 
what  happens  within  a  sphere  r  =  6,  nsing  functions  formed  from 

(r  \'*** 
—-j       in  the 

hj  d  terms,  we  see  that  the  equations  (20)  hold  also  at  the  surface 
r  =  &  if  we  accent  the  letters.  Further,  it  is  to  be  noticed  that  all  the 
harmonics  occurring  in  any  one  of  the  equations  (20),  and  the  similar 
set  we  have  just  considered,  are  of  the  same  order  i  ;  and  therefoi*e, 
dividing  all  the  equations  (20)  by  a\  and  all  the  similar  equations 
with  accented  letters  by  6*,  we  shall  be  left  with  only  surface  har- 
monics which  are  the  same  in  the  two  sets  of  equations,  multiplied 
by  constants  which  are  different  in  the  two  sets  of  equations; 
«.«.,  we  have 


^  fVdz        By  J  r'VBz         dyJ 


m. 


and 


(24). 


T 


T 


4  (fc>i-frf;0.-f-i5:n,+A- <t.)  =  0 


In  each  of  the  equations  in  each  of  these  sets  the  same  harmonic 
functions  occur,  and,  on  eliminating  them,  we  find  the  equations  for 
the  frequency,  viz., 

i>,P:-;7:P,  =  0 (26), 


and 


«(    c,     Ai 

Ci 

6,    d,    JB( 

Bi 

a,     Ci     Ai 

g: 

b'i     d'i     B'i 

A- 

=  0 


(26). 


Just  as  in  the  case  of  the  sphere,  the  modes  of  vibration  are  of  two 
types,   one  purely  transverse  depending  on  the  X)  ^)  ^^^  with  a 
frequency  equation   (25),   which    involves    only   ttie    xxi'Ci^xiXu^   ^1 
VOL.  xa, — KO,  316,  N 
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rigidity,  and  the  other  in  which  the  displacement  is  partly  longi- 
tudinal (radial),  with  a  freqaency  equation  (26),  which  inyolyes 
both  the  rigidity  and  the  resistance  to  compression. 

8.  When  the  shell  contains  liquid,  the  equations  (21)  will  still  hold 
for  the  outer  surface,  but  at  the  inner  we  shall  have 

Fr  =  p^x,     Or:=p^y,    Hr^p^z, 

where  pi  is  the  fluid  pressure. 

The  condition  of  constancy  of  volume  of  the  liquid  is  fulfilled,  since 
the  normal  displacement  at  any  sphere  is  proportional  to  a  spherical 
surface  harmonic. 

The  normal  velocity  at  any  sphere  is 

9   /ux'\-vy-\'U>z\ 

Tt\ — r — h 

and  we  find 

1  ^a 

ux+vy+wz  =  -  ~  r  ^r+S  [i\pi  (At)  i^i-^i^i  (At)  *<] 

h      dr 

[to  obtain  this  we  have  only  to  multiply  (16)  by  x,  y,  z,  add,  and  use 
the  difEerence  eqaation  for  the  ^>  "^J) 

also  rf=[r^Jfn+i]^,+  {'^+*}°' 

=  {(2»+l)^i.,(Ar)-(t+l),^,(Ar)]«, 

+  {  (2t+ 1)  %.i  (hr) - (t + 1)  %  (Ar) }  Q,. 

Hence         —  ttj-  ;r-  =  S  re<w<-hJ&<0<l  -n  when  r  ^  a^ 

nr  Or  ^  -^  r* 

h* 
and  =  2  (eiWi-^-Kdi)  — ,  when  r  =  6, 

n 

where  e,  =  i-  {(i+1)  i^,(/ia)-(2*+l)  ^Pi.i  (ha)]  ^ 

JE;,  =  i-{(t  +  l)^,(?^)-(2t+l)^,.,(^a)}J 

and  e,-,  El  are  what  these  become  when  in  them  we  put  b  for  a. 
Hence  the  normal  velocity  at  the  surface  r  =  6  is 

.pe-'-S[i6-[./',(W)-Ji+*,(fc6)^]+fc'[e;Ji+^;5.]j (28), 

where  the  pai-ta  in  [  ]  are  sarface  harmonics  of  order  t. 


(27), 
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The  yelocitj-potential  P  for  the  motion  of  the  liqaid  is 

P  =  ipe*-5  [yPi  (kb)  ^.-h^ (kb) *,+  -|  (e>,+*^0,)]. 

HencOy  if  0*  be  the  density  of  the  fluid,  the  pressure  pi  is 

p,  =  op's  [M^b)  #,-♦-♦,  (^6)  *,+  X  (e;ai,  +  -Er,0,)], 

omitting  the  terms  of  the  second  order  arising  from  the  squares  of 
the  TelocitieB,  and  constants  which  do  not  depend  upon  the  strain. 

Hence,  at  the  surface  r  =  &, 


-♦•<''>&[|'-'-s(?^)}] 


The  equations  which  hold  at  r  =  &  are  thus  of  the  same  form  as  in  the 
case  of  the  free  vibrations,  and  we  deduce  from  tbem  that  equations 
(23)  still  hold,  leading  to  the  frequency  equation  (25)  ;  but,  instead  of 
the  two  equations  of  (24)  which  contain  accented  letters,  we  have  the 
two  following  equations  : — 


=  0 


We  may  write  these  for  shortness  * 


=  0 


,  ...  .^^«7^» 


and 


' » 


n2 
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and  the  frequency  equation  for  vibrations  of  this  type  becomes 

a;',    ci',     A-,     C;    =0  (30), 

bU    d'i,     FIf    Ui 

which  differs  from  the  equation  (26),  whicb  holds  when  \here  is  no 
liquid,  only  in  the  addition  of  certain  terms  to  the  quantities 

Oil    C/|,    •  •  •    dCl  i,    •  •  • 

9.  We  proceed  now  to  the  consideration  of  the  forced  vibrations. 
We  suppose  the  matter  composing  the  shell  and  the  contained  fluid 
to  be  subject  to  gravitation  and  to  the  attraction  of  some  external 
disturbing  bodies,  or  generally  to  external  disturbing  forces  which 
have  a;  potential  expressible  in  spherical  harmonic  series.  Also,  for  a 
particular  example,  we  consider  the  whole  mass  to  be  in  rotation  with 

an  angular  velocity  (o,  which  is  such  that  —  is  small,  g  being  the 

acceleration  due  to  gravity  at  the  surface.  Then  there  will  be  certain 
symmetrical  displacements  which  are  the  same  at  all  points  of  any 
concentric  sphere  and  which  may  be  taken  to  be  zero  at  the  internal 
surface.  Superposed  on  these  will  be  un symmetrical  displacements 
expressible  at  any  spherical  surface  by  series  of  spherical  harmonics ; 
thus  there  will  be  bodily  forces  depending  on  the  attractions  of  the 
harmonic  inequalities.  There  will  also  be  certain  surface-tractions 
due  to  the  attraction  exerted  by  the  mass  on  the  harmonic  inequalities, 
since  the  surface-tractions  actually  fulfil  conditions  given  at  the  de- 
formed surfaces  and  not  at  the  initial  spherical  surfaces. 

•     10.  The  bodily  forces  acting  at  any  point  of  the  shell  are  now- 


r 


(1)  Forces  arising  from  the  attraction  of  external  matter  having  a 
potential  TT,. 

(2)  Forces  arising  from  the  attraction  of  the  shell  and  fluid  on  itself, 
and  symmetrical  with  respect  to  angulai'  space. 

(3)  Forces  arising  from  the  attractions  of  the  harmonic  inequalities, 
and  having  a  potential  which  may  be  written  17,  +  Vijr^**^,  Then,  if 
Wi  is  periodic  with  period  2irlp,  so  also  are  17,  and  7). 

(4)  To  these  must  be  added  the  "  centrifugal  force  '*  when  the  shell 
rotates.  This  is  partly  symmetrical,  and  partly  has  a  potential 
expressed  by  a  zonal  harmonic  term  of  order  2.  The  sjrmmetrical 
part  of  this  m&j  be  treated  along  with  the  forces  (2). 
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In  our  present  problem,  of  the  yibrating  elastic  shell,  the  forces 
(2)  and  the  centrifugal  forces  can  only  be  of  importance  as  producing 
certain  sur&ce-tractions.  We  shall  thronghont  suppose  the  rotation 
so  slow  that  the  square  of  the  angular  velocity  multiplied  by  the 
amplitude  of  any  of  the  forced  harmonic  inequalities  (f.6.,  by  the 
height  of  any  tide)  is  negligible.  Then  in  the  surface-tractions  the 
terms  which  depend  on  the  centrifugal  force  will  disappear.  Unless 
we  made  this  supposition,  the  ellipticity  of  the  figure  of  relative 
equilibrium  would  not  be  small  enough  to  allow  of  our  using  the 
solutions  of  the  differential  equations  within  a  space  bounded  by 
concentric  spheres,  and  we  should  require  the  solutions  for  spheroids. 
When  we  are  considering  the  liquid,  however,  the  rotation  must  be 
treated  differently,  as  it  will  appear  that  the  ratio  of  the  period  of 
rotation  to  that  of  the  disturbing  force  must  be  taken  into  account. 

Write  Ui-hVt/r^^'+Wi^Yi (31). 

The  equations  of  forced  vibration  are  three  such  as 

a*  ^af»    ^  dx 

or  m^-  +nV'tt+pp»w  =  -p^ (32) 

ox  vx 

To  get  a  particular  integral,  suppose 

udx + vdy  +  wdz  =  (f^, 

then      e  =  VV,    and    £-  [(m +n)  V'^  +;>V0  +^^.1  =  0, 

80  that  a  particular  integral  is  ^  =  —  Ti/p^. 

Thus  «  =  -i&    —A  ?'.    «'  =  -^.  ?^  -  (33). 

P    dx  V    ^y,  V     dz 

For  the  complementary  functions,  we  must  take  the  general 
solution  of  the  equations  when  Y^  =  0 ;  these  are  equations  (6),  and 
the  solutions  are  those  given  in  (16),  the  period  being  2if/p,  that  of 
the  forced  vibrations.  It  is  plain  that  we  may  omit  the  consideration 
of  the  x»  X  terms,  and  indeed  these  will  not  be  forced  by  the  kind  of 
action  here  considered. 

11.  The  sui'face-ti'actions  due  to  the  complementary  functions  are 
given  by  the  equations  (17).  We  have  here  to  consider  the  parts  due 
to  the  particular  integrals  (33). 
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We  have  6  =  V*^  =  -  -^  V'Y^  =  0. 

P 

Hence  tlie  component  surface-traction  parallel  to  a;  is 

=  _|[,_„(g.3^.)_<,,,>B(i,)] CM). 

12.  To  find  Ui,  Vi,  Let  a  be  the  density  of  the  contained  fluid, 
then  Ui  =  potential  within  a  sphere  of  radius  a  of  a  surface  distribu- 
tion of  density  p  I  —     ^    —  J  ,  and  -^^  is  the  potential  outside  a 

sphere  of  radius  6  of  a  surface  distribution  of  density 
The  surface-density  for  CT,  is 

^'  ^^.-7  ^'"'^  i(,,«  ^.■+*,W^.') 

*  times  this,  so  that 


a 


Hence    I7<  =    .  f^J.    , 


"■(i+V^STi)-"'? 


_Tr   4iryp        t+1 


2i-fl.a*'*' 


The  surface-density  for 


IS 


(85). 


*  7  is  the  "  constant  oi  g;tvnU.^0TL?^ 


1888.]    Spherical  Shell  containing  a  given  Mass  of  Liquid,      183 


And  — ^  =  -z — 7-^ r  times  this,  so  that 

,aM^M.     ^^j  f^*^  (2i-^D     w***»wi»   wi*«,   ovr    vuww 


= *^  <•"''>**"  [I  {+,  (*»)  ♦,+♦.  m  ».J  -(«;..+«a)-i  r,]. 

From  (35)  it  appears  that  the  radial  velocity  at  r  =  b  is 

+|(V.,(*6)-^  +  'i',(k6)^)  6'-(  e;  5+^:  2l)  y] (86). 

This  will  be  useful  when  we  come  to  treat  the  motion  of  the  liquid. 
Solving  for  I7i,  F<,  we  have 

r,rn.t[2:/.4.i±i„\-^yp-^y(«^-p)  *•(*+!)  U-^—\\ 


-^5ri-.[^-^=^r^ftA(>-»-)]'^' <''>• 


and 


'^L^''"i5"l''+2i+i''; ^^^ —  ('27+171^"^';  J  6^ 


__    p  /4iry_(ff_— p)  t 


TV 


^){.^,(Aa)^<+'i',(fca)*..}] 
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Write  these 

Then  (34)  contribntes  to  the  surface-tractions  parallel  to  x 

Y  L  ^x  OX  OX  OX  OX -^ 

With  the  exception  of  the  TT,  terms,  these  are  of  the  same  form  as 
the  terms  of  (17),  and  it  is  to  be  noticed  that  the  surface  harmonics 
which  occur  in  these  formuIaB  are  the  same  at  both  bounding  surfaces. 
The  parts  of  the  surface-tractions  which  depend  on  the  complemen- 
tary functions  are  of  the  same  forms  as  those  given  by  (17)  with  the 
X,  X  omitted. 

13.  We  have  now  to  consider  the  surface-tractions  arising  from  the 
symmetrical  parts  of  the  forces  acting. 

The  equation  giving  the  radial  displacement  IT  is 

This  may  be  written 


^      ^        *  Wobb,  **  Stress  and  Strain  in  Cylindrical  and  Polar  Coordinates"  (MtHenger^ 
'       \    1882). 
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and  the  solaiion  is 

^' = ^-+  ^ + To  ;;^<*'>'-*-'>+*'^  ('-"^  ^n^ 

where  A  and  B  are  arbitrary  constants. 


Write  this  for  shortness 


B 


U'  =  Ar+^  +Hr»+Z 


(«). 


where  ^  and  B  are  arbitrary,  H'  and  K  known  oonstantfi.  The 
conesponding  «,  v,  to  are  g^ven  by  mnltiplying  this  by  x/r,  y/r,  z/r  re- 
8peotiyely,and  then  for  the  cubical  dilatation  and  the  6  strains  we  have 

e  =  5Ht'+SA  =  e+f+g, 
e  =  ff  (»'+ar»)+ir  (i— ^ ) +^+B  (-i  -  ^) 

a  =  4JSyz-2K  ^  -6B  ^ 

The  stresses  P,  Q,  E,  S,  T,  17  are  then  given  by 

P  =  (ni— n)  6  +  2?i6,  ...  /8  =  na,  ...  . 

14.  Let 

r  =  a+)8oQ«  ^  ^^®  external  surface, ")  ^  ,    .  rn  h 

r  =  6+/3iQ<  be  the  internal  sarface,  )     *  * 

then  it  is  at  these  surfaces  that  we  require  the  surface-tractions. 
When  the  shell  contains  a  given  mass  of  liquid,  the  condition  at 
r=6  is  [7'=0.  At  a  free  surface  we  must  make  the  surface-tractions 
vanish.  Let  T,  m',  n  be  the  direction-cosines  of  the  outward-drawn 
normal  to  the  surface  r  =  a+/3Qj;  then  parallel  to  x  the  component 


I 
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snr&ce-traction  is 

^     OX  vy  oz  ' 

Here  P— +  J7it- +!r^=  f  JTr»  (5m+n)+il  (3m-n)-i?B^-^, 


and 


diB  dy  djB 

=  ITr*  (5m-3n)  ^ +4t»fl&(2,+ (3m-n)  ^  ^ 


.  o«  JT  3Q<      2nJEra  .^  ,  2»P  3Q..      6nP«  .^ 


hx      I*  ""•  f*   a« 

These  and  the  condition  ZTs:  0  when  r  =  b  g^ve,  for  A  and  B, 


0 


4mB 


(42). 


(5m+n)  ira»+  (3m-n)  il-  ^  =  0 

where  a  is  the  mean  onter  radius  after  the  strain  is  effected,  t.e.,  this 
is  the  a  of  our  previous  work. 

Also  the  surf  ace- tractions  at  r  =  a+jSQ,-  which  depend  on  Q,-  are 

+  (_^+'m)(ff„«(5m  +  «)  +  (3m-«)^-:^i?)-J 
-/3^  (ffa'(5m-3n)  +  (3m-n)  ^+ ?^+ ^) 

parallel  to  x,  with  two  similar  expressions  for  those  parallel  to  y 
and  z. 

The  parts  contributed  by  these  to  P.r  are,  at  the  external  surface. 


X  [2HaMi  (5m+n)-  ^/3oQ.] 
9aj  L   o  a*  J 


(43). 
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and  at  the  internal  snrfaoe, 

«0,Q,[2JK(5m+n)-i^ 


2iijr 


I 
J 


-ft  ^  [m*  (5i»-3n)  +  (3m- «)  il6 +2iiZ+ 

.2mft«(i6[2ff-f-f] 
Of  these,  the  part  at  the  external  aorfiuse  is 

-"^BiiM  [ir.{^-(«-i).i+|.r.»iIt2.  /  j 

r44i 
and  at  the  internal  snrface, 


) 


-2  (t+1)  »  A  _(3„_»)(,+i)  ^  +  (o,_iO;  ?|- 


-^•SI(l^)[{^(*+2>-'^^-2>>^ 


f 


In  these  ^tQ<  is 


+2in^+  (3»-n;  »  ^  +  (2*- 12>  ^?] 

(45). 


+  -L  {,f,,  (fa,)  f,+*i  (to)  •<}  -(«.«.+^,Q,) J 
and/3,Q<is 

1  r*+i  V, 


I 


iC-^^.-^(^<+Tro 


..(46). 


+ X  {«'''  (*^)  f.+*.(*6)»*}  -(«>.+^a)]  J 
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As  ii»'/3  is  of  the  order  neglected,  we  may  s  appose   A,  B,  H  in  (45) 
simplified  by  the  omission  of  all  terms  in  w',  so  that 

15.  As  a  verification  consider  what  these  become  in  case  there  is  no 
cavity,  but  the  sphere  is  complete  np  to  the  centre  and  incompressible ; 
in  this  case  we  know  that  the  stresses  shonld  reduce  to  a  normal  stress 
equal  to  the  weight  of  the  harmonic  inequality.* 

The  constant  B  is  now  zero,  and  A  is  given  by 

(5m+n)  ^a'  +  (3m-«)  il  =  0. 
K  is  also  zero,  and 

10  \  3     *^)'m-{-n 
Supposing  m  very  great  compared  with  n,  we  have 

A  =  -|fla', 

and  we  need  only  consider  terms  in  which  ^  or  ^  is  multiplied  \}j  a 
factor  containing  m  ;  thus  by  (43)  the  normal  stress  is 

r    \         T  T  T  I 

=  a2HM,  (5m  +  n)  =  i  (irypa)  (pM,)  =  gpM^, 
whero  g  =  i  (^P^^)  is  the  value  of  gravity  at  the  surface. 


♦Darwin  on  the  **  Bodily  Tides  of  Viscoufl  and  semi-elastic  Spheroids"  (Fhil. 
Trofu.,  1879,  p.  6). 
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Also  the  only  component  stresses  which  do  not  Tanish  are 

^2iraQ,/3o(5m-|-n),     J^25iiQ,/3,(5w+n),     ^2fli»(2,/3,(5iii-h«), 
r  r  r 

which  give  no  tangential  stress. 

These  calculations  are  correct  to  the  first  order  of  the  small  quantity 
/3q,  and  we  know  that  the  tangential  stress  is  in  the  case  soppoeed 
small  of  the  second  order.  This  is  no  longer  tme  when  the  sphere  is 
not  supposed  incompressible. 

16.  To  calculate  the  fluid  pressure  we  must  take  account  of  the 
rotation.  Suppose  we  know  a  fluid  motion  which  satisfies  the 
equations  of  Hydrodynamics  and  gives  no  normal  flow  at  a  surface  8 ; 
then  if  tf ,  v,  V  be  the  components  of  this  motion,  these  satisfy  (a)  three 
such  equations  as 

3ti  ,     9tt  ,     9u        cu  ^    ^  ly^  P\  \ 
3i        3aj        Oy        3*       3jj  ^  9  ' 

where  V  is  the  potential  of  the  acting  forces,  also  (6)  the  equation  of 
continuity  du/dx  +  dv/dy  +  dw;dz  =  0,  and  (c)  the  boundary  condition 
lu+mv-^-nw  =  0  at  S,  (Z,  m,  n)  being  the  direction-cosines  of  the 
normal  to  8  drawn  outwards. 

We  are  going  to  take  for  the  known  motion  a  steady  motion  of 
rotation  with  angular  velocity  w  about  the  axis  of  z,  so  that 

u  =  — «y,     V  =  ttXy    IT  =  0, 

and  to  superpose  a  small  oscillatory  motion,  consisting  of  an 
irrotational  oscillation  combined  with  periodic  changes  in  the  rate  and 
axis  of  rotation  ;  and  we  are  going  to  make  the  boundary  chanp^e  form 
without  changing  its  volnme;  i.e.,  we  take  for  the  components  of  the 
disturbed  motion  w-fti',  r-fr',  ir+ti;',  where  u,  v\  to  are  small,  and 

CQi  cy  Cz 

and  suppose  ^  satisfies  V'^  =  0,  while  w,,  w^  w,  are  functions  of  the 
time.  We  suppose  that  the  bounding  surface  is  a  sphere  deformed 
into  an  harmonic  spheroid,  so  that  the  boundary  condition  at  the  sur- 
hce  r  =  &  is  of  the  form 

r ^=  lu-h mv  +  nw'=:  % 8,, 
cr 
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where  /Sj  is  a  surface  harmonic ;  we  shall  show  that  for  such  a  motion 
to  be  possible  the  surface  harmonic  must  be  of  order  2. 

The  Helmholtz  equations  of  vortex  motion  referred  to  the  moving 
axes*  are  such  as 

ct  OX        oy        oz  ox  oy  og 


where 


?  =  «i»    «!  =  «»»     f  =  «+w,. 


Neglecting  products  of  small  quantities,  these  become 


Wj— Wi 


«,+««!  = 


Ml 


oxoz 
Oyoz 


(47), 


so  that 


dx^z 


Al|  ^  a 


9y9« 


Of,  =1  w 


w,  ^  w 


and  ^  is  a  linear  f  auction  (ju^x-\'W^y-\'ia^z)l(a  of  a;,  ^,  2;,  which  shows 

Oz 

that  ^  is  a  solid  harmonic  of  order  2.     Hence  r^^  contains  a  surface 

or 

harmonic  of  order  2,  and  the  sphere  must  be  deformed  into  a  surface 

harmonic  of  order  2.     Thus  it  is  only  in  case  the  disturbing  function 

is  of  the  second  order  that  this  method  can  be  applied. 

17.  Let  V  be  the  potential  of  all  the  forces  acting  on  the  liquid, 
not  counting  the  ''centrifugal  force."  F' contains  terms  depending 
on  (1)  the  attraction  of  the  shell  and  fluid  on  itself,  (2)  the  attraction 
of  the  external  disturbing  bodies,  (3)  the  attraction  of  the  harmonic 
inequalities.  And  the  harmonic  inequalities  are  of  two  sorts,  one  a 
function  of  the  time  depending  on  the  external  disturbing  bodies, 
and  the  other  independent  of  the  time,  and  due  to  the  rotation. 

If,  as  before,  jpi  be  the  pressure,  and  <r  the  density  of  the  fluid,  the 


*  Grreenhill,  Proe,  Camb.  Phil,  Soc.,  iv.,  p.  6,  1882.    This  method  of  proving 
equations  (47)  was  suggested  hy  the  referee. 
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equations  may  be  written — 

In  these  tlie  terms  in  [  ]  vanish,  and,  since  f  is  homogeneous  of 

arder2.  |4=<,  9^  + y  |4_+,  ^. 

oy         oxdy  oy^  dyoz 

§£=    ^V         9*^         9*^ 

3«  9aj'  dxdy        dxdz 

hence,  using  (47),  the  only  terms  which  remain  when  we  multiply 
by  dx^  dy,  dz,  add,  and  integrate,  are  included  in 

r-  -^  =  ^  +/(0  +  f  (-«'a!-2«i-,aj  +  ««i«)  dx 

+  ( — w'  y — 2««5y  +  wia^z)  dy  +  w  (w,y  +  «!«)  dz^ 

80  that      r-  £i-  =  1^  +/  (0  -  i«'  (a!'+y')-'-«.  (»'+»') 

^      ot 

■^law^xz-^una^yz   (48), 

where  /  (0  is  an  arbitrary  function  of  t. 

If  w  be  not  too  great,  the  solutions  depending  on  the  terms  of  V 
which  are  periodic,  and  those  which  are  independent  of  the  time, 
remain  separate.  The  new  terms  introduced  by  the  rotation  into  the 
pressure  equation  (48)  are  those  in  aim,,  wut^,  and  oio;,,  and  it  is  on 
the  relative  magnitude  of  these  and  la*  that  the  subsequent  dis- 
cussion turns. 

In  calculating  the  pressure  from  equation  (48),  we  see,  by  (47),  that 
if  p  be  great  compared  with  m,  the  products  ww^,  wia^,  omii,  are  small 
compared  with  w\  and  may  be  neglected ;  if  ^  be  comparable  with  w, 
Wi  is  comparable  with  /3 ;  and  if  /3  be  small  compared  with  the  ellip- 
ticity  due  to  the  rotation  a/,  these  terms  can  still  be  neglected.  The 
term  w'/3  is  always  negligible,  so  that,  unless  p  be  small  compared 
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with  !•»,  the  only  way  in  which  ut  enters  into  the  equations  deter- 
mining the  amplitude  is  by  occnrring  in  H,  and  consequently  in  A 

11                                        w' 
and  B.    Bnt  -ETw  t^  -^T"  (t"'rP~  !*•'')»  a^^»  o heing  very  small, 

we  see  that  a  rotation  w  which  is  small  of  this  order,  does  not  sensibly 
alter  the  amplitnde  except  in  the  case  of  oscillations  of  very  long 
period. 

Considering  the  Earth  as  a  liquid  mass  contained  within  a  solid 
elastic  shell  whose  internal  and  external  surfaces  are  approximately 
spherical,  we  see  that  the  amount  by  which  it  would  yield  to  the  tidal 
disturbing  force  of  the  sun  and  moon,  regarded  as  having  a  diurnal 
or  semi-diurnal  period,  is  not  sensibly  altered  by  the  angular  velocity 

of  rotation,  since  the  ratio  *^  ^  —  ___.    If  we  consider  the  fortnightly 

tides  we  see  that  (  ^)  =  —  nearly,  and  the  terms  in  (48)  hitherto 

\  «  /      14 

neglected  are  of  the  order  14<i»/3,  which  we  may  take  to  be  small 
compared  with  w* ;  so  that,  with  somewhat  less  accuracy  as  the  period 
increases,  it  will  be  true  of  the  tides  of  shorter  period  but  not  of  the 
semiannual  and  annual  tides,  that  the  '*  quaei-rigidity  "  set  up  in  the 
liquid  by  the  vertex-motion  is  not  such  as  to  interfere  sensibly  with 
calculations  of  the  resistance  of  the  Earth  to  tidal  distortion  founded 
on  the  neglect  of  the  spin.  Comparing  this  result  with  the  investi- 
gations of  Thomson  and  Darwin  on  the  rigidity  of  the  Earth,  we  seem 
to  be  justified  in  concluding  that  the  Earth  is  not  such  a  shell  as  is 
here  considered. 

18.  To  consider  more  generally  the  problem  of  the  rotating  shell, 
let  us  refer  the  motion  of  the  liquid  to  moving  axes  which  rotate  with 
angular  velocity  u>  about  the  axis  z  fixed  in  space. 

The  equations  of  motion  are  three,  such  as 

ot  OX         oy         oz       ox^  ^  ' 

where  77,  F,  W  are  the  rates  at  which  the  coordinates  of  a  fluid 
particle  are  changing,  so  that 

U  =  u-^wy,     F=r — wxy     W  =^  to. 


*  Groenhill,  articlo  on  **  Hydromechanics,"  in  Encyeloptedia  Britnnnica, 
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Thus  tlie  eqnations  may  be  written 


37 


dy 


i-^--)--(fH-4:-f=a^(^'-^)- 


dy 


ot  OX        cy         cz  cz  ^  ^  ' 

Let  118  fluppose  the  liquid  to  rotate  as  if  rigid  abont  the  axis  z,  and, 
superposed  on  this  rotator j  motion,  let  there  be  a  small  oscillatory 
motion,  then  TJ^  F,  tr  are  all  small,  and  we  have 

^-2.,F=lrF'-£j-+i«'(»'+y')l  =1^  say 

ct  oaj  L.  0-  -i       ox 

Ot  oy 


9t£  _  ^jf^ 

dt  ""3« 

and  the  equation  of  continuity  is 

3^  ,  3F  ,  3m;  __  Q 

dx       3y       ^^ 


(49j. 


Thus 


hence 


djj  Cy 


(.30).^ 


Let  us  now  suppose  Z7,  F,  at;  oc  e**,  then 


or 


where 


SV^3V+3V  =  0   (51), 

^.x'      Sv^      c/^  ^     ^ 


■-('->)=-^ 


♦  This  equation  is  due  to  Poincare,  Acta  Mat/u-iiKdicu^  Vol.  \ii.»  \^%o,  \»/.So<i. 
VOL.  XIX. — NO.  317.  0 
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19.  We  bare  to  solve  the  differential  eqaation  (50)  within  a  sphere 

!>?+y'  +  ^  =  h*. 
This  is  the  same  thing  as  solving  the  eqaation  (51)  within  theqnadric 

Let  iB*+f/*  =  p',  and  tan  ^  =  -^j  then  the  equation  is 

X 

pl  +  ^  +  lk  +  \pt^O (52). 

dz'l     dp*        p  dp       P*  Sf* 

(1)  Suppose  1 1-  positive,  then  thb  surface  within  which  we 

have  to  solve  0  =  V*\l^  is  a  spheroid  of  revolution  about  its  greatest 
axis. 

Take  conjugate  functions,  such  that 

«'+  ep  =  c  cosh  (a  +  t/J), 

where  c*  =  6'   ,  "^   ,.   and  write  h\  =    ,  P^  ,. 

Then,  taking  if/  a  e"^,  we  find,  for  if/  as  a  function  of  a,  /3,  the  equation 

|!^  +  3^+eotha|f+cot/3^-.V(-4i-  +  ^)=a 
da*      d/3*  3a  3/3  Vsinh'a      sm*/3/ 

Let  \lf  =^  8  .T,  where  S  is  a  function  of  a  only,  and  T  of  /3  only  ;  then 


s 


where  i(t+l)  is  some  constant. 
Pnt  cosh  a  =:  V,  cos  fi  =  ft,  then 


(53), 


and  we  can  obtain  solutions  in  finite  terms   by  taking  %  integral. 
In  this  case,  the  equations  for  8  and  T  are  the  equations  of  tesMral 
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Karmonics,  tbe  argument  y  oi  8  being  always  finite  and  greater  than 
nnity. 

^  =  2.,*S,-P5"(i')Pi"(/.)e-*» 


Thus 


(54). 


Since  /i  =  ---  =  ---  ,  the  factor  P1'^  (/i)  e^^  is  a  spherical  sarface  har- 
&i         b 

monic  on  the  sphere  of  radins  6.     The  quantity  y  is  given  at  the 
surface  by  c*  ("'—1)  =  h\  so  that 

I*  =  ^  at  the  surface. 


(2)  Let  1 
Write 


—J-  be  negative. 


-l)=6', 


then  the  surface  into  which  we  project  the  sphere  is  the  one-sheeted 
hyperboloid  of  revolution 


and  taking 
we  write 


p + 1/  =  c  cosh  (a  + 1/3), 


and  shall  take  this  to  represent  a  system  of  conjugate  functions. 
The  projection  is  imaginary,  and,  in  relation  to  the  motion,  2'  is 
imaginary.  For  the  purpose  of  solving  equation  (.50),  however, 
"within  the  real  surface  of  the  sphere,  we  must  regard  this  as  solving 
the  equation  (51)  with  2'  supposed  real  for  the  space  on  one  side  of 
the  surface  of  the  hyperboloid  also  supposed  real.  We  shall  then 
treat  the  above  as  a  system  of  conjugate  functions,  and  suppose  that 
we  are  solving  the  equation  (51)  with  real  variables  for  the  space  on 
one  side  of  this  surface. 

Supposing  \f/  a  e'**,  and  multiplying  (52)  by  ^  -  —^ ,  we  have 

d  (a,  /3) 

^  +  ^+tanha^-tan/3-?-'^-s',/r(sec'/3-sech»a)  =  0; 


8a'    a/3' 


da 


a/3 


•  •  I  VI  rite  P'*^  {x)  for  the  associated  function  of  the  first  kind,  proportional  to 
Ferrers's  7^*^  (jr),  and  to  Heine's  7'[)j  (a*);  the  numerical  determination  is  unimportant 
in  this  place. 

o  2 
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taking  fi  =  sin  /3,  and  v  =  sinh  a,  we  have  ^  =  8*T^  where 

The  solutions  are         P<'^  (sin  /3),     I^P  (c  sinh  a). 

These  solutions  are  obtained  by  supposing  a  a  real  variable ;  but, 
when  /  is  imaginary,  a  becomes  imaginary,  so  that  c  sinh  a  is  real  in 
the  motion,  and  on  the  surface 

•  i_  u        z 

4  Sinn  a  =  Y~  =  "7"  =  Z'' 
6|        0 

Hence,  taking  /li,  fi  new  variables  defined  by  the  real  equations 
/LI  will  be  the  ordinary  /i  at  the  surface,  and  the  solutions  will  be 

r=pl"0''),  s  =  p'/Vm) (55), 

which  remain  finite  for  the  space  considered.     Thus 

^  =  SSPl'^(/i')Pl'^(M)e'^   (56), 

where  at  the  surface  c'  (1— /*'')  =  6*,  so  that  /n'  =p/2(a, 

20.  The  normal  surface  velocity  is  given  by  (36)  ;  it  is  also  to  be 
found  as  follows.    "We  have,  from  (49), 

OX 

dy 

vjtp      =  ^ 

oz 

hence,  if  Z,  m,  n  be  the  direction-cosines  of  the  outward-drawn 
normal  to  the  sphere, 

(4w«-p«)  (lU+mV+nw) 


•  • 
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^   \b*dx      b'dy^  i;^  a,'/^  h\'dy     ^d»l 

=  .J.j4  5*;+t  5*  (")' 

F    On       o    9^ 

where  p'  is  the  perpendicnlar  from  the  centre  on  the  tangent  plane  to 

the  surface  into  which  we  project  the  sphere,  and  r~^  denotes  differ- 

on 

entiation  along  the  normal  to  this  surface  drawn  outwards.     The 

above  holds  whether  the  sur&Mse  into  which  we  project  the  sphere 

be  a  spheroid  or  an  hjperboloid. 

The  normal  velocity  at  the  surface  of  the  sphere  can  always  be  ex« 
panded  in  a  sum  of  spherical  surface  harmonics. 

The  requisite  normal  velocity  is  that  of  the  inner  surface  of  the 
shell,  which  is  given  by  equation  (36)  with  (37)  and  (38). 

(1)  Take  1- 5-  positive. 

F 

We  have         pdn'  =  c  cosh  a  d(c  cosh  a)  =  c^y  dy, 

also  lU-^mV-^-nw  =  SSC^'^  Pf  (/x)  e'-*, 

where  &i^  is  a  complex  constant.     This  is  to  be  equated  to  the  ex- 
pression in  (36).     Also 

iA  =  22iirPl'^(v)P^'^(,i)(^; 
hence,  by  (57), 

where  v  =  -2. 

2*1' 

andthuB     ^=2s/yr^)^"-^^'')^-"(^)^^"    (58). 

L  cr    y  dy  h  Jr-p.i- 


(2)  Take  1-^-  negative. 


Then  pdn  =  -  c cos /3 (i (c cos /3)  =  c^f/dfi, 

since  fi  increases  as  we  go  outwards  from  the  centre  of  the  sphere. 
Taking  .^  =  22  A^^  p;*>  (^')  p;*'  (;,)  e'-, 

we  have   [f  1-  A  P^  (/)  +  ?^  ^^  W]  A^  =  (4«  - j/)  r//'. 
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where  /i'=:H.; 


thas 

fi   dfi 


261 ' 


.-;;      (W-p')Cl"P:."(;.')J>'/'(M)e-^e-''         (59)^ 

L   C^        U       dU  0  Ji^'mplim 


where  the  summation  extends  to  all  positive  integral  values  of  $ 
which  are  not  greater  than  i,  and  to  all  positive  integral  values  of  t. 

21.  Equation  (59)  expresses  exactly  the  effect  of  the  rotation,  and 
gives  us  the  means  of  finding  the  fluid  motion  completely,  when  the 
inner  surface  is  deformed  periodically  into  an  harmonic  spheroid. 
Since,  however,  the  force  necessary  to  keep  the  amplitude  of  the 

inequalities  all  small  is  only  provided  in  case  w^Ol    is  small,  we  have 
to  evaluate  this  expression  for  the  different  cases  that  may  arise. 

(1)  Take  uf  small  compared  withp,  then  ^<ipproaches  to  an  in- 
finite  limit,  and  we  have  to  find  the  value  of 


Lc*   X  dx  b  J 


=  y]'J  say, 


Kmp{2m 


where  £-  =  oo  . 

We  take  for  determination  of  P1*^  («), 

Then  this  is    ^.    ./.' — ,   times   Heine's   P\\\  (x)*  whose   limit  for 
a?  =  00  is  «*,  and  we  have 

-  1  pr"(^)+_^pW(«). 


The  limit  of  this,  when  a;  is  oo ,  is  the  same  as  that  of 

♦  Heine^  Handbuch  der  Kugelfunctionefiy  Ch.  iv.,  p.  206. 
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=  7-  ultimately. 


2w 
6 


6         6 
In  this  case 

at  tbe  surface  r  =  6. 

(2)  When  p  and  «i»  are  comparable,  (W— i?*)  Oi**  is  of  the  order 
n^lected,  PJ'^  f  ^  j  and  its  differential  coefficients  are  finite,  and  the 
rotation  has  no  effect 

(3)  When  w  is  greaA  compared  with  p,  we  have  to  evalaate 

where  «  =  ^  is  to  be  made  yery  small. 

There  will  be  two  cases  according  as  PJ'^  (x)  does  or  does  not  vanish 
with  X.    If  it  does  not,  then  — -  P'f  is  propoi-tional  to  x  when  »  =  0 ; 

otherwise  Pj'^  («)  is  proportional  to  x  and  t--P1'^  (*)  does  not  vanish 
for  a>  =  0. 

We  take  for  determination  of  P[*^  (a)  the  form 

P;."(*)  =  (l-x')«'£..P<(;.). 
The  lowest  terms  ai*e  then 

^     ^         ^  ^    (2*.t!2.4...(i-ir)(2t-l)(2i-3)...(i+f-fl) 

-f  term  in  a?  >  when  i  —  sis  even, 
and 

^     ^  ^         ^    C2\i!2.4...(i-ir-l)(2i-l)(2i-3)...(i>g) 

+  term  in  »•  >  when  t— *  is  odd. 
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Thus,  when  t— 5  is  even  the  limit  is  ,  and  when  t— «  is  odd  it  is 

zero,  and 

8 

at  the  surface  r  =  6,  when  t  — «  is  even. 

The  case  of  a  zonal  harmonic  solution  requires  special  attention. 
If  ijf  contain  a  zonal  harmonic  term,  the  term  of  (67)  in  ;r-^  will  be 

wanting,  and  the  t«rm  containing  8  in  (59)  will  also  vanish  ;  thus 


^^(4a>'-p')0,fi(/)P,(/«) 


and  we  have  to  evaluate  this  when  p/2«  =  0. 

The  only  important  case  is    when  i  is  even,  as  when  i  is  odd 
Pi  (fi)  vanishes  with  /i'. 

Taking  i  even,  P^  (/)  =  (-I)**  l-^...  (i--l)   ^^^^    .  ^  ^^ 

^  .  4  ...  i 

and  ]r  ~  P<  (mO  =  (  - 1)""'  2  J^^."  ^)t^>  , 

f^    dfi  2.2.4  ...  (i— 2) 

so  that  n/f  =  2 -— -;  -— ^  dPi  (u)  at  the  surface, 


*='r\W)'''^'«' 


2i 


and  these  terms  produce  an  important  effect  when  —  is  great. 

P 

22.  Wo  are  now  in  a  position  to  calculate  the  surface-traction  on 
the  inner  surface  from  the  fluid  pressure. 

The  pressure  equation  in  the  fluid  is 

where,  at  the  surface  r  =  h, 

F'  =  2  f  Cr,-f  TF,-h  Tjr^j  -f  non-periodic  terms. 

The  periodic  terms  in  (x^-\-i/)  will  be  proportional  to  the  amplitude 
of  the  harmonic  inequality,  and  this  multiplied  by  w'  we  neglect. 
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Henoe  the  sarfaoe-tracfcions  at  the  snrfaoe  r  =  6  are 

fa(V'-n    f  ,  (T--^.),     «  ,r(r-^) (60), 

where  the  ^  term  is  to  be  retained  in  case  it  becomeB  important 
tliroagh  the  smallness  or  fj^reatness  of  the  ratio  p/w. 

The  surface  values  of  F'— ^  are  in  every  case  surface  harmonics, 
the  same  as  occur  in  the  typical  terms  representing  the  harmonic 
inequalities,  so  that  these  sur&u^e  values  are  of  the  form 

in  which  r*  (  F'—  i^)  is  a  spherical  solid  harmonic  of  degree  t.  Calling 
this  solid  harmonic  B,  and  treating  it  by  the  formula 

in  which  r  is  to  be  pnt  equal  to  h  after  differentiation,  we  find  for 
this  surface-traction  a  series  of  terms  of  the  same  form  as  those 
in  (40). 

The  surface  conditions  are  then  to  be  found  as  follows  : — Fr,  Gr, 
Hr  at  the  inner  surface  r  =  &  have  just  been  found  ;  at  the  same 
surface  their  values  arc  given  by  adding  the  terms  of  (19),  (40),  and 
(45),  in  which  we  put  r=&.  These  values  are  to  be  equated.  At  the 
surface  r  =  a,  the  terms  contribnted  by  (19),  (40),  (45),  in  which  r 
is  put  =  a,  are  to  be  added  and  equated  to  zero.  We  may  then,  by 
a  process  similar  to  that  in  Art.  7,  obtain  from  these  two  sets  of 
equations  four  equations  between  the  hannonics  w^,  ^„  Oj,  *,,  and  IF,. 

This  will  be  done  by  simply  dropping  the  ;r- ,  ...  and  powers  of  r,  and 

ox 

dB 
taking  separately  the  terms  in  which  occurred  -^  and  those  in  which 


a 


occurred  ^  {  3rS  )»  -^^  denoting  any  one  harmonic.     These  four  oqua- 

tions  give  the  ratios  of  the  harmonics  w„  ^^  Oj,  *i  to  TF„  and  the  pro- 
cess we  have  gone  through  shews  that  any  term  P/^  (fi)  e*'*  in  TF< 
yields  a  term  of  the  same  form  iQ  each  of  the  harmonics  expressing 
the  solution. 

The  free  vibrations  under  gravity  and  **  centrifugal  force  **  would 
be  found  by  putting  IF,  =  0,  and  the  frequency  equations  would  not 
differ  in  form  from  those  which  hold  when  tlicre  are  no  acting 
forces. 
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23.  As  an  example,  let  ns  take  vibrations  nnder  slow  rotation  only. 
Then,  u»^  being  small,  we  need  not  consider  the  terms  of  Art.  14,  and 
we  have  simplj  to  find  the  forms  which  have  to  be  snbstitnted  for 
those  of  Art.  8. 

Let  ns  take  each  of  the  harmonics  ^„  <!»<,  «i»j,  0<  to  consist  of  a  single 

term  proportional  to  t* P^^  (/x)  e***,  and  in  fntnre  let  ^i ...  denote  the 
complex  constants  multiplying  this  expression  in  what  we  before 
called  ^j ... .    Then 

(lU-^mV+nto) 

=  &'\  dropping  the  harmonic  and  time  factors. 
Let  t^  >  1,  and  take 


p£j^ifp:')(.)+2^P[')(,)i 

L  c'    y   ay  o  Jr. 


Piu 


where  c'  =  V  -= — ;— =;  then  the  component  snrface-tractions  are 
Galling  the  solid  harmonic  Zt^  we  have 


o|. 


«) 


X 


-V ^  7 « 

therefore  iFr/irp  i\'^  = 

with  similar  equations  for  O .  r  and  J7.  r,  where  the  ^j  •••  now  stand 
for  solid  harmonics. 


*i 


=  0, 
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Hence,  just  as  in  Art.  8,  we  have  for  ^< ...  the  complex  constants, 

where  it  is  to  be  observed  that  d['^  is  a  real  qnantitj 

(w-p«)p<"(£) 


=  0, 


[fT-£^"W+X^"w] 


vpllm 


The  equations  just  written,  together  with  the  first  two  of  equations 
(24),  give  the  ratios  of  the  amplitudes  of  the  several  harmonics 
M„  Qi,  ^j,  <&i,  and,  on  elimination  of  these,  give  a  determinantal  equa- 
tion for  the  frequency. 

The  above  reduce  to  the  equations  (29)  when  ci>=0,  for  in  this  case 


as  we  saw  before. 


Summary. 

The  main  purpose  of  this  paper  is  to  throw  some  further  light  on 
the  question  of  the  rigidity  of  the  earth.  One  test  of  the  earth's 
rigidity  is  the  existence  of  tides.  If  the  bodily  tides  that  would  take 
place  in  a  completely  liquid  earth  exceed  sensibly  those  in  the  actual 
earth,  there  must  be  sensible  ocean  tides  on  the  latter.  In  Thomson  and 
Tait's  Natural  Philosophy ,  Art.  835  sq.,  we  have  an  estimate  of  the 
earth's  rigidity  founded  on  an  equilibrium  theory  of  the  bodily  tides, 
and  the  conclusion  is  that  the  interior  of  the  earth  must  be  solid,  and 
composed  of  very  rigid  material.  Sir  William  Thomson,  in  an  address 
to  Section  A  of  the  British  Association  in  1876,  pointed  out  that  this 
is  conclusive  against  that  theory  of  the  internal  constitution  of  the 
earth,  which  assumes  a  solid  crust  to  rest  on  an  inner  mass  of  liquid. 
It  will  be  so  unless  the  "  quasi-rigidity  "  set  up  in  the  liquid  by  the 
vortex-motion  can  interfere  with  the  calculation.     In  other  words, 
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Sir  William's  conclasion  will  be  established  if  an  eqnilibriiixii  theorj 
holds. 

We  have  at  oar  disposal  mathematical  methods  which  will  enabU 
US  to  constrtLct  a  dynamical  theory  of  the  bodily  tides  in  an  earth 
whose  constitation  is  that  just  described.  Professor  Lamb,  in  hit 
papers  in  Vols.  xiii.  and  xrv.  of  the  Proceedingi  of  this  Society,  has 
taught  us  what  are  the  modes  of  vibration  of  the  crust  supposed  free; 
and  M.  Poincare,  in  his  memoir  in  the  Acta  Mathematical  Vol.  vii.,  has 
devised  a  method  for  treating  the  oscillations  of  a  rotating  mass  of 
liquid.  The  problem  becomes  a  special  case  of  that  stated  at  the 
commencement  of  this  paper.  The  analysis  at  our  command  makes 
it  possible  to  replace  the  tidal  disturbing  forces  by  any  system  of 
bodily  forces  having  a  potential  expressible  in  spherical  harmonic 
series. 

I  have  recapitnlated,  in  the  first  place,  the  theory  of  the  free  vibra* 
tions  of  spheres  and  spherical  shells  in  order  to  introduce  a  modifica* 
tion  into  Professor  Lamb's  analysis.  The  elEect  of  this  is  to  make  all 
the  spherical  harmonics  which  occur  solid  harmonics  of  positive 
degree,  which  facilitates  the  subsequent  applications.  This  occupies 
Arts.  1  to  8.  The  shell  is  supposed  filled  with  liquid  in  order  to  shew 
in  a  simple  case  how  the  surface-tractions  on  the  inner  surface  of  the 
shell  are  to  be  calculated.  The  frequency-equations  are  of  the  same 
form  as  when  there  is  no  liquid,  coming  out  in  the  form  of  determi- 
nants. The  equation  for  the  purely  tangential  vibrations  is  unaltered, 
but  the  elements  of  two  of  the  rows  of  the  determinant  which  occutb 
in  the  frequency-equation  for  vibrations  of  other  types  are  all  changed 
by  the  addition  of  certain  terms,  and  the  amplitudes  of  the  harmonic 
disturbances  have  their  ratios  altered. 

Li  treating  the  forced  vibrations,  we  suppose  that  the  external  dis- 
turbing forces  have  a  potential  expressible  in  spherical  harmonic 
series.  The  bodily  forces  arise  (1)  from  the  gravitation  of  the  shell 
and  liquid,  (2)  from  the  attractions  of  the  harmonic  inequalities 
caused  by  the  external  disturbing  forces,  (3)  from  the  "  centrifugal 
force  "  when  the  shell  rotates,  and  (4)  include  also  the  external  forces 
themselves.  We  easily  find  the  particular  integrals  of  the  equations 
of  vibration  which  correspond  to  forces  (2)  and  (4),  and  the  terms 
in  the  surface-tractions  on  any  concentric  sphere  which  are  contributed 
by  these  particular  integrals ;  this  is  done  in  Arts.  10 — 12.  The 
forces  of  types  (1)  and  (3)  are  not  periodic.  The  strain  produced  by 
the  gravitation  included  in  (1)  is  purely  symmetrical  about  the  centre 
of  the  sphere,  and  the  same  is  true  of  one  part  of  the  forces  (3).  The 
effect  of  the  unsymmetrical  part  of  (3)  I  have  not  calculated,  except 
for  the  liquid,  as  for  the  problem  in  hand  the  rotation  is  supposed 
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slow.  The  symmetrical  porta  of  the  forces  (1)  are  of  importance  be- 
cause they  contribute  certain  terms  to  the  surface-tractions.  The 
ttktraotion  of  the  shell  and  liqnid  is  great  compared  with  that  of  the 
liftmonic  inequality,  or  with  the  external  disturbing  force.  The 
consequent  strains  and  stresses  are  in  the  same  way  not  of  comparable 
magnitades.  It  is  sufficient  to  suppose  the  surface-tractions  arising 
from  the  smaller  forces  to  fulfil  conditions  at  the  surfaces  of  the  mean 
iimer  and  outer  spheres ;  it  is  necessary  in  the  case  of  the  greater 
forces  to  remember  that  the  conditions  are  actually  fnlfillcd  at  the 
surfaces  of  the  harmonic  inequalities.  In  the  well-known  case  of  in- 
oompressible  material,  the  condition  that  the  surface  of  the  harmonic 
inequality  is  free  can  be  satisfied  by  applying  to  the  surface  of  the 
mean  sphere  a  normal  traction  equal  to  the  weight  of  the  harmonic 
inequality.  The  formulsB  for  the  tractions  that  must  in  general  be 
applied  to  the  surfaces  of  the  mean  spheres,  in  order  that  the  condi- 
tions may  be  fulfilled,  are  given  in  Arts.  13  and  14,  and  in  Art.  15  it 
is  yerified  that  the  known  theory  for  incompressible  material  is  in- 
cluded in  these  formulsB.  It  may  be  remarked  that,  in  general,  the 
iangeniial  stresses  are  of  the  same  order  of  magnitude  as  the  normal 
siaresses. 

We  have  now  only  to  calculate  the 'fluid  pressure  in  order  to  form 
the  stress-conditions,  and  these  conditions  will  determine  the  ampli- 
tudes of  the  inequalities  or  tides  produced. 

Before  proceeding  to  apply  Poincare's  general  method,  it  seemed 
worth  while  to  try  under  wiiat  conditions  the  oscillations  of  the  fluid 
could  be  reduced  to  an  irrotational  oscillation  combined  with  periodic 
changes  in  the  rate  and  axis  of  rotation  ;  and  it  was  found  that  it  was 
necessary  and  sufficient  that  the  disturbing  function  should  be  a 
spherical  solid  harmonic  of  order  2.  This  is  precisely  the  most 
important  case  of  tidal  forced  vibrations.  In  ti*eating  the  liquid, 
"  centrifugal  force "  is  eliminated,  and  the  rotation  treated  kine- 
matically.  The  pressure-equation  for  the  disturbed  motion  is  formed 
without  difficulty,  and  makes  it  possible  to  answer  the  question  as  to 
the  effect  of  the  '*  quasi-rigidity,"  due  to  vortex-motion,  on  the  *'  tidal 
efEective  rigidity.'*  It  appears  that  this  effect  is  negligible  when  the 
period  of  the  tide  is  of  the  same  order  of  magnitude  as  the  period 
of  rotation,  but  that  it  becomes  of  great  importance  as  the  ratio  of 
the  former  to  the  latter  increases  ;  so  that  it  will  vitiate  an  equili- 
brium theory  for  long- period  tides,  but  not  for  short-period  tides.  On 
the  other  hand,  it  is  only  in  the  case  of  long-period  tides  that  an 
equilibrium  theory  of  the  ocean  tides  gives  a  good  result.  The  very 
long-  and  very  short-period  tides  are  thus  beset  with  difficulties  of  a 
different  nature :  for  the  first,  the  vortex-motion  of  the  supposed  in« 
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iemal  liqnid  produces  great  tidal  effective  rigidity ;  for  the  second, 
the  inertia  of  the  external  liqnid  covering  comes  into  plaj.  Both 
theories  point  to  the  fortnightly  tide  as  the  one  which  alone  can  settle 
the  question.  So  many  difficulties  have  occurred  in  the  work  of  tide- 
registering  that  the  Tidal  Committee  of  the  British  .Association 
appears  to  be  still  doubtful  whether  there  really  is  an  appreciable 
fortnightly  tide.  If  there  is,  we  shall  be  entitled  to  say  that  the  tidal 
effective  rigidity  of  the  earth  is  too  great  to  allow  us  to  suppose  it  to 
consist  of  a  liquid  mass  covered  with  a  thin  solid  crust. 

The  simple  method  of  treating  the  liquid  just  described  will  only 
be  permissible  in  case  the  disturbing  function  contains  only  harmonics 
of  order  2,  and  for  the  treatment  of  the  general  case  we  must  adopt 
the  method  of  Poincare's  memoir.  It  was  there  shown  that  the* 
oscillations  of  a  mass  of  fluid  about  that  state  of  steady  motion  in 
which  it  rotates  as  if  rig^d,  can  be  determined  by  solving  Laplaoe*s 
equation  subject  to  a  condition  given  over  a  surface  which  may  be 
described  as  a  projection  of  the  surface  of  the  liquid.  In  the  case  be- 
fore us,  the  spherical  surface  of  the  liquid  is  to  be  projected  into  a 
quadric  of  revolution  about  the  axis  of  rotation,  which  is  a  spheroid 
or  an  hyperboloid  of  one  sheet  according  as  the  period  of  rotation  is 
greater  or  less  than  twice  the  period  of  the  forced  oscillation.  The 
required  solution  if/  of  Laplace's  equation  can  thus  be  expressed  by 
means  of  spheroidal  harmonics,  and  the  surf  ace- values  of  these  are 
proportional  to  spherical  surface  harmonics  on  the  sphere  of  which 
the  spheroid  or  hyperbolid  is  a  projection.  The  condition  to  be  satis- 
fied by  if/  at  the  surface  of  the  quadi*ic  is  obtained  thus : — the  radial 
velocity  at  the  surface  of  the  sphere  can  be  expressed  in  terms  of 
differential  coefficients  of  if/ ;  it  can  also  be  expressed  in  terms  of  the 
harmonics  which  occur  in  the  complementary  and  particular  solutions 
of  the  equations  of  vibration.  These  two  expressions  are  to  be  equated. 
Now,  it  appears  that  if  we  take  one  tesseral  harmonic  term  as  the 
typical  surface  term  in  ^,  the  equation  will  contain  the  other  tesseral 
harmonic  of  the  same  degree  and  rank,  but  no  other  harmonics.  It  is, 
therefore,  better  to  take  for  the  representative  harmonic  term  a  com* 
plex  harmonic  containing  both  the  harmonics  of  the  same  degree  and 
rank,  and  after  solution  retain  only  the  real  part  of  our  equations. 
When  this  is  done  it  appears  that  if   the  disturbing  function  consist 

of  a  series  of  harmonic  terms  of  the  form  r^F'  (fi)  e'**  multiplied  by 
complex  constants,  then  all  the  harmonics  which  occur  in  the  solution 
are  of  the  same  form,  and  each  term  of  this  form  provokes  a  motion 
represented  by  surface  harmonics  of  this  form  and  of  the  same  degree 
and  rank  as  the  term  considered. 
'  When  the  function  ^  is  known  the  whole  motion  is  known  and  the 
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pressure.  Now,  ^  involves  linearly  the  harmonics  which  occur  in  the 
complementary  and  particular  solutions  of  the  equations  of  vibration, 
the  pressure  involves  the  same  harmonics  linearly,  and  the  result  is 
the  determination  of  the  surface-tractions  applied  to  the  inner  surface 
in  terms  of  these  harmonics.  We  have  already  another  expression 
for  these  calculated  from  the  strain.  Equating  the  two  expressions, 
we  should  obtain  sufficient  equations,  with  those  which  hold  at  the 
free  surface,  to  express  all  the  unknown  harmonics  in  terms  of  those 
occurring  in  the  expression  for  the  disturbing  potential. 

This  completes  the  analysis  for  the  bodily  tides  of  any  order  in  the 
system  considered. 

As  an  example,  I  have  considered  free  vibrations  of  the  system 
'Bapposed  rotating  slowly,  but  free  from  gravitation,  and  have  verified 
that  the  solution  reduces  to  that  which  we  already  know  for  free  vibra- 
tions when  the  rotation  is  also  annulled. 

The  results  in  the  general  case  bear  out  those  arrived  at  by  other 
methods  when  the  disturbing  function  is  of  order  2,  shewing  how 
the  efEect  of  the  rotation  in  altering  an  equilibrium  solution  is  null, 
unless  the  period  of  the  disturbance  is  long  compared  with  that  of 
the  rotation. 


On  the  Volume  generated  by  a  Congrueney  of  Lines. 

By  R  A.  BoBSBTB^  M.A. 

[Head  Feb.  9eh,  1888.] 

In  this  paper  I  propose  to  investigate  an  expression  for  the  volume 
generated  by  a  congrueney  of  lines,  and  to  deduce  therefrom  an 
extension  of  Abel's  theorem  to  doable  integrals. 

Taking  rectangular  coordinates,  we  may  write  the  equation  of  a  line 
in  the  form  a5=|jz-|-a,    y  =  gz-h/?  (1), 

and  then,  if  the  line  belongs  to  a  congrueney,  that  is,  if  it  varies 
subject  to  two  conditions,  we  may  suppose  that  a,  /3  arc  given  as 
functions  of  p,  q.  Thus  for  any  point  in  space,  drawing  through  it  a 
line  of  the  system,  we  may  regard  sc,  y  as  functions  of  p,  g,  and  z ;  so 
that,  if  the  element  of  volume  (2«(iy(2;s  be  expressed  in  tertn.^  oi  t\x.^ 
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latter  variables,  we  have 

={h|){-+f)-||!*^' 

from  (1),  by  the  ordinary  traDsformation  for  the  element  of  a  multiple 
integral.  Now  the  coefficient  of  dpdqdz,  being  equated  to  zero,  is 
evidently  the  resnlt  which  we  should  obtain  if  we  differentiated  (1) 
with  regard  to  p^  g,  and  eliminated  dp/dq  ;  and  this  gives  the  two 
points  in  which  a  line  of  the  system  is  intersected  by  two  other  con- 
secutive lines,  or  is,  in  general,  bitangent  to  the  focal  surface.  Hence, 
if  Zi,  z^  belong  to  the  points  just  mentioned,  we  have 

d  F  =  (« — J5,)  (j5  —  «,)  dp  dq  dz. 

But,  if  cos  a,  cos/3,  cosy  are  the  direction  cosines  of  the  line  (1),  we 

-,                                                 cos  a              cos  /3 
have  p  = ,     q  = ^, 

cos  7  cos  7 

whence  p  =  tan  0  cos  ^,     g  =  tan  6  sin  f, 

if  we  put        cos  a  =  sin  0  cos  ^,     cos  (3  =  sin  6  sin  ^,     7  =  6; 

and  therefore  dpdq  is  replaced  by  tan  0  sec'  Odd  d^.  Also,  if  p,  pj,  p, 
are  distances  measured  along  the  line  corresponding  to  z,  z^^  z^ 
respectively,  we  have 

z-z^  =  (p-p,)  cos  0,     «— 2f,  =  (p-p^)  cos  d, 

dz  ^dp  cos  0. 
Wo  thus  find 

dF=  (p-pi)  (p-p,)  sine  id  i0  dp  =  (p-pi)  (p-p^)dpdk> (2), 

if  dia  denotes  the  solid  angle  of  the  elementary  cone  formed  by  draw- 
ing parallels  to  the  lines  of  the  system  through  a  point.  Hence, 
integrating,  we  get 

F=fjj(p-ft)(p-f>.)*ci«=Jf(ip»-Jp»(p,+p,)+pp,p,)da, (3), 

if  the  integration  with  regard  to  p  is  effected  between  the  limits  p 
and  0. 

In  this  expression  (3)  it  is  evident  that  the  volume  described  is 
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incladed  between  a  line  of  length  pone  of  whose  extremities  is  situated 
at  the  distances  Pi,  p,  from  the  points  of  contact  with  the  surface  ;  and, 
when  the  integnttion  is  effected,  the  boundary  of  the  space  is  formed 
by  the  loci  of  the  extremities  just  mentioned,  and  a  ruled  surface 
described  by  the  lines  of  the  system  subject  to  a  relation  connecting 
p,  q,  or  6,  f. 

As  a  particular  case  of  (8),  let  us  consider  the  volume  enclosed 
within  the  lines  joining  the  points  of  contact  on  the  focal  surface. 
Putting  Pi  =  d,  p,  =  0,  p  =  if  we  get  from  (3) 


=*fl 


iFdut (4); 


that  is,  the  volume  sought  is  equal  to  half  the  volume  enclosed  within 
a  parallel  cone,  and  the  surface  formed  by  measuring  equal  lengths 
on  the  parallel  radii  vectores  through  the  vertex  of  the  cone,  as  readily 
follows  from  the  expression  for  the  volume  in  polar  coordinates.  If 
we  seek  the  volume  described  by  either  half  of  the  line  joining  the 
foci,  we  find 

which  is  equal  to  half  (4) ;  that  is,  the  locus  of  the  middle  point  of 
the  foci  bisects  the  volume  described  by  the  ei.tire  line. 

Again,  suppose  that  the  lines  of  the  system  are  inflexional  tangents 
of  a  surface  ;  then,  putting  pj  =  p,  =  0,  p  =  ^,  we  have  from  (3) 


='lf'- 


duf  (5). 


Hence  the  volume  described  by  the  inflexional  tangents  of  a  surface 
measui-cd  from  the  points  of  contact  is  equal  to  the  vol n me  enclosed 
within  the  extremities  of  parallel  lines  of  equal  length  drawn  thi-ongh 
a  point.     Applying  (8)  to  the  case  of  the  normals  to  a  surface,  we  get 

r=  fjf  (r-i?,)(r-Z?,)irrf«  =  ([  {i,»-h'{R,  +  B,)+rR,B4  du,, 

where  J?„  K,  are  the  principal  radii  of  curvature,  and  r  is  the  length 
measnred  out  on  the  normal. 

Hence  for  the  volume  enclosed  within  a  surface,  a  system  of  normals, 
and  a  parallel  surface,  we  get 

where  dS  is  an  element  of  area. 
Yoii.  XIX.— J^o.  318,  ? 
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We  now  proceed  to  apply  the  formula  (8)  so  as  to  obtain  a  result 
which  may  bo  considered  as  an  extension  of  Abel's  theorem  con- 
cerning transcendents  to  double  integrals.     Suppose  a  line  to  meet 

the  surfaces 

0,  =  0,    ^n^Mn-z-0  (6), 

where  ^^,  0„.3  are  general  surfaces  of  the  degrees  n  and  n— 3  respec- 
tively ;  then  for  the  points  of  intersection,  transforming  to  polar 
<XN>rdinates  at  a  point  on  the  line,  and  writing 

we  evidently  get,  by  the  theory  of  algebraic  equations^ 


Al 


•<^i A^ -^-oA^A^ Af^ — oA^Afi)  _    okS^ 

A^  -^0 

where  the  unaccented  and  accented  letters  refer  to  the  two    surfaces 
(6),  I'espectively. 

Hence  Sr- 2/ =  0,     Sr'-2r'«  =  0, 

Ao 

so  that,  if  a  congruency  of  lines  intersect  the  surfaces  (6),  we  get 
from  (;i) 


-Iff: 


^    (7). 

Now,  since  A^  and  B^^  ai*e  functions  of  the  direction  of  a  line  of  the 
system,  that  is,  of  d  and  0,  we  see  that  the  integration  can  be  effected 
in  (7).  This  result  thus  shows  that  the  algebraic  sum  of  the  volumes 
intercepted  between  the  surfaces  (6)  by  a  congruency  of  lines,  can  be 
expressed  by  a  double  definite  integral  which  depends  upon  the 
direction  of  the  lines  only. . 
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If  B^  yanishes,  the  surface  ^^.s  redaces  to  the  degree  n— 4,  and  the 
double  integral  in  (7)  disappears.  This  result  may  be  stated  as 
follows :  If  a  congruency  of  lines  intersect  the  surfaces 

?H  =  0,    ^»+A-0».4  =  O, 

the  algebraic  sum  of  the  interceptod  volames  is  equal  to  zero. 

By  taking  k  indefinitely  small  in  the  preceding  results,  we  can 
arrive  at  the  relation  connecting  double  integrals  referred  to  aboTe. 

The  volume  intercepted  between  the  surfaces 

♦»  =  0,     f^  +  hp^.^  =  0, 

at  any  point  of  the  former,  is  evidently  dp  dS^  where  dS  is  an  element 
of  area,  and  dp  is  the  portion  of  the  normal  intercepted  between  the 
two  surfaces.  Now,  if  the  point  a;,  y,  z  lie  on  the  surface  ^^  =  0,  and 
the  consecutive  point  x-^-ix,  y-\-^y,  z-\-iz  on  the  normal  to^^  satisfy 
the  equation  of  the  surface 

we  have  evidently 

• 

ax  ay  dz 

where  h  is  regarded  as  an  infinitesimal  of  the  first  order. 

G    dx'      -^       G    dy'  Q    dz' 


where 


""VHtAif^r^lt)'! 


We  thus  find  dp  =  -  ^^? ; 

,  .  JO       Gdi'dv 

hence,  since  db  =  — -  —  , 

d^n 
dz 

we  have  dpdS  =  —  k(p„ .  3  du^ 

where  we  have  written  du  for      '^     .     We  get,  therefore,  substituting 

dqfn 

dz 
this  value  for  the  difference  of  the  volumes  in  (7),  and  dividing  by  k, 

^f,,,du  =  '-?/dio (8), 

and,  therefore,  S  [ [  f»-3C?«  =  -  j|  ^^rfw (9). 

p  2 
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This  result  is  an  extension  of  a  theorem  given  already  bj  me  in  a 
paper  published  in  the  Proceedings,  Vol.  xvi.,  p.  238.  It  is  an  exact 
analogue  of  Abel's  theorem  for  double  integrals.  And  it  is  evident 
that  there  are  precisely  similar  results  for  multiple  integrals  wHicli 
can  be  readily  obtained  by  considerations  of  space  of  n  dimensions. 
Of  course,  these  relations  connecting  the  multiple  integrals  and  the 
algebraic  systems  of  equations  are  merely  consistent  with  each  other, 
whereas,  in  the  case  of  Abel's  theorem,  the  algebraic  conditions  follow 
necessarily  from  the  transcendental  equations. 

As  a  particular  case,  let  us  consider  the  application  of  (9)  to  the 

cubic  surface.     Denoting  1 1  dur  by  ti^,  we  get  for  the  three  systems  of 

points  in  which  a  coiigruency  meets  the  8urface 

u,+w,-hw,+  [[j^  =  0 (10), 

where  we  have  put  ^„.s  =  I?^  =  1. 

It  may  be  observed  that  the  integral  u,.  vanishes  at  any  point  of 
the  surface  which  describes  a  curve.  For  instance,  if  a  chord  of  a 
curve  lying  en  the  cubic  meet  the  surface  again  at  a  point  the  in- 
tegral corresponding  to  which  is  m,  we  get 


—\\t 


(11). 


As  i/i  piano  for  the  cubic  curve,  we  can  readily  find  an  expression  for 
dii  in  the  case  of  the  cubic  surface  by  taking  rectangular  axes  such 
that  the  axis  of  z  passes  through  a  point  at  infinity  on  the  surface. 
We  may  write,  then, 

U  =  riz'-fVjZ  +  r,  =  0, 

wheie  Ti,  T'j,  i\  are  expressions  in  x,  y  of  the  first,  second,  and  third 
degrees,  respectively.     Hence 

,     _  dr  dij  __    d.r  dy     __  dx  dy 

**  ""    !if/   ""  2r,^-f  r,  ""  y/{v',--4v,vS 
dz 

-1  „=ff       t-t-        (12), 

where  it  may  be  observed  that  the  expression  under  the  radical  is 
the  most  general  I'ational  integral  function  of  the  fourth  degree  in 
x,y\  for  v^— 4y,y,  being  equated  to  zero  represents  a  cylinder  cir- 
cumscribed about  the  surface  parallel  to  the  axis  of  z^  that  is,  a 
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circamscribed  oone  having  its  yertex  on  the  surface ;   and  we  know 

that  the  tangent  cone  of  a  cubic  surface  drawn  from  any  point  of 

itself  is  the  most  general  cone  of  the  fourth  degree. 

This  result  gives  a  transformation  which  seems  of  some  importance 

ID  the  theoiy  of  double  integrals.     It  shows  that  any  double  integral 

of  the  form 

dxdy 


\l 


v'* 


(13), 


where  O  is  the  most  general  rational  integral  expression  in  x,  y  of 
the  fourth  degree,  can  be  transformed  so  as  to  become  the  rational 
integral 

fl^-^ (14). 


ffz 


where  F  is  a  rational  integral  expression  in  p,  q  of  the  third  degree. 
For,  by  (11)  and  (12),  the  first  integral  can  be  transformed  into 

which,  by  putting 

cos  a  =  sin  0  cos  <^,     cos  /3  =  sin  6  sin  ^,     cos  y  =  cos  0, 
and  then  tan  6  cos  f  =p,     tan  0  sin  ^  =  q, 

becomes  of  the  form  (14). 

The  simplest  curves  which  we  could  take  on  the  cubic  would  be 
two  non-intersecting  right  lines.  Hence,  to  transform  (13)  to  the 
form  (14),  we  describe  a  cubic  surface  8  so  as  to  be  inscribed  in  the 
cylinder  *,  when  V  is  immediately  known,  and  the  limiting  values 
of  |7,  g  are  given  by  the  directions  of  the  lines  drawn  through  the 
limiting  curve  on  S  to  intersect  two  non-intersecting  lines  lying 
on  8. 

For  the  four  systems  of  points  in  which  a  congruency  meets  a 
surface  of  the  fourth  degree,  we  find 


jj  (ftt  =  0. 


cos  a  diit 


^. 

COS  /3  duf 

Ao 

COR  y  dut 

(15). 
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where  ^o  ^^  ^^^  ^  rational  integral  homogeneous  function  of  cos  a, 
cos  /3,  cos  y  of  the  fourth  deg^e. 

As  to  the  geometrical  meaning  of  the  preceding  results,  we  may 
notice  that  the  integral  u,  taken  over  a  portion  of  the  surface  U,  is 
proportional  to  the  mass  of  the  shell  formed  bj  U  and  the  consecutiye 
surface  Z7+Ap,  where  h  is  indefinitely  small.  It  is  to  be  observed  that, 
for  two  different  branches  of  i7,  the  sarface  [7+ A;  may  lie  on  the 
inner  and  outer  sides,  so  that,  to  represent  the  mass  of  the  shell,  u 
most  be  taken  with  the  proper  sign.  As,  for  instance,  if  a  qnartic 
consist  of  two  oval  surfaces,  two  values  of  u  on  one  oval  should  be 
taken  positively,  and  the  other  two  on  the  second  oval  negatively. 

Again,  it  is  evident  that  the  relations  connecting  the  integrals 

xduy  &c.  will  give  theorems  concerning  the  centres  of  gravity  of 

the  shells  ;  thus,  in  the  case  of  the  quintic  surface  which  is  intersected 
by  a  congruency  in  five  shells,  the  centre  of  gravity  of  two  of  the 
shells  must  coincide  with  that  of  the  three  others.     Similarly,  the 

relations  connecting  the  integrals  1 1  x^  du  will  give  theorems  con- 
cerning the  moments  of  inertia  of  the  shells. 

In  the  case  of  particular  surfaces,  the  integral  u  has  a  simple  geo- 
metrical meaning.     For  instance,  for  the  surface 

sf^U  =  A  constant, 

where  27  is  a  rational  integral  function  of  x,  y,  u  is  proportional  to 

z  dx  dy^  that  is,  the  volume  of  the  cylinder  included  between  the 

surface  and  the  plane  of  xy.  As  a  further  particular  case,  if  the 
surface  is  of  the  fourth  order,  chords  of  a  curve  lying  on  the  surface 
intersect  it  again  in  two  areas  which  su*e  such  that  the  volumes  of  the 
cylinders  between  them  and  the  plane  of  xy  are  equal. 

Again,  for  the  surface  whose  equation  is 

F  =  a  constant, 

where  F  is  a  rational  integral  homogeneous  expression  in  «,  y,  «,  we 
find,  by  transformation  to  polar  coordinates,  that  u  is  proportional  to 

r'ciw,  namely,  the  volume  of  the  cone  having   its  vertex  at  the 

origin  and  standing  on  the  boundary  of  a  superficial  area. 

The  formula  for  the  volume  in  the  case  in  which  the  lines  of  the 
congi'uency  are  chords  of  a  curve  may  be  noticed  here. 
Por  anj  point  »,  y,  z  of  the  line  joining  the  points  «i,  y^  2, ;  x^  y„  7,1 


\\ 


\\ 
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we  maj  obyionslj  pnt 

Hence»  if  we  consider  a^,  ^j,  Zi  as  functions  of  «i,  and  x^,  y„  z^  as  func- 
tions of  8^  where  s  is  the  length  of  the  arc,  a?,  y,  z  will  be  functions  of 
the  three  variables  0,  s^,  ^,  and  dx  dy  dz  can  bo  replaced  by 

«i— «t»   yi— yj.   «i— ^1  ^  (1  -  ^)  d^  </^i  ei^i, 


dxj 
dsi  ' 


djli 
dsi 

ds^ 


dsi 

dz^ 
ds^ 


bj  the  formula  for  the  transformation  of  a  triple  integral.  Now,  bj 
solid  geometry,  the  determinant  is  equal  to  D  sin  ^,  where  D  is  the 
shortest  distance  between  the  tangents  to  the  curve  at  the  extremities 
of  the  chord,  and  ^  is  the  angle  between  the  same  lines.     Also 

»  =  (p-n)/(r,-rO, 
80  that  we  get      dF  =  ^P"^'^^^":')  ^^;°»  ^^^^^«^^^. 
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Oeometrical  Demonstration  of  Feuerbach's  Theorem  concerning  the 
Nine'Poin,t  Circle.    By  Professor  R.  W.  Ganbss,  M.A. 

IBead  March  8M,  1888.] 

Let  A'^  ^,  0'  be  the  mid-points  of  the  sides  of  the  triangle  ABC ; 
JD,  E,  F  the  feet  of  the  perpendiculars  ;  0  the  circnmcentre,  I  the  in- 
centre,  X,  Y,  Z  the  points  of  contact  of  the  in-circle  with  the  sides. 

Let  CA'  meet  the  circnmcircle  at  17,  OC  at  W.     Then  AU  bisects 

BACt  and  therefore  also  GAD, 

Let  P,  Q,  E  be  the  mid-points  of  the  arcs  of  the  nine-point  circle 
exterior  to  the  triangle.  Then  the  tangent  at  P  is  parallel  to  BXD  ; 
therefore  PX  produced  will  pass  through  the  external  centre  of 
similitude  T  of  the  nine-point  circle  and  in-circle,  and  so  will  BZ, 

Feuerbach's  theorem  will  be  proved  if  we  show  that  T  is  on  either 
the  in-circle  or  the  nine-point  circle. 

Let  A' A''  be  the  diameter  of  the  nine-point  circle  through  A\ 
Then  AA""  is  equal  and  parallel  to  OA' ; 
therefore  AA"  is  equal  a^d  parallel  to  OA  ; 
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PTD=:PDA'=IA'A~D 
=  \OAJ) 
=  OAU=OUA; 
thenton  triangles  PA'D,  OUA  are  similar. 
Also  017^,  IX,  AD  are  parallel, 

A'X-.XD::  JTl:  lA. 


Therefore  FX^  01  divide  the  triangles  PA'D,  OUA  similarly,  and 

FXA'=  OTU. 
Similarly  RZC=  oTw, 

therefore  ZTX  =  PXA'+BZC-B 

=  u7w-B 

=  AIC-S 


=  complement  of  - 


B 


*  In  the  diagram,  CW  appean  accidontatly  to  poH  through 
tUi  u  MtUf  found  to  be  •>*  +  i'  -  ir  (a  +  ft). 


T;  the  condition  lor 
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Bat  this  is  the  angle  in  the  segment  ZYX  of  the  in-circle.  There- 
fore T  is  on  the  in-circle. 

Or,  we  may  show  that  PX  meets  the  nine-point  circle  in  the 
centre  of  similitude  of  the  circles,  thus : 

Let  PX  meet  the  nine- point  circle  at  T. 
Then  ^^        ^^  ^^ 


XT 

PX. 

XT 

A'X .  XD 

OP 
VI,  I  A 

E^-'2Rr 

2Br      ' 

PT 
XT 

2Er 

"2  • 

r. 

therefore 

The  demonstrations   may  be  easily  modified  to  show  that  the  nine- 
point  circle  touches  the  ex-circles. 


A  Oroup  of  Isostereans.    By  B.  Tucker,  M.A. 

[Abstract  read  March  Sth,  1888.] 

Transversals  /3,yi,  /3iyJ;  y,aj,  yjaj ;  a,/3„  aa/3[,  are  drawn  parallel 
to  the  sides  BG,  GA^  AB  of  a  triangle  in  order,  so  that  isoclinals  to 
them  from  the  angles  are  equal  in  length ;  i.e.,  to  take  two  cases  for 
illustration, 

KAB  =z  LBO  =  MGA  =  e,    AK=^BL  =  GM=l; 

and         E:AG  =  rBA=zM'GB  =  e',    AST^  BU=  01^=  V. 

Then,  for  Z,  w,  n,  we  have  6  =  -,--,  —  respectively, 
and  for  T,  m',  n',  we  have  6'=  q»  q  i  ^  respectively, 

with  Z  =  c  sin  --  / cos  ~,     Z'=  ftsin  ^  I ^^^  o » 

ABC 
Jbence  Zmn  =  a&c  tan  —  tan -- tan -=  ZmV (1). 

M  <2  ^ 
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The  unaccented  and  accented  transversals  cointcrsect  in 

T(h€' :  ea*  :  aV  to  mod.  r/ahc) 

and  T  {Vc  :  (?a  :  a*&  to  same  modalus)  ; 

ve^  in  trilinear  coordinates,  afly  =  r'  =  a/?y. 

The  following  results  are  readily  obtained — 

Cli,:Mi'PiA=c:a:h  =  Ay;:y:y\:y[n  [    (2)- 

Ay^ :  y^y, :  y,B  =  a  :  &  :  c  =  7iaJ  :  a,  aj  :  C7aJ 
fttVi  :y>"i  ■  "i^i  =a(rt+&)  :  6(6  +  c)  :  c  (c  +  a) 
iSi?!  •  yi"!  •  "a/^i'  =  «  (a -he)  :  6  (6-f-i 
T/S,  :  Ty,  :  Ta,  =  a' :  Z/'  :  c*  and  Ty,  :  Tuj  :  T/J,  =  a?;  :  ic  :  en  ...(4). 
From  (3)  we  have 

«4/^i  -/^lyi-  yj^i  ==  ^<J'  a  +  &.2>  +  c.c-hrt/8^'  =  Oa/'i'/^iyi .  yWi'"(^)' 
It  is  from  this  property  that  I  call  the  two  triplets  Isostercans, 
Ca^=^  fityl,  tborefore  Gy[  is  a  parallelogram,  and  so  on. 

The  perimeters  of  Ty^y^,  ^/^lA^a*  ^'«i<=4  =^  b,  a,  c  respectively  ;  bcnco 
snms  of  their  in-  and  circam-radii  equal  in-  and  cii*cum- radius  of 
ABCy  and  so  for  T. 

If      AT,   BT,    Cr7  cut  opposite  sides  in  P,Q,7i  ^jtivcly 

AT,  BT,  or  i  cut  opposite  sides  in  r\  (/,  W 

then  BP:GP=:^h:a;    Br  :  CF-  a  :  c, 


c):c(c+(z)*j  ,„v 

a)  :c(c-|-?/)) 


and  APQR=  — —f^ . /^ABC  =^  ^FQ'B' (6). 

tt-|-6.6-|-c.(;-|-a 

CT,  BT  intersect  in  j;)  on  the  bisector  of  A 
AT.  CT  intersect  in  q  on  the  bisector  of  B\ 

BT,  AT  intersect  in  ron  the  bisector  of  C\ 

and  the  centroid  of  Aj>//r  is  centroid  of  ABC^ 

CT,  BT;  AT,  CT;  BT.  AT  intersect  on  the  connectors  of  A,  B,  0 
with  the  Kie[>ertiiiu  point  (a"' :  b'^  :c~^) (8). 

Additional  results  are — 

CQ,BT;  Ail,CT;    7?n,   J  r  intersect,  respectivoly,  on   the^ 
bisectors  of  A,  11,  0  ;  as  do  also  1i£l\  CT ;  Cil\  AT;  Ail\  J5r.[...(9). 
Bl\,  6Vi  intersect  on  median  through  A  ;  and  so  on. 
^A,  Crf  intorticct  on  s/mmcdian  through  A\  and  lio  oik. 
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And  €lTf  Ci'T  intersect  on  the  join  of  0    (the   incentre)  and  the 
Kiepertian  point. 

The  equation  to  TT  is 

aa(a'— 6c) +  ...  +  ...  =  0  ; 

to  the  join  of  0  and  mid-point  of  TT  is 

aa  (5— c)+  ...  +  ...  =  0, 

which  passes  through  Q\  hence  G  is  centroid  of  AOTT. 

The  Isostereans  are  easily  obtained  thns  :  let  I  line  from  A,  meet 
/3,  TVi  ^T^  ^  9  then  we  have 

y.ft  =  c'/2«=By, (10), 

and  therefore  Bh  is  bisector  of  Z  B, 

^Note, — I  began  the  stndy  of  these  lines  with  considering  the 
general  case  of  the  transversals  obliquely  drawn,  but  I  have  not  ob- 
tained many  simple  results.  I  hope,  however,  to  return  to  this  view 
of  the  question  as  it  was  suggested  in  Mr.  Kempe's  remarks  when  my 
communication  was  made  to  the  Society.  1 


Symmetric  Functions  and  the  Theory  of  Distributions. 
By  Captain  P.  A.  MacMahon^  R.A. 

[Bead  March  Bih,  1888.] 

The  theory  of  distributions  is  discussed  in  an  elementary  manner 
in  Whitworth's  Choice  and  Chance,  Third  Edition,  Ch.  in.  The  subject 
is  studied  in  France  under  the  title  L* Analyse  Corribinatoire,  There 
have  been  very  few  researches  during  recent  years,  and  none,  so  far  as 
my  knowledge  extends,  which  proceed  by  the  method  employed  in 
this  paper.     This  method  is  essentially  constructive  in  its  nature. 

The  investigation  has  for  its  object  the  bringing  forward  of  the 
theory  as  an  analytical  weapon  of  considerable  power  in  algebraical 
research.  The  notation  employed  is  new,  and  possesses  the  advan- 
tage of  being  the  simplest  that  it  is  possible  to  use. 

Among  results  of  minor  importance  and  interest,  four  important 
and  very  general  purely  algebraical  theorems  are  established. 
These  are — 

(1)  A  comprehensive  law  of  algebraic  reciprocity. 

(2)  A  cardinal  theorem  of  symmetric  function  ezpressibility. 
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(3)  A  generalisation  of  Yandermonde's  (or  Wai'iDg*s)  formula  in 
Bjmmetric  functionB. 

(4)  The  formation  of  symmetrical  symmetric-function  tables 
corresponding  to  erery  partition  of  every  number. 

The  research  is  continaed,  from  the  point  of  view  of  the  Algebra 
of  Symmetric  Fanctiong,  in  a  paper  by  the  author  (*' Memoir  on  a  New 
Theory  of  Symmetric  Functions  *'),  which  will  shortly  ap[>ear  in  No.  4, 
Vol.  X.  of  the  American  Journal  of  MatJiematics, 

The  notation  employed  throughout  is  that  of  partitions. 

The  Theory  of  Partitions,  from  the  point  of  view  of  the  Theory  of 
NnmberSy  has  been  studied  chiefly  by  Cayley,  Sylvester,  Glaisher, 
Franklin,  and  Hammond.  These  researches  have  appeared  principally 
in  the  Philosophical  Transactions  of  the  lloynl  Society^  the  American 
Journal  of  Mathematics,  the  Qitarterly  Journal  of  Mathematics,  and  the 
Messenger  of  Mathematics. 

An  important  reference  is  "  A  constructive  Theory  of  Partitions," 
by  J.  J.  Sylvester,  American  Journal  of  Mathematics,  Vol.  v.,  p.  2ol. 

The  first  mathematician  who  employed  the  notation  of  a  partition 
in  ordinary  algebra  was  Meyer  Hirsch  in  his  Algebra  published  in 
1812 ;  since  then  the  idea  has  been  further  developed  by  Cayley, 
Hammond,  the  author  of  this  paper,  and  probably  a  few  others.  The 
following  memoirs  may  be  consulted  :— 

Cayley :  "  A  Memoir  on  the  Symmetric  Functions,"  Phil.  Trans, 
£.  o.,  1857. 

The  Author:  "  Seminvariants  and  Symmetric  Functions,"  Amer. 
Jour,  of  Math,,  Vol.  vi. ;  the  Author :  "  On  Perpetuants,"  Amer.  Jour. 
of  Math.,  Vol.  vii. ;  the  Author:  ** Memoir  on  Seminvariants,"  Amer. 
Jour,  of  Math.,  Vol.  viii.;  Hammond  :  "On  Perpetuants,"  Am^r.  Jour, 
of  Maih,,  Yol.  viii.  ;  the  Author:  *'Tho  Expression  of  Syzygies,"  &c., 
Amer,  Jour,  of  Math.,  Vol.  x. 

PreUminary. 

As  defined  by  Whitworth  {loc.  cit.),  *'  Distribution"  is  the  separation 
of  a  series  of  elements  into  a  series  of  classes  ;  in  the  general  problem, 
the  things  to  be  distributed  may  be  of  any  species,  viz.,  there  may  be 
n  things,  of  which  p  are  of  one  kind,  /y  of  a  second  kind,  r  of  a  third, 
Ac....,  where  /)  +  5  +  r+  ...  =n;  it  is  then  convenient  to  speak  of 
things  or  objects  (pqr ...)  where,  in  this  pai*ticnlar  connection,  the 
partition  (pqr  ...)  is  to  be  regarded  as  defining  the  objects  in  regard 
to  species ;  again,  the  classes  into  which  the  objects  are  to  be  dis- 
tributed may  be  of  any  species,  and  this  leads  us  to  speak  of  classes 
(jpi^i^i  •••)>  where  Pi+^i  +  ri-h ...  =  //j  =  the  number  of  classes;  the 
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partition  (piqifi.,.)  here  defines  the  classes  in  regard  to  species, 
indicating  pi  classes  of  one  description,  gij  of  a  second,  r^  of  a  third, 
and  BO  forth. 

It  should  be  observed  that,  in  the  nse  of  partitions,  repetitions  of 
the  same  part  are  indicated  bj  an  index  ;  for  instance 

(pppqqr  ...)  is  written  (p^g^r  ...). 

If  no  attention  is  paid  to  the  order  of  the  objects  (whatever  be  their 
species)  in  a  class,  the  distribution  may  be  described  as  one  into 
"  parcels  "  ;  each  parcel  is  a  class  of  unarranged  objects. 

If,  however,  permutations  are  permissible  amongst  objects  in  the 
same  class,  the  distribution  is  said  to  be  one  into  **  groups  *' ;  each 
group  is  a  class  of  arranged  objects. 

Two  chief  problems  may  be  enunciated  as  follows  : — 

"To  determine  the  number  of  distributions  of  objects  (pqr  ...) 

into  parcels  (jPi^i^j  ...)." 
"  To  determine  the  number  of  distributions  of  objects  (pqr  ...) 
into  groups  (piqir^  ...)." 
Further,  we  may  discuss  each  of  these  problems  when  the  distri- 
butions are  subject  to  certain  restrictions  ;  it  is  from  the  consideration 
of  restricted  distributions  that  most  of  the  analytical  results  of  this 
paper  are  evolved. 

Skction  1. 

The  Distribution  Function, 

Let  a,  /3,  y,  ...  be  the  roots  of  the  equation 

aj^-Oiaj'-i  +  ajaj"-*-...  =0. 

The  symmetric  function  2a''/3*y'' ... ,  where  p+gH- r +...=:  n,  is,  in 
the  partition  notation,  written 

(pqr  ,..), 

I^t  -^{Mr...).(p,«»r»...) 

denote  the  number  of  ways  of  distributing  objects,  defined  by  the 
partition  (pqr ...),  into  parcels,  defined  by  the  partition  (j^iji^i ...). 
I  suppose  there  to  be  m  parcels,  so  that  jpi  +  (/,+rj  +  ...  =  m. 

It  will  be  convenient  henceforward  to  speak  simply  of  the  distri- 
bution of  objects  (pqr  ...)  into  parcels  (jPi  gi»*i  ...)• 

I  attach  the  number 
to  the  symmetric  function 
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and  construct  the  expression 

by  taking  the  summation  over  every    partition   (pqr ,,,)   of  the 
namber  n. 

Definition.    The  Distribntion  Function  of  n  objects  into  parcels 
(j9i9ir| ...)  is  the  expi^ession 

where  p-\'q+r+...  =^n. 

I  write  also 

2  Ap«r..o.(P.«.r....)  (pqr  ...)  =  I)p  (n),  (2>i  5f,  r,  ...). 
Let,  also, 

denote  the  number  of   ways  of  distributing  objects  (pqr.,.)  into 
groups  (i),gir,  ...). 

Definition.     The  Distribution  Function  of  n  objects  into   groups 
(Pi  Sfi  ^i  •••)  is  the  expression 

2-St^^...).(p, ,,,.,...)  (jj^r  ...), 
where  ^  +  5 +r  +  . . .  =  ?t. 

In  this  case  I  write 

My  present  purpose  is  the  study  of  tlicse  two  Distribution  Functions. 

Section  2. 

Parcels,  m  in  number  (t.e.,  m  =  w). 

Let  ^,  be  the  homogeneous  product-sum,   of  degree  5,  of  the   n 
quantities  a,  /3,  y, ...  ;  so  that 

;^  =  2«=(1), 

A,  =  2a«  +  2a/3  =  (2)  +  (P), 
^,  =  2a»  +  2aV3  +  5a/3y=(3)-f(21)  +  (l»), 
&c.  =  &c. 

Consider  the  product  h^Ji^Jiy.^  .... 
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The  symmetric  function  {pqr  ...)  will,  on  performing  the  multiplica- 
tion, be  produced  a  certain  number  of  times.  In  the  factor  hp^  every 
term  is  of  degree  pi  in  the  quantities.  Taking  any  particular  term, 
write  down  the  j9,  quantities  occurring  therein  in  any  order  with  a 
dot  between  each  pair  of  consecutive  quantities.  We  may  consider 
these  pi  quantities  as  distributed  intojpj  similar  parcels,  one  quantity 
into  each  parcel.  In  the  same  way,  any  q^  quantities  which  occur  in 
any  term  of  ^,,  may  be  considered  to  be  g,  quantities  distributed  into 
9,  parcels,  similar  to  one  another,  but  different  from  the  former. 
Hence  it  is  clear  that  the  number  of  times  that  the  symmetric  func- 
tion {pqr  ...)  occurs  in  the  development  of  the  product  hp^  h^^  h^^  ...  is 
precisely  the  number  of  ways  that  it  is  possible  to  distribute  objects 
(pqr  ...)  into  parcels  (pi^i^,  ...),  one  object  in  each  parcel.  Hence, 
when  m  =  n,  and  no  parcel  is  empty, 

Consider,  for  a  moment,  the  distribution  of  objects  (43)  into  parcels 
(5i),  and  represent  objects  and  parcels  by  small  and  capital  letters 
respectively.     One  distribution  is  represented  by  the  scheme 

A    A    A    A    A    B    B 
a     a     a     a      h     b     b 

wherein  an  object  denoted  by  a  small  letter  is  placed  in  a  parcel 
denoted  by  the  capital  letter  directly  above  it.  Corresponding  to 
this  distribution  of  objects  (43)  into  parcels  (52),  we  have  a  distribu- 
tion of  objects  (52)  into  parcels  (43),  given  by  the  scheme 

A    A    A    A    B    B    B 
a     a      a     a     a      h      b 

derived  from  the  former  by  interchanging  rows  as  well  as  small  and 
capital  letters.  The  process  is  clearly  general  and  exhibits  a  one-to- 
one  correspondence  between  the  distributions  of  objects  {pqr  ...)  into 

parcels  (pi^i^i  ...)>  ^^^  *'he  distributions  of  objects  (Piji**!  ...)  into 
parcels  (pqr...).  It  is,  in  fact,  an  intuitive  observation,  that  we 
may  either  consider  an  object  placed  in  or  attached  to  a  parcel,  or  a 
parcel  placed  in  or  attached  to  an  object. 

Hence  the  very  important  theorem 

A  —  A 

Analytically  this  result  leads  to  a  law  of  algebraic  symmetry  which 
I  now  enunciate. 

Theorem. — **  The  coeflScient  of  symmetric  function  (pqr.,.)  in  the 
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development  of  the  prodnct  h^^  h^^  K, ...  is  equal  to  tlic  coefficient  of 
Bymmetric  function  (Pi^ir,  ...)  in  the  development  of  the  pi'oduct 
hph^hf.  ••• . 

This  law  of  symmetry  I  established  in  the  Quarterly  Journal  of 
Mdihemattcs, 

The  problem  of  the  distribution  of  n  objects  into  n  parcels,  one 
object  into  each  parcel,  is  thus  completely  solved  by  means  of  a  table 
of  symmetric  fnnctions  which  expresses  the  /^-products  as  linear 
functions  of  ihe  single  partition  forms.  (  Vide  the  Tables  at  the  end 
of  the  paper.) 


Section  3. 
Parcels  of  species  (I"*),  where  m<n. 

I  now  discuss  the  distributions  of  n  objects  into  m  parcels,  no  two 
of  which  are  similar.  Whitworth  would  describe  the  problem  as  a 
distribution  into  m  different  parcels. 

Let  (pl'Pl'Pl'  •••)»         [Stt  =  m,  27r|)  =  n], 

be  any  partition  of  n  into  m  parts. 

Of  the  whole  number  of  distributions,  there  will  be  a  certain  num- 
ber such  that  Tf  parcels  each  contain  p,  objects, 

(5=1,2,3,  ...). 

The  distribution  function  of  this  particular  case  of  the  distribution  is 


ml 


TTil   TTj!   TTj!   ... 


7  'l  7  «a  7  »j 


To  see  how  this  is,  observe  that  the  product  hl[h'j^hl\  ...  is  susceptible 


of  — j — p-^— T —   permutations.      The  pai*cels  are  all    different,  and 

^1*  ^S*  ^8*  *** 

hence  there  are  distributions  corresponding  to  each  of  these  permu- 
tations. By  the  last  section,  for  each  of  these  permutations  thei-e 
will  be  a  distribution  function 

7 'i  !,"■•  7  *■■» 

"'Pi  "fa  "l' ,   •  •  •   » 

and  for  the  aggregate  of  permutations  a  distribution  function 

m! 


7i'»  ;i'»  h'^ 
Tj!  ir^l  TT^l  ... 

VOL.  XiX. — NO.  319, 


TT    '   TT J   T    '  ''*     ^'      ''-^ 


m! 
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Hence  the  distribution  function  of  n  objects  into  parcels  (1"*)  is 

^;:^;:^;; ..-,    [s^ = m,  sirp  =  n], 

that  is,  it  is  the  coefficient  of  s^  in  the  expansion  of 
We  may  write  this  result 

Dp(n), (1-)  =  S4(p^...).(i-) (nr-)  =  ^rrrrvT-  *^*^*'- -' 

where  Sir  =  w,    Sp^  =  n. 

Section  4. 
Oenerai  value  of  A^  ,.  ,.  ,     .  „  ^. 

We  require  the  coefficient  of  sb"  in  the  expansion  of 

(^aj+A,aj'+/^a^+  ...)"•  =  t*",  suppose. 
Pnt  /(»)  =  l+Aiaj+^»«+^aJ»-|-...  =  !+<*, 

then  (l+t*)*  =  (l-aaj)-"*(l-/3aj)-"(l-.y»)-".... 

and  u"'  =  (l+tt-l)"» 

Now,  the  coefficient  of  {p^p^Pl' ...)  »"  in 

(!+«)•  =  (l-aa!)-(l-ia»)-'  (l-ya;)-... 

ll),!(«-l)!>    l2),!(«-l)!i    li),!(«-l)!)   •••• 
Hence  -4,  „„-.,.,  . 

0'ri»r/'r-).  (1") 

^f(«»+yi-l)!7-  f(m+p.-l)!7''C(t»+p.-l)!V' 
ll),!(m-l)!)     I;),!  (7»-l)!>    l2),!(m-l)!  i   •" 

C(m+p.-2)!7-'  f(m+p.-2)!r'  f(m+p.-2)!V. 
ljp,!(w-2)!i     ljj,!(m-2)!i     l2),!(m-2)!i   "" 

w(w-l)  ((m+yi-S)!-)"  (-(w+pi-SjiV'  f  («t+p.-3)!  •) '• 
2!         ti),!(m-3)!i     tp,!(»i-3)!i     l^,!(m-3)!>     " 

— ...  tom+1  terms. 
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Obflerye  that,  when 

Pl  =SS  JJj  ^   , , ,  =:  T J  ^  ITj  =   ...  ss  1 , 

ihis  expression  rednoes  to  the  m^  divided  difference  of  0". 

Section  5. 

Parcels  of  species  (m). 

We  now  discuss  what  is  commonly  known  as  the  distribution  of  n 
objects  into  m  indifferent  parcels,  but  here  the  objects  are  of  type 

We  maj  separate  the  distribution  function  into  portions  corre- 
sponding to  every  partition  of  the  number  n  into  exactly  m  parts. 
First,  consider  such  a  partition  which  consists  wholly  of  unrepeated 

parts,  say  (n^j^s  •••  ^m)»        [2r  =  ?i], 

the  corresponding  distribution  function  is  necessarily 

but  in  any  other  case  of  distribution  the  function  is  mach  less  simple. 

For  clearness  first  take  n  =  4,  m  =  2,  and  let  us  examine  the  distri- 
bution function  corresponding  to  two  objects  in  each  parcel. 

We  have     AJ  =  (a«+)P-f  y'  +  ...+a/3+/3y-f  ya-f  ...)S 

and  here  the  distribution,  aa  in  one  parcel,  /3/3  in  the  other,  occurs 
twice  instead  of  once,  as  would  have  to  bo  the  case  if  this  were  really 
the  distribution  function. 

Take  the  expression 

1 

(l-aV)(l-/3V)(l-yV)  ...  (l-a/3a50(l-/3yaj')(l-yaiB»)...' 

and  expand  it  in  ascending  powers  of  x  ;  heroin  the  coefficient  of  as^ 
will  be  the  sum  of  order  s  of  the  homogeneous  products  of  the 
quantities 

a^/3^y^  ...  a/3, /3y,  ya,  ..., 

which  compose  the  function  h^.  This  homogeneous  product  sum  con- 
sists of  a  number  of  terms  each  of  which  is  obtained  by  multiplying 
together  s  of  the  quantities 

a'W^';  y',  ...  aA/5y,  ya,  .„, 
Q  2 
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repeated  or  unrepeated  ;  clearly  then,   in  this  homogeneous  product 
sum,  the  symmetric  function 

(PiPtPi")y  [2i)  =  2«], 

will  occur  just  as  many  times  as  it  is  possible  to  distribute  2«  objects 
iPiPiPi  •••)  ^^  parcels  («),  two  objects  being  in  each  parcel. 

K  then  we  write 

1 

(l-aV)(l-i3«aj')(l-.yV)  ...  (l-afio^Xl-fiyx'Xl-yax').,. 

h^  will  be  the  distribution  function  corresponding  to  the  particular 
case  of  2$  objects  in  parcels  («),  each  parcel  containing  2  objects. 

Now  take  rs  objects  in  parcels  («),  each  parcel  containing  r  objects. 
Form  a  fraction  whose  denominator  contains  a  factor  corresponding 
to  each  component  member  of  Ky  and  then  suppose 

1 

r(l-aV)(l-i3V)  ...  (l-a*-'/3a?')(l-a/3''-»aj)  1 

L  ...  (l-a'-»/3V)  ...  (l-a/3y  ...  ajOJ 

Previous  reasoning  shows  that  the  distribution  function  is 

Reserving  for  the   present  the  particular  examination  of  this  im- 
portant symmetric  function,  I  continue  the  general  discussion. 

We  have  already  considered  the  distribution  function  corresponding 
to  the  particular  case  of  the  partition  of  n  into  unrepeated  parts  ;  we 
are  now  in  a  position  to  determine  the  function  corresponding  to  the 
case  of  Ti  parcels  each  containing  ^i  objects,  r,  parcels  each  containing 
/}  objects,  &c.,  or  say,  corresponding  to  the  partition  of  n, 

it['  f;  ^;^ . .  f;)       [where   2  r  =  m] . 
For,  form  the  symmetric  function 

\'h\'\*  ...  hfj, 
and  observe  the  meaning  of  the  coefficient  of  the  symmetric  function 

(Pl'PTPV-"h 
which  will  appear  when  the  symmetric  function  product  is  developed* 
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The  fanction  Ji  t^  contains  terms  correspondiDg  to  every  selection 

ci  tiTi  objects  of  the  total  number  n,  and  corresponding  to  ever}' 
distribution  of  each  of  these  selections  into  parcels  (t^),  each  paixsel 
ooniaining  exactly  <,  objects.     Hence  in  the  product 

hphfhf  ...  hfw, 

the  symmetric  function        (p^'P^Pl*  •  •  • ) 

will  occur  just  so  many  times  as  it  is  possible  to  distribute  objects 
iPiP^Pl* ...)  into  m  parcels,  of  which  t^  contain  exactly  f,  objects,  r, 
exactly  t^  t,  exactly  <„  <fcc.,  and  r^  parcels  exactly  t^  objects,  <fec. 

Hence  the  particulai*  distribution  function  sought  for  is 

tl*^t  . .  •  tl^^p  .... 

1  r 

Finally,  noticing  that  /;>.,  and  hr-^  arc  identical,  wc  see  that  the  distri- 
bution function  of  n  objects  into  parcels  {m)  is 

2  hfi  II fi  hfs  .... 
h     'i    's 

the  summation  taking  place  over  every  partition 

of  n  which  contains  exactly  m  [=  2r]  parts. 
We  may  write  this  theorem  in  the  form — 

X  2  8 

*l        *3        *8 

where  iSr  =  w,     Sri  =  n. 

It  is  now  clear  that  Df  (n)  (7/1)  is  the  coefficient  of  a;" a"'  in  the 
expression 

(1 +  /tiia;a  +  ^pa;V  +  . ..)(!  + ?t.2.a;'a  +  ^^.«V -I-.. .)(1 +  7*3.  A +  ?t3-i«'ti^  + •••)••• 

...  (l-]-h,xx'a  +  h,%z''a^ +  ,..).,. 


»•» 


=  n  (1-f  ;t.xa;*aH-/i..a^a'  +  ...), 


««i 


which  is,  therefore,  its  generating  function. 
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Section  6. 

Parcels  of  type  (mim^). 

In  this  case,  we  are  concerned  with  m^  similar  parcels  of  one  kind 
and  m,  similar  parcels  of  another  kind.  Of  the  n  objects  we  may 
have  mi  objects  only  distributed  amongst  the  m^  similar  parcels,  and 
the  remaining  n— m|  objects  distributed  amongst  the  m,  similar 
parcels;  or  we  may  have  tnj-f«  objects  distribated  amongst  the  tn^ 
similar  parcels,  and  the  remaining  n  —  mi'—s  objects  amongst  the  m, 
similar  parcels,  where  s  :t»  n— tw^— m,. 

Hence 
Dp  (n),  (m^m^)  =     2      Dpim^  +  s),  (m^)  .  Dp  (n— w^-O,  (w,), 

and  Dp  (n),  (m^m^  is  the  coefficient  of  afaT'h^  in  the  product 

which  Is  its  generating  function. 

Section  7. 
Parcels  of  type  (wiW,Wj . . . ) . 
By  similar  reasoning  we  find : — 

(  an  — fR|~Nfg— INg 

Dp  (n),  (wiWijtn,)  =         2  2)p(wi  +«), (mj).Dp  (n—m^s), (fli,m,) 

«ati— mj-ma-'Mj   n  (■H-mi-mj-in^-a 

««0  L  laO 

2)p  (mj-f  0,  (t»ij) .  I>p  (n— m^— m,— fi— 0»  (^)  1 

=      2  S       ■Z>p(mi+«),(77ii).I)p(m,  +  0>(^) 

Xl)p  (n+m,— 2m— «— ^),  (w,), 
and  generally, 

x;p(n;,  (mi7w,mj...m,.;=     2  2  2  ••• 

»i"0  «a"0  »j-0 

D/)  (mi  +  «0,  (mO  .  Dj?  (m,+«j),  (w,)  ...  Dp  (n-f  w,-2m— 2s),  (m,)  ; 
which  is  the  coefficient  of  aj"/[i*"'/i"^  ...  jji'^r  in  the  product 

'if    if  (l  +  h,^x'fx,  +  h,.x"fi]-^h^x'^fx]+,..), 
•■I    f«i 

the  generatiug  function. 
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This  determination  completes    analytically  the  solntion  of  the 
piroblem  of  the  distribution    of    objects   (p'^p'*...)   into  parcels 

Before  proceeding  to  the    subject    of    distributions,    involving 
reBtrictions,  I  will  draw  up  a  list  of  some  of  the  simpler  results. 


Skction  8. 

2%«  simplest  eases  of  Distribution  into  Parcel 

Ho.  of 
CNilaeti. 

No.'of 
Pareeli. 

S^ 

Distribution  Function, 

1 

1 

(1) 

K 

2 

1 

(1) 

K 

2 

2 

(2) 

K 

2 

2 

(1') 

K, 

3 

1 

(1) 

K 

8 

2 

(2) 

hK 

3 

2 

(!•) 

2M., 

3 

3 

(3) 

K 

3 

8 

(21) 

Mji 

3 

8 

(1') 

K, 

4 

1 

(1) 

K 

4 

2 

(2) 

K-¥nl 

4 

2 

(1') 

2M,+/.;, 

4 

3 

(3) 

A,, 

4 

3 

(21) 

K + '*»''!> 

4 

3 

(1*) 

Zh^\, 

4 

4 

(4) 

K 

4 

4 

(31) 

hjii, 

4 

4 

(2') 

''«', 

4 

4 

(21') 

iX, 

4 

4 

(1*) 

K, 

5 

1 

(1) 

K 

5 

2 

(2) 

/lA+V'j, 

5 

2 

(1») 

2Vi,  +  2A,A„ 

5 

3 

(3) 

hjii  +  /i  j/i, — h,h\ + hlhi, 

5 

3 

(21) 

iuK+hh,+2hlh„ 

5 

3 

(!•) 

3/i,Aj  +  3fcX 
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No.  of 
Objects. 

No.  of 
Parcels. 

Type  of 
Parcels. 

Diatribution  Function. 

5 

4 

(4) 

\K 

5 

4 

(31) 

A,A,  +  7i'A„ 

5 

4 

(2') 

2h\K 

5 

4 

(21') 

2h\h,  +  hX. 

5 

4 

(1*) 

ihjl]. 

6 

1 

(1) 

K 

6 

2 

(2) 

^+2M„ 

6 

2 

(1') 

2A.^,+2M.+  '^!. 

6 

3 

(3) 

hf—KK  +  Khi+  hX  +  hl—hjifhi  +  /4 

6 

3 

(21) 

2Mj+*X+2^,feA  +  /4 

6 

3 

(1») 

3M?+6/',/'A  +  4 

6 

4 

(4) 

hjif +\—hJiJii+h,, 

6 

4 

(31) 

Kh\+K+KJhh-hK+K+KK, 

6 

4 

(2') 

2hJi,+2h\+h^X> 

6 

4 

(21') 

hJi\+2li,hJi,+hl+Bh]hl 

6 

4 

(1*) 

4>hX+Gh% 

6 

5 

(5) 

^A> 

6 

5 

(41) 

hji^+hjhjii. 

6 

5 

(32) 

M  A  +  ^r 

6 

5 

(31') 

2hJijH+hlhl 

6 

5 

(21') 

h\+2h\hl 

6 

5 

(21*) 

3hlh\  +  hjiu 

6 

5 

(1») 

S/jjfi.,. 

This  table  may  be  continued  with  little  labour,  the  distribution 
functions  being  derived  from  those  corresponding  to  a  lesser  number 
of  objects  whenever  the  parcel  is  of  such  a  type  that  its  partition 
contains  more  than  a  single  part.  For  instance,  we  may  employ 
either  of  the  two  formuloD 

Dp  (6),  (31')  =  Dp  (3),  (3)  Dp  (3),  {V)-\-Dp  (4),  (3)  Dp  (2),  (V), 
Dp  (6),  (3P)  =  Dp  (4),  (31)  Dp  (2),  (1)H-I)p  (5),  (31)  Dp  (1),  (1), 
for  the  calculation  of  Dp  (6),  (31*). 

The  Distribution  Functions  can  then  be  evaluated  in  terms  of  single 
partition  forms  by  means  of  the  tables  subsequently  given. 
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I  proceed  now  to  show  how  to  express  the  symmetric  f  nnction 

in  terms  of  ^,  ^  ^„  ...  so  as  to  obtain  the  expression  generally  of 
Df(n)  (m). 

Section  9. 

Hie  symmetric  function  h^. 

This  function  is  a  homogeneous  product  sum,  formed  by  taking  s  and 
M  tog^her  the  terms  which  compose  the  homogeneous  product  sum  hr. 
hr  is  the  homogeneous  product  sum  of  the  roots  of  the  equation 

»"-a,a5-»-fa,»»-»-...  =0  (i.). 

Form  the  equation  whose  roots  are  the  several  terms  of  Kj  viz., 

^-h^-'+j,^-'-...  =  0    (ii.), 

where  P=^ — ^7,    ,',    and  j^=zhr^  =  hr. 

(n— 1)!  r! 

Form  also  the  equation 

a;"-Aiaj"-^-fA,«"-'-...  =0    (iii.). 

Iiet  partitions  in  (  )  and  [  ]  denote  respectively  the  symmetric 
f  auctions  of  the  roots  of  (i.)  and  (iii.)»  and  c,  the  sum  of  the  k^ 
powers  of  the  roots  of  (ii.)- 

We  may  easily  establish  the  two  results 

(«)  =  (-)•**  w, 

M  =  (-)'(-")  <r.;* 
•  We  have  in  fact 

which  may  be  written 

1__* !iL._ 

— -j::^_j^:::l_Z i+*j.+  *i+...+  *i, 

l_£L+fl_... +  (-)-£»  *       **  *• 

wherein  a,  fi,  ...  are  the  roots  of  (i.),  and  a\  fi',  ...  the  roots  of  (iii.). 
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whence  A,*  =^1  =  a^i  =  [l'], 


1 

2!  ^  2 


.2!    ^^    '     2   ' 


Hence       log  f l--i--jL_..  \  ^iD^  ^  +  ...  +  1.  (?i+... 

-Li]    1  121+1  ffl_..., (_)«*.[=]+..., 

X  2     j^        Z     Sfi  ^      V        35* 

leading  to  the  reenlt 

(«)-(-)«♦![«],    where  It  >«. 

Next,  oonfiider  the  identity 

wherein  UfV,w,  ...  are  the  ^XMta  of  the  equation 

and  » is  supposed  indefinitely  grob 
Let  the  k,  k^  roots  of  unity  be  denoted  by 

*i>  *ji  *a»  •••  •«> 
then    'n, ,,       \,, -_=.'n'(l  +  'l!')(l+lif){l+'-iH)..., 


or 


(-J)('-£)('-s)- 

-{■'<-)--:-}{'<(-)"'£-}{'*(-)-^}-. 

which  is 

x*     x^     x^ 

The  coefficient  of  —  in  the  development  of  the  sinister  of  this  identity,  according 

x^* 

to  ascending  powers  of  — ,  is  the  homogeneous  product  sum  of   order  r  of  the 

quantities  a",  jS*,  7',  ... ;  it  is  thus  equal  to  <r^,  the  sum  of  the  ic^  powers  of  the 
roots  of  (ii.). 

Hence  a»  -  (-j'^'^^^M, 

which  18  equivalent  to  the  second  of  the  two  resulti. 
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—    »!     I    »!»»    L    "t 

3!  ^   2    ^3 
3!   ^^    ''        2       ^   3    ' 

4  1.  S 

4!^2!2       3       2*. 2! 


+^ 


4!    ^^    ^      2!2      ^       3       ^2«.2!^^    ^    4    ' 
and  BO  forUi. 

The  law  is  identical  with  that  which  ohtains  in  the  expression  of 
the  elementary  symmetric  fanctions  in  terms  of  the  snms  of  powers^ 
with  the  exception  that  the  signs  are  all  positive  when  r  is  even. 

Hence  we  can  express  h^  in  terms  of  h^,  ^,  h^, ,,,. 

In  particular  we  thus  find 

hix  =  hij 

and  generally  h^r  =  ^r»  =  K^ 

+  2  (A;-3A,^^i  +  3Al+3^,7i;-3A,^-3^^  +  3A,)  j 

h^  =  ^{h\+6h\  (h\-2h,}H+2h;) 

+  8A,(^;-3A,^^  +  3^I+3A,Aj-3^,^-3^^  +  3*e) 

+  6(h\-U^h\JH  +  2h\h\+4hlh^+4>h^hX-^KK 
+2\h,h] + 2AjA, + *i  Jk  -3]Hli\lh-VK\, 
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and  for  present  purposes  we  need  calculate  no  further. 

Section  10. 
Oroups  of  type  (l"*). 
Consider  the  expansion  of 

a;  =(a+i3+y +...)». 

It  consists  of  products  of  the  quantities  a,  /3,  y, ...  of  the  n*^  degree 
taken  in  all  possible  wajs,  repetitions  and  permutations  being  alike 
allowable.  On  this  understanding  the  expansion  consists  of  a  number 
of  terms  each  with  coefficient  unity.     Suppose  any  such  term  to  be 

and  place  dots  in  any  m— 1  out  of  the  n— 1  inter 7als  between  the 
letters ;  this  can  be  done  in 

(n~l)! 
(n-m)!(m-l)!  ^*^ 

A  distribution  (I"*)  will  correspond  to  each  of  these  ways  for  every 
term  of  the  expansion  /t". 

Thus  the  distribution  function  of  n  objects  into  groups  (1"*)  is 

I>g  W, (1")  =  7 ^V/^'    Txt  Ky 

^^'^'^     ^       (n-m)!  (wi— 1)1    ' 

and  denoting  by  ^(p>'"  ...)i  (1-) 

the  number  of  distributions  of  objects  (p'^p^' ...)  into  groups  (l*), 
we  have 

n!  (n— 1)! 

^(p?pVpV"')*  (1-)  =  (i>,!)- (!?,!)'•  (i>,!)"...  '  (n-m)!(m-l)!' 

The  distribution  function  is  the  coefficient  of  x*  in 

Section  11. 
Oroups  of  type  (wi). 

Consider  the  symmetric  function  sum 

n! 


(i>.!)-(p,!)-...  ^^''^^  "^  =  '" 
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ftrranged  as  a  sam  of  prodacts  of  letters  a,  /S,  y,  ...,  each  permutation 
of  eyery  product  occurring  as  a  term,  so  that  only  coefficients  equal  to 
unity  present  themselyes. 

We  require  the  homogeneous  product  sum  of  all  these  terms,  of 
any  desired  order. 

Putting  n  =  2,  3, ...  r  successively,  we  may  write  as  generating 

functions 

1 

'  1 

(l-o»aaj»)(l-j8'aa»)...(l-a«/3a«»/...(l-a/3y(M?/... 

&c., 
and  generally 

1 

(l-a'cuf)  ...(I'-a'-'/iaafy  ...  (1-afty  ...ax'y' ... 

wherein  H^  represents  the  s^  order  homogeneous  product  sum  of  all 

the  separate  terms  which  arise  when  ^i  is  multiplied  out  in  extenso. 

By  reasoning  similar  to  that  employed  in  the  discussion  of 
**  Parcels,"  we  see  that 

denotes  the  distribution  function  of  sr  objects  in  groups  («)  in  such- 
wise  that  each  group  shall  consist  of  r  objects. 

Also  that  the  distribution  function  of  n  objects  into  groups  (m)  is 

5-OyT,  S,      Ufa  •••    ) 

•l       ff       f» 

the  summation  taking  place  over  every  partition  of  n 

which  contains  exactly  m  [=  Sr]  parts. 

Thus  Bg  (n),  (m)  =  SITn  H...  H,., ... , 

h       h       ^t 

an^  it  is  the  coefficient  of  ^e^a"*  in  the  expansion  of 
which  is,  therefore,  the  generating  function. 
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Section  12. 

Oroups  of  type  (miin^m^  •.. ). 

Tlie  law  of  deriyation  of  the  distribntion  fnnctionB  of  groups  of 
many  part  partition  types  is  precisely  the  same  in  the  case  of  gronps 
as  in  the  case  of  parcels. 

I,  therefore,  proceed  at  once  to  the  examination  of  the  new  symmetric 
function  H,, 

Section  13. 
The  symmetric  function  H^, 

Let  ar-]^»''''+A;,aj'-»— ...  =  0 

be  the  equation,  having  for  its  roots  the  several  quantities  of  which 
JET^  is  the  homogeneous  product  sum  of  order  s. 

Then  A^  =  ^  =  Jj;.. 

Further,  let  tr^  denote  the  sum  of  the  t^  powers  of  the  roots  of  this 
equation. 

If  partitions  in  (  )  refer  to  the  symmetric  functions  of  the  equation 

(oj-a)  («-/5)  («-y)  ...  =  0, 

we  have  ^i  =  {ty ; 

hence  ff^  =  A?_i,  =  ^  +  ^ 

2! 

_(ir   (2r 

~    2!  2  ■ 

S 

Also,  since  ^»  ~  fj ""  ^*  "^  ■^' 

we  find  H^  =  /f^— 2A^fe,4-A;i 

3!        2^3 


andao  tortb. 


^(ir  I  arm  ,  (3y 

3!  2       ^    3  ' 


1888.]  (md  the  Theory  of  DisMbutums.  239 

HenoOy  finaUy,  tranflformmg  as  before  to  symmetrio  functions  of 
the  roots  of  the  equation 

Hr.  =  (ly  =  [1]^ 

2 !      ^  2 

"^        3!      '■    ^        2  3  ' 

«••  ■••  •••  •••  •••  ••• 

The .  symmetrio  function  H^m  can  be  thus  expressed  in  terms  of 

^f  ^n  hg. 

These  results  should  be  compared  with  those  obtained  in  section  9 
for  the  case  of  distribution  into  parcels. 

It  will  be  noticed  that  H^  is  derived  from  h^  by  simply  writing 

[ley  in  place  of  [^]. 

Section  14. 
Bestrieted  distributions  into  Parcels. 

The  distributions  considered  in  the  foregoing  sections  were  not  sub- 
ject to  any  restriction.  There  was  no  limit  to  the  number  of  similar 
objects  that  it  was  permissible  to  distribute  either  into  a  single  parcel 
or  into  a  set  of  similar  parcels.  This  freedom  from  restriction  led 
naturally  to  the  invariable  appearance  of  the  symmetric  functions, 
which  express  the  sums  of  the  homogeneous  products  of  the  quantities, 
in  the  distribution  functions. 

In  order  to  find  the  distribution  function  of  n  objects  in  n  parcels, 
one^objectineach  parcel,  subject  to  the  restriction  that  no  two  objects 
of  the  same  kind  are  to  appear  in  parcels  of  the  same  kind,  we  have 
merely  to  employ  the  elementary  symmetric  functions 

^»  ^1  ^1  ••• 
instead  of  the  homogeneous  product  sums 

h\9  ^>  '*»>  •••  • 

The  product  a^,  a^^  ^r,  •  •  • 

is  necessarily  the  distribution  function  of  n  objects  into  parcels 
( Ih  S'l  *'i  •  •  •  )>  where  i>i  +  S'l + ^i  -f . . .  =  n,  subject  to  the  restriction  that 
no  two  similar  objects  are  to  appear  in  similar  parcels.    Thus,  since 

o^  =  (1«)  (1')  =.(2«1) +8  (21«)-V10  0?V 
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we  discover  that,  subject  to  the  restriction,  objects  (21*)  can  be  dis- 
tributed into  parcels  (32)  in  three  different  ways.  These  three  ways 
are  apparent  in  the  scheme  : — 


AAA 

B  B 

a    /3    y 

a    Y    ^ 
a    i    fi 

d   a 
/3    a 

y  « 

We  wish  now  to  impose  the  restriction  that  not  more  than  t  similar 
objects  are  to  be  distributed  into  similar  parcels.  For  this  purpose, 
form  the  symmetric  functions 

'l>  ^>  *8»  ^4»    •••    > 

where  t^  is  defined  to  be  that  portion  of  the  homogeneous  product 
sum  K  in  which  no  quantity  occurs  to  a  higher  power  than  t. 

In  the  product  t^^  t^^  tr,..., 

we  may  suppose  any  term  composing  tj^  to  be  written  out  with  the 
letters  in  any  order  and  a  dot  placed  between  each  consecutive  pair  of 
letters.  We  consider  the  py^  letters  to  denote  p^  objects  distributed 
into  jpi  similar  parcels.  Obviously,  not  more  than  t  similar  objects  thus 
appear  in  similar  parcels.  By  reasoning  similar  to  that  employed  in 
section  1,  it  is  established  that,  in  the  product 

*P%  hi  ^r,  •••  > 

when  expanded,  the  symmetric  function  (pqr  ...)  will  appear  with  a 
coefficient  which  represents  the  number  of  ways  that  it  is  possible  to 
distribute  objects  (pqr ...)  into  parcels  (|?i5i^i ...)»  o^®  object  in  each 
parcel,  subject  to  the  restriction  that  not  more  than  t  similar  objects 
are  to  appear  in  similar  parcels.  This  restriction  does  not  alter  the 
reciprocal  nature  of  the  distribution.  It  is  immaterial  whether  we 
regard  the  objects  distributed  into  the  parcels  or  the  parcels  distri- 
buted into  the  objects.  We  may  say  that  not  more  than  t  similar  ob- 
jects are  to  be  contained  in  similar  parcels,  or  we  may  say  that 
not  more  than  t  similar  parcels  are  to  contain  similar  objects.  The 
restriction  does  not  affect  the  reciprocity. 

Theorem, — The  number  of  ways  of  distributing  objects  (pqr  ...)  into 
parcels  (I'lS'i^i ...)  is  equal  to  the  number  of  ways  of  distributing 
objects  (i^i  g'l^i ...)  into  parcels  (pqr.,.);  the  distributions  being 
subject  to  the  restriction  that  not  more  than  t  similar  objects  are  to 
present  themselves  in  similar  parcels. 

This  theorem  points  to  a  general  algebraic  law  of  symmetry. 


1888.] 


and  the  Theory  of  Distributions. 


241 


Theorem, — ^The  coefficient  of  symmetric  function  (pqr  ...)  in  the 
development  of  #,,  f,,  /^, . . . 

is  eqnal  to  the  coefficient  of  symmetric  function  (j>i  ^i  **! ...)  in  the 

development  of  t^t^tf. 

This  theorem  includes  all  previous  laws  of  symmetry. 

The  observation  is  made  that,  if  any  table  of  functions  be  found  to 
possess  symmetry  of  this  nature,  it  follows,  as  a  necessary  and  easily 
established  result,  that  the  '*  invei*se  table ''  also  possesses  the  same 
symmetry. 

The  laws  of  symmetry,  as  a]>parent  in  ordinary  tables  of  symmetric 
fnnctions,  are  included  in  the  above  theorem.  Still  retaining  the 
same  restriction,  it  is  easy  to  prove  that  tlie  distribution  function  of  n 
objects  into  parcels  (1*")  is 


VI ! 


wherein  2v  =  m  ;     2^^^  =  m. 


Skction  15. 
General  value  of  ^^i(;;'.;/.^-. ...),  (i-.)- 

We  require  the  coeflicieiit  of  .r"  in  the  expansion  of 
and  therein,  the  coefficient  of  the  symmetric  function 

Put  /, X  -h  t^jr  -f.  /j^ .t*  -I-  . . .  =  II , 


SO  that        1  +  u  = 


1-«''V^'     1  -,r-V'     l-y'*V*i 


1  —  ax 


I  — />. 


/>./' 


1  —  y,c 


and  (l  +  «)-  =  n  [  1  -»,..'..'+  !!iIl^^nL) „=V-...  | 


( 


W  (hi  4  1) 


X  ^  1  -f  max  -\-  '  '  «■-.(;•  -f  . . .  |  . 

In  this  product,  the  coeflioicnt  of  the  svuiuietric  function 
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l(m-l)!2>.!  {m-l)\ip,-t-l)\^'"S 

f(^+p._l)!  (m4-p.-<-2)!  V- 

"^  (('n-l)!j>.!  (m-l)!(i>,-<-l)!^-5    •- 

and,  since 

«-  =  (H-«-l)-=  (l+w)"-m(l  +  «)— '+'"^"',~^\l+«)"-'- 

we  find  <^(i.>;-i»;-. ..).(!-) 

_t(»i+p.-l)!  (,n+p.-<-2)!  )" 

l(w-l)!p,!  (m-l)!(p,-<-l)r  •"  j 

1('»-2)!b!  ^(m-2)!(p,-<-l)!^-3 


+ 


f(»»i+p.-2)!      .       ,.      (^+p,-<-3)!  1- 

lim-2)\p,\       ^        '■\m-2)\{p,-t-ir.-l     - 

m-l)C(m4-p,-3)!      ■-        g.       (ot+,,,-<_4)!  |  " 

2!        l(m-3)!p,!       ^  \m-'i)\  (p,-t-l)l^'"  i 

f(m+p-8)!         ("-;>-f.-^-^)'  ,+...r-... 

l(wi-3)!2?,!       ^  '^(nt-3)!  (2),-<-l)!  3 


There  is  no  difficulty  in  continaing  the  theory  of  this  restriction.  I 
have  not  thonght  it  advantageoas  to  proceed  fm-ther  with  ib  in  the 
case  of  distributions  into  parcels. 

Section  16. 

Restricted  Diatributious  into  Groups. 

It  is  conTenient  to  write 

A,  =  H,. 

The  distribution  function  of  the  unrestricted  distribution  of  n 
objects  into  groups 

(1-) 

is  then  tho  coefiBcicnt  of  jc^*  in  the  expansion  of 
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where  F,  =  A,  =  (I), 

H,  =  »;=(2)+2(l«), 

H,  =  &'=(3)+3(21)  +  6(1»), 

I  farther  denote  by        J„  B„  C„  ...  T„  ... 

those  portions  of  H,  which  involve  partitions  containing  no  part 
greater  than 

1,  2,  3,  ...  ^  ...  respectively. 

It  is  easily  seen  that  the  distribution  function  of  n  objects  into  groups 
(I"*),  subject  to  the  restriction  that  not  more  than  t  objects  of  the 
same  kind  are  to  present  themselves  in  groups  of  the  same  kind,  is 
g^ven  by  the  coefficient  of  a;"  in 

Section  17. 
Algebraic  Theorems  derived  front  the  Theory  of  Distributions, 

Definition. 
Of  a  number  n,  take  any  partition 

(XiAjAj  ...  A,). 

It  becomes  necessary  to  consider  the  separation  of  such  a  partition 
into  component  partitions.  Such  a  separation  maybe  represented  by 
enclosing  the  component  partitions  in  brackets ;  thus  : 

(\,x,)(x,\A)(M... . 

It  is  convenient  to  arrange  the  components  in  descending  order  as 
regards  their  weight  or  content,  and,  if  these  successive  weights  are 
in  order 

to  speak  of  a  separation  of  species  (pqr...)' 

Just  as  we  speak  of  the  degree  of  a  partition,  meaning  the  magni- 
tude  of  the  largest  part  in  such  partition,  so  wo  may  speak  of  the 
degree  of  a  separation,  meaning  the  sum  of  the  largest  parts  in  its 
components. 

We  have  thus,  primarily,  three  characteristics  of  a  separation,  viz., 

(i.)  the  separable  partition, 

(ii.)  the  species, 

(iii.)  the  degree. 

b2 
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Oeneral  Theorem  of  Algebraic  Reciprocity, 

In  §  1, 1  considered  the  distribntion  of  n  objects  into  n  parcels,  and 
showed  that  the  distribution  function  of  objects  into  parcels 

is  hp^  hg^  hr^  .... 

We  may  analyse  this  result  in  the  following  manner ; — 
Write     Xi  =(!)«,, 

Z,  =  (3)a^+(21)a;,aj,-h(l»)a^, 

^4  =  (4)  a^4+ (31)  ^.^i  +  (2')  *:+ (21')  ir,rcj+ (1*)  ajj, 

•••        •••        •••        •••        •••        •••        •••        ••• 

and  generally  X,  =  S  (X^i'. . .)  Xj,x^x,.,., 

the  summation  being  in  regard  to  every  partition  of  s. 
Consider  the  result  of  multiplication 

P  consists  of  an  aggregate  of  terms,  each  of  which,  to  a  numerical 
factor  pres,  is  a  separation  of  the  partition 

of  species  (jOi  q^r^  ...). 

P,  further,  is  the  distribution  function  of  objects  into  parcels 

(^i5,ri...), 

subject  to  certain  restrictions. 

If  in  any  distribution  of  n  objects  into  n  parcels   (one  object  into 
each  parcel)  we  write  down  a  number 

whenever  we  observe  {  similar  objects  in  similar  parcels,  we  write 
down  a  succession  of  numbers 

^l»  *'8»  ^J»    •••> 

where  (ii  f^  J,  . . . ) 

is  some  partition  of  ?i. 

We  may  be  given  these  numbers,  and  say  that  the  distribution  is 
subject  to  a  restriction  of  partition 
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Subject  to  this  restriction,  there  are  a  certain  namber  of  distributions. 
In  the  present  case,  if  we  put 

iBi=^iC|!^a?j^  ...  =  1, 
2P 

IB  obvionslj  the  distiibution  function  of  n  objects  into  n  parcels  with- 
out restriction. 

F  itself  is  manifestly  the  distribution  function  subject  to  the  re- 
striction of  partition 

Employing  a  more  general  notation,  wo  may  write 

and  then  P  is  the  distribution  function  of  objects  into  parcels 
subject  to  the  restriction  of  partition 

*l  *'s  *'»    -•')' 

Multiplying  out  P,  we  get  the  result    . 
indicating  that^  with  a  restriction  of  partition 

there  ai'e  precisely  0  ways  of  distributing  ?t  objects 

(KKK  •  •) 
amongst  n  parcels  (p"p'"i>'' .••)» 

one  object  into  each  parcel. 

Now,  it  is  seen  intuitively  that,  since  there  is  one  object  in  every 
parcel,  it  is  immaterial  whether  we  rcg'ard  an  object  attached  to  a 
parcel  or  a  parcel  attached  to  an  object,  and  that  making  this  ex- 
change does  not  alter  the  partition  of  restriction. 

Hence  the  number  of  distributions  must  be  the  same,  and  if 
-^/»i -^Pt  -^v,  "'  ^^  . . .  +  0  (\^"  \j  Ajj*  . . . )  Xg^  Xg^ x,^ . . . , 
then  also      X\X^A'x, ...  =  ...  +  0  (p^'Pl'l'l"")  -^'Z'^'^^'-^'sl  •••  • 

This  extensive  theorem  of  algebraic  reciprocity  includes  all  known 
theorems  of  symmetry  in  symmetric  f auctions. 
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Limiting  attention  to  the  powers  of 

we  immediately  obtain  Cayley's  law  of  symmetry. 

Patting,  farther,  Xi  =  0, 

we  obtain  a  theorem  of  wide  application  in  the  mnltiplication  of  co- 
Tariants  of  binary  qnantics. 

We  may  enunciate  it  as  follows : — 

Theorem. — Selecting  at  pleasure  any  three  partitions  of  n 

(Aj  a,  Aj  ...), 
*i  *S  *8   •••/> 

separate  in  any  manner  the  numbers  occurring  in 

into  TT,  portions  of  content  p^ , 

""j  i>  »  Pa 

*">  n  »  Pi9 

Multiply  the  product  of  partitions  thus  formed  by  the  number  which 
expresses  the  number  of  ways  of  permuting  the  product,  the  only 
permutations  allowable  being  those  amongst  partitions  of  the  same 
content ;  take  the  sum  of  all  such  separations  of  the  partition 

"l  *S  *S    •••/> 

each  multiplied  by  the  proper  number  determined  as  explained  above. 
The  coefficient  of  the  symmetric  function 

in  this  sum  of  compound  symmetric  functions,  will  be  precisely  the 
same  as  if  in  the  process  we  had  interchanged  the  partitions 

Generalisation  of  Warinr/s  Formula, 

Waring's  formula  for  the  expression  of  the  n^  power  sum  of  the 
roots  of  an  equation 
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in  terms  of  the  coefficients,  is  usually  written 


klN-*^2A 


X,!  \\  ...  X.!  .    f     •    - 


***  Aj !  Aj .  ,,,  A„  ! 


Write  this  in  the  following  form,  viz., 

— tu  s  n-^  =  2  ^ — / 

m! 

Observe  that  this  formnla  expresses  the  sum  of  the  vi^^  powers  of  the 
roots  in  terms  of  separations  of  the  partition 

the  typical  separation         (1/'  (!*/• ...  (l"/" 
is  of  species  (!*•  'i** ...  n*"), 

and  of  degree  S  \ . 

I  proceed  to  demonstrate  a  formula  for  the  expression  of  the  m*^ 
power  sum  of  the  roots  as  a  linear  function  of  separations  of  any 
partition  whatever  of  m. 


The  general  foimula  to  be  established  is 

/       \f>M*...  (?-Hwi-h  ...  —  1) !  g/x/    M       \ 


=  2  (^).».^...  (h±I^^,,:zAll  (^jy^  (/,)>...., 


wherein  (X'/i"*...)  is  the  sepai'able  partition,  (JiY*  (J^Y' ...  is  a  scpai'a- 
tion  of  (X'/Li"*...),  and  the  summation  is  in  regard  to  every  such 
separation. 

In  this  formula,  iS  (XV"*  .) 

denotes  the  sum  of  the  n^^  powers  of  the  roots  (l\-\-mfA-\' .,,  =  n)  in 
terms  of  separations  of  (\'/i '"...). 

Write  down  the  series  of  relations 

(«!)    =   «.., 


from  the  first  two  of  these  we  find 


y 
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or,  as  this  may  be  written, 

6'  (a,a,)  =  (ai)(a,)  — (aiOj), 

and  from  the  third  we  get,  after  reduction, 

2S  (aiOja,)  =  2  (aj  («j)  (a,)  —  (a^)  (040,)  -  (a,)  (aiQ,)  -  (a,)  (a^a^)  -h  (uiOja,). 

It  is  obvioas  that  we  can  continue  this  series  indefinitely,  and  express 
S  (aia]a,aj,  S  (^a^a^a^^fi^), ...  in  terms  of  separations  of  the  partitions 

This  holds  also  notwithstanding  any  equalities  that  may  exist  be- 
tween the  parts  Oi,  a„  oj,  ...  of  the  separable  partition.  The  formulee 
would,  however,  require  modification  in  those  cases. 

First,  suppose  that  no  equalities  exist  between  the  parts  of  the 
separable  partition  ;  we  require  the  expression  of 

8  (a^a^ ...  On) 

in  terms  of  separations  of      (ajo, ...  a„). 

One  such  separation  is,  for  example, 

where  the  successive  component  partitions  have  p,  q,  ...  y  parts,  re- 
spectively, and  there  are  t  componeuts. 

Of  this  type  there  are  in  all 


n! 


}}\  q\  ...  I'! 


separations. 


and  by  symmetry  we  see  that  in  the  expression  of 

S^a^a^  ...  a„), 

each  such  sepai*ation  must  be  affected  by  the  same  coefficient. 
Write,  then, 

8  (aiu,  ...  a„)  =  2P2  (aiittia  ...  «i/,)(a4i«2i  •••  029)    ••  ("«"«  •••  «<r)- 
To  determine  P,  observe  that  if 

ai  =  o,  =  ...  =  «„, 

the  formula  should  reduce  to  Waring's,  viz. — 

^  (a»)  =  2  (-r*'  (^-1)  !  n  («^)(a?)  ...  («;), 

where  for  simplicity  it  is  supposed  that  no  equalities   exist  between 
tJw  n tigers  p,  q,  .,,  v. 


1888.] 


and  the  Theory  of  Distributions, 


249 


On  this  sappoBition  of  the  equality  of  the  parts  of  the  separable 
partition,  the  assnmed  formula  becomes 


n  ! 


and,  equating  these  two  expressions  for  S  (a"),  we  find 


p  =  (-)' 


and  we  thus  reach  the  formula 


(n-l)r 


(-)*(n-l)!iS(«,a,...«J 

=  S(  — )'(/— 1)  !  2  («u«i,  ...  «i,.)(aji"M  ...  ci/v)  ...  ("ri«ri  ...  a,,), 
or,  as  this  may  be  written, 

(_)«(n-l)!5(c,,a,...a„) 

=  2  (  — )'  (/  —  I)  !  (aiiOi,  ...  a,^)(aj,a„  ...  a-.^)  ...  (a^a^  ...  a,,). 

.  The  supposition  of  any  nnml)er  of  equalities  between  the  integers 
Pf  q<,  ...y  renders  requisite  an  easy  modiflcatiou  of  the  proof,  and  leads 
to  the  same  final  result. 

I  pass  on  to  the  general  axse 

S(X',i-...), 
and  put 

Starting  with  the  formula 

=  2  (  — )'  (t—\)  !  faun,,  ...  ciip)(«j,Oj,  ...  a. J  ...  (an««   ..  «<«)> 
suppose  that  of  the  numbers 

i',  g,  ...  u, 
j^  have  the  value  /,  +  ?/i,  4- ...  , 
/j  have  tlio  value  /j  +  ^^^-h  ...» 


•••  •••  ••• 


j,  liave  the  value  /»-f-»^-h...  . 

We  may  give  such  values  to  the  quantities  a,  that  certain  of  the 
separations  under  the  summation  sign  shall  become 


(X''  ^«\..)''  (X'>"'\..)-"  ...  (X''  fx'"^  ...)'- 
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viz., — ^we  mast  put  I  of  them  equal  to  X,  m  of  them  equal  to  /i,  and 
BO  on.  The  number  of  separations  which  thus  become  of  the  required 
form  is  easily  found  to  be 

l\m\ 

Also,  on  replacing  a  component  (a^  aj, ...  aip)]bj'  (V*  /x"**...),  where 

we  must  multiply  by  Zi !  m^ ! . . . ; 

we  thus  get  a  multiplier 

(Zi !  mi !  ...y*  (Z,!  m, !  ...y-...  (Z, !  m,\  ...ys 
and,  further,  ^  is  equivalent  to  ^j. 
Thus, 

^     '^  (Z+m-f-. ..-!)! 

Z !  m  !  . . . 

(Z,!mi!  ...y'^l^lm^l  ...y-...  (ZJ  mj  ...yVi-  /s-  "'j^^' 

x(ii\ m^i  ...y*(z,!  w,!  ...y«... (ij mj ...y* 

^     ^  G-hm+...-l)!>\  !>,!...>,!' 

leading  to  the  formula 

Z!m!...  ^^    -^ 

Assuming  the  form 

another  proof  may  be  given. 

In  this  form  the  sums — 

Zj  -|-  mj  -h  . . .  ) 

Z,  +  TTlj  -f- . . .  , 


!••  •••  ••• 


are  each  coDsidered  constant. 
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Pntting  each  part  equal  to  X,  we  must  mnltiplj  every  resulting 
Domponent  (X'»  *•»*-)  by 

li !  Wi !  ... 
Thus  S(A'*"**-) 

I     V     i,!w,!...    I    \     /,!w,!...     /'V     /j7/ij...    ji 

Now,    ^((^-^^t-H-  )i}^'  {a-H^.-h.>.)!V-       {a-h^>»>^..0!^ 

_(Z-hm4-...)! 
/ !  m !  ... 

for  each  represents  the  total  number  of  permutations  of  Z+m+... 
things,  of  which  I  are  of  one  sort,  vi  of  a  second,  <&c. 

Hence 

l\  ml... 
Comparing  tbis  with  the  known  formula 


(-) 


t*m*... 


Z-hwi+... 


S  (X'*"**    ) 


we  find,  as  before. 


l\  ml,,.         (S;-l)! 


(Z-l-7/14-...  — 1)!  y,  !^', !  ...' 


It  will  be  noticed  that  the  general  result  involves  only  the  numbers 
Z,  m,  ..'jvji,.'.\  so  that,  merely  attending  to  these  multiplicities,  we 
may  write  the  result  in  the  hypersymbolic  and  compact  form — 

tf    •      f/t     •      •  •  •  J\    '   m/i    '       '  '  * 

where  |  j\jijt ...  j  denotes  the  sum  of  all  the  corresponding  separations. 
This  theorem  enables  us  at  once  to  write  down  an  expression  for 
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the  8^  power  of  the  roots  corresponding  to  everj  partition  of  s.     Thus 
for  ^  =  6,  the  series  is 

8  (6)  =  (6), 
S(51)  =  (5)(l)-(51), 

S(42)=(4)(2)-(42), 
S(4l«)  =  (4)(1)'-(41)(1)-(4)(1')  +  (41'), 
iS(3«)=i(3)»-(3'), 
28  (321)  =  2  (3)(2)(1)-(32)(1)-(31)(2)-(21)(3)  +  (321), 
8(31*)  =  (3Kl)'-(31)(l)'-2  (3)(1')(1) 

+  (31)(1')  +  (31')(1)  +  (3)(1')-(31'), 
iS(2«)=i(2)'-(2«)(2)  +  (2»), 
|S(2'1»)  =  f  (2)'(1)'-2(21)(2)(1)-(2')(1)'-(1')(2)' 

+  (2')(1')+|(21)'+(21')(2)  +  (2'1)(1)-(2'1'), 
S(21«)  =  (2)(l)«-(21)(l)»-3  (2)(1')(1)'+(21)(1)'  +  2(1')(1)(2) 

+  2(21)(1')(1)  +  (2)(1»)'-(2)(10 

-(21)(1')-(21')(1«)-(21')(1)  +  (21«), 

iS(l»)  =  i(l)«-(l')(l)^+|(l')'(l)'  +  (l')(l)'-i  (IV 

-2(l')(l')(l)-(l*)(l)'+i(l')'  +  (l*)(l')  +  (l°)(l)-(l'). 

New  Tables  of  Symmetric  Functions. 

It  may  be  gathered  from  the  foregoing  section  that  it  is  possible 
to  form  tables  of  symmetric  functions,  of  a  symmetrical  character, 
corresponding  to  every  partition  of  every  number.  We  may  select  at 
pleasure  any  partition  as  the  partition  of  restriction,  and  write  down 
partitions  representing  every  possible  species  of  its  separations ;  by 
the  side  of  these  partitions  we  may  write  down  the  compound 
symmetric  functions  represented  by  the  corresponding  sepamtions. 
In  the  expansion  of  these  compounds  in  a  series  of  monomial  symme- 
tric functions,  only  those  monomials  will  occur  which  have  partitions 
identical  with  those  representing  the  species  of  the  separations  ;  this 
follows  naturally  from  the  law  of  algebraic  reciprocity.  Thus  a 
symmetrical  table  necessarily  results.  To  make  the  method  clear,  I 
instance  the  partition 

(21*), 

and  exemplify,  in  full,  the  corresponding  symmetric  function  table. 
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Form  two  oolamns — 

(5) 
(41) 

(32) 

(31') 

(2'1) 

(21') 


(21') 
(21')  (1) 

(21)(1')  +  (1»)(2) 
(21)(1)' 
2(2)(1')(1) 

(2)(1)'. 

The  left-hand  colamn  gives  the  species  of  possible  sepai*ations  of 

(21'). 

The  right-hand  colamn  gives  the  corresponding  separations  as  derived 
from  the  X  products  (^vide  previons  section). 

Thus     (21)(l')-l-(l';(2)  is  coefficient  of  x^x]  in  X,Xj, 
and  2(2)(l«)(l)  „  ;r,a;J  in  XjX,. 

We  may  then  set  out  in  any  convenient  way  the  following  table  : — 

(5)  (41)(32)(31')(2'1)(21') 

(21') 

(210(1) 

(21)(1»)  +  (1»)(2) 

(21)(I)' 

2(2)(l')(l) 

(2)(1)' 

which  reads  the  same  by  rows  as  by  columns. 

In  this  way  we  may  treat  every  partition  of  every  number. 

We  may  invert  tbese  tables  so  as  to  exhibit  the  single  partition 
symmetric  functions  in  terms  of  compound  symmetric  functions 
symbolised  by  separations. 

We  reach  then  the  cardinal  and  very  important  theorem  of  ex- 
pressibility,  which  I  now  enunciate. 

Theorem. — *'  Being  given  any  symmetric  function,  of  partition 

{\fXV  ...), 


1 

1 

3 
o 

4 

1 

2 
6 
4 
6 

1 
3 

3 

4 

4 

1 

1 

6 

2 
3 

6 
6 

6 

6 
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lei  (XjXjA^  ...)  be  anj  partition  of  X, 

•••  •••  •••  •••  •■■ 

Then  the  symmetric  function 

(\fiy  ...) 

is  expressible  by  means  of  compound  symmetric  functions  which  are 
symbolised  by  separations  of  the  partition 


(XiXjX,  ...  /i,/i,^a  —  >'i »'«>'»  •••) 


}i 


In  the  example  above  of  the  partition 

(21»), 

it  will  be  noticed  that  there  are  7  separations  and  6  species  of  separa- 
tions ;  there  is  thus 

7-6=1, 

syzygy  between  the  separations. 

The  syzygy  in  question  is,  in  fact,  derivable  from  the  separation 

(21)  (2), 

for  we  may  either  express  (21)  in  terms  of  separations  of  (1'),  leaving 
(2)  unchanged,  or  we  may  leave  (21)  unchanged  and  express  (2)  in 
terms  of  separations  of  (1*)  ;  thus  the  syzygy  is 

(2)  {(l')(l)-3(l»)}-(21)  {(1)'-2(1')]  =  0, 

or  (2)(l')(l)-3(2)(l')-(21)(l)'+2  (21)(1»)  =  0. 

In  general,  if  there  are  0  separations  of  any  partition  and  ^  species 
of  separation,  there  must  be 

syzyg^es  between  the  0  separations. 
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(1) 


h\ 


(4)  (31)  (2*)  (21')  (1«) 

K 

1 

1 

1      1 

1 

».*. 

1 

2 

2   3 

4 

»; 

1 

2 

3   4 

6 

h,h\ 

1 

3 

4  ;  7 

12 

*: 

1 

4 

6   12 

24 

The  h  Tables  direct. 
(2)   (!•)  (3)    (21)  (1*) 

A, 
h,hi 


(5)   (41)(32)(31')(2'1)(21«)(1') 


1 
1 

1 

2 

1 

1 
1 

1 
2 
3 

1 
3 
6 

h 

1 

hA 

2 

h,h. 

2 

Kh] 

3 

h\\ 

3 

hX 

4 

7* 

0 

1 

1 

3 

3 

4 

5 

7 

8 

8 

11 

13 

18 

4 


10 


20     30 


13 


18 


33 


60 


(6)  (51)  (42)  (4P)  (3«)(321)(31»)  (2»)  (2'1*)(21*)  (1«) 


K 
h,h\ 

h\h] 

hX 
h\ 


I 

1 

1 

1 

1 

1 

1 

1 

1 

1 

2 

2 

3 

2 

3 

4 

3 

4 

5 

6 

2 

3 

4 

3 

5 

7 

6 

S 

11 

15 

3 

4 

7 

4 

8 

13 

9 

14 

21 

30 

2 
3 

3 
5 

4 
8 

4 
6 

6 
12 

8 
19 

7 

10 

14 
38 

20 
60 

15 

24 

4 

7 

13 

8 

19 

34 

24 

42 

72 

120 

3 

6 

9 

7 

15 

24 

21 

33 

54 

90 

1 

4 

8 

14 

10 

24 

42 

33 

58 

102 

180 

0 

11 

21 

14 

oS 

72 

54 

102 

192 

360 

6 

15 

30 

20 

GO 

120 

90 

180 

3G0  720 

10 


20 


30 


60 


120 
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Tiie  \  Tablet — inverte.. 

\     h]   :  h      ''A      ft' 


(2) 

2 

-1 

1 

(3) 
(21) 
(!■) 

3 

-3 
i 
-2 

1 

-2 
1 

(!■) 

-3 
1 

K 

A.ft. 

ftj 

ft,A; 

''t 

w 

i 

-2        4, 

"1 

(31) 

-4 

7 

2 

-7 

2 

(2') 

-2 

2 

3 

-4 

1 

(21') 

4 

-7 

-4 

10 

-3 

(1*) 

-1 

2 

1 

-3 

1 

h 

i.J, 

«.», 

KK 

h% 

m; 

»; 

(5) 
(«) 

5 

9 

-5 
5 

5 

5 

-5 
9 

1 

-2 

(32) 

-5 

5 

11 

-« 

-11 

10 

-2 

(31-) 
(2'1) 

5 

-9 

-8 
-11 

12 
10 

10 

u 

-13 

-14 

3 
3 

(21") 

-6 

n 

10 

-13 

-u 

1? 

-4 

(!•) 

1 

-2 

-2 

3 

3 

-i 

1 

K 

»^, 

»A 

hX 

K 

l.i,''. 

M. 

''I 

»K 

s,«; 

K 

(6) 

6 

-6 

-6 

6 

-3 

12' 

-C 

2 

-9 

6 

-1 

(51) 

-6 

11 

6 

-11 

3 

-17 

11 

-2 

14 

-11 

2 

(«) 

-6 

6 

14 

-10 

3 

-20 

10 

-6 

19 

-12 

2 

(41') 

6 

-11 

-10 

15 

-3 

21 

-15 

4 

-20 

16 

-8 

(3') 

-3 

3 

3 

-3 

6 

-15 

6 

-1 

9 

-6 

1 

(321) 

12 

-17 

-20 

21 

-15 

61 

-30 

8 

-48 

34 

-6 

(31-) 

-6 

11 

10 

-15 

6 

-30 

19 

-4 

26 

-21 

4 

(•■!') 

2 

-2 

-6 

4 

-1 

8 

-4 

4 

-10 

6 

-1 

(2'!') 

-9 

14 

19 

-20 

9 

-48 

26 

-10 

40 

-33 

6 

(21') 

6 

-11 

-12 

16 

-C 

34 

-21 

6 

-33 

26 

-5 

(!•) 

-1 

2 

2 

-3 

1 

-6 

4 

-1 

6 

-5 

1 
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On  the  Chnerai  Linear  Differential  Eqimtion  of  the  Second  Order. 

By  Sir  James  Cockle^  F.B.S. 

[£ead  Nov.  lOM,  1887.] 

The  Sections  and  Ai*fcicles  of  this  paper  arc  namberod  consecu- 
tively  with  those  of  my  paper  "  On  the  Equation  of  Riccati  "  (Vol. 
xvm.,  pp.  180 — 202),  to  which  it  is  a  complement. 

§  VIII.  On  Decomposable  Forma  and  their  Notation. 

84.  I  call  a  form  which  can  be  expressed  in  two  ways,  viz.,  either 
by  means  of  synthemes  alone,  or  by  means  of  syuthemes  and  of  u,  n\ 

vT^  f«,  vl  and  t*"  (to  the  exclusion  of  t;,  v  and  their  derivatives),  a  pure 
decomposable.  Of  such  forms  (1,  2,  3)  of  Art.  9  and  (5)  of  Art.  73 
afford  examples. 

85.  The  simplest  of  pure  decomposable  forms,  which  I  therefore 
call  primary,  are  herein  represented  by  the  following  expressions : — 


(0,0)(1,1)-(1,0)(0,1 
(0,0)(2,2)-(2,0)(0,2 
(l,l)(2,2)-(2,  1)(1,2 
(0,0)  (2,1) -(2,0)  (0,1 
(0,0)(1,2)-(1,0)(0,2 
(1,0)(2,1)-(2,0)(1,1 
(0,1)(1,2)-(1,1)(0,2 
(1,0)(2,2)-(2,0)(1,2 
(0,  1)(2,  2)-(2, 1)(0,  2 


=  AD-BC=  i  =  a,, 
=  AI-EF=  £Z  =  a„ 
=:DI'-Gn=     a  =  aj,, 

=  BG'I)E=  f  =  a,, 
=:GH-DF=  e  =  ay, 
^BI-EH^-c^zaf^, 
=  OI-FG^-b^a^. 


86.  These  expressions,  which  exhaust  the  primaries  of  the  second 

degree  in  the  synthemes  and  which  arc  in  fact  the  minors  of  the 
determinant 

A,  C,  F 

B,  B,  U 

E,    G,  I 
?0L.  XIX. — NO.  321.                             s 
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may  be  easily  deduced.     Thus 

tSV.  tJi;  =  (6?--ttV)(^— wtt)  =  AG—Auu—Guu-^rv^'vLUu 
=  v'v . vv  =  (£7-ii"i4)((7- W)  =  GE-Guu-Euu  -^ u"uuu\ 
whence  AQ  —  OE  =  Au'u  —  Cu'u  —  Euu  +  Ouu, 

and  A  or  a^  is  decomposable.     This  result  I  shall  express  by 

—  fc  =  —  Bh,   or    04  =  ^04 ; 
and  so  in  other  cases. 

87.  More  generally,  put 

^(r)^(i)  =  ^r,  8)-'U^'^u^'\     >V«^  =  (p,  q)  ->'V«\ 
then 

again,  put    vW^  =  (j>,  5) -t*^''V\    i^'^v^'^  =  (r,  tf) -t*^'-)ti^«\ 

then 

i^V'^ .  t;V)t;(«)  =  (p,  s)  (r,  g)  -  (2?,  8)  ii^'^u^^^  -  (r,  5)  u^'^u^'^ + t*^''^i4<'^tl'''^tt^'\ 

and,  subtracting  and  transposing,  we  get 

=  (P,  2)  tt^''^w<'^-(p, «)  w''W«^-(r,  5)  i(''W>  +  (r,  tf)  >W*>, 
whence  the  nine  primaries  of  Art.  85,  and  no  others,  can  be  deduced. 

88.  If  we  frame  the  two  schemes* 


/    / 


//    ff 


u 


f*,  v\ 

u,v  ; 

u  ,  1; 

m             m 

U,  V 

A 

0 

F 

•            • 

U,  V 

B 

D 

H 

0f    •// 

E 

G 

I 

u     u'    u' 


and 


u 


• 

u 

a 

c 

f 

• 

h 

d 

h 

e 

9 

m 

I 

the  first  scheme  may  be  regarded  as  giving  the  equations   of  syn- 


*  It  has  been  suggested  that  a  change  of  my  original  notation  would  consider- 
ably facilitate  the  reading  of  this  paper  and  the  detection  of  identities ;  and  that 
when  the  synthcmes  of  the  former  paper  are  denoted  as  in  the  first  of  the  above 

•  •  •  • 

schemes  (viz.,  -4  =  mm  +  it,  B  =  «'«  +  o'r,  &c.),  then  the  decomposables  of  the 
present  paper  are  the  first  minors  of  this  array.  This  criticism  has  enabled  me  to 
simplify,  and  other  criticisms  to  amend,  the  paper.  In  giving  an  additional  example, 
I  follow  a  suggestion  that  an  example  or  two  would  be  useful. 
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themes  (Art.  8),  and  the  other  as  representing  the  six  equations 

iu-k-hu-k-fu  =  0,        lu'+^tt'+eu  =  0, 
gftt'^-hdtt'+cu  =  0,       fctt^  +  eitt'+Zm  =  0, 

•  •  • 

89.  Nowy  taking  the  two  determinants 


A,  C,F 

a,  c,  / 

B,  D,  H 

and 

fe,  d,  h 

E,  a,  I 

e,  g,  i 

or  /  and  j,  wherein  a,  h,  and  so  on,  are  the  several  minors  corre- 
sponding to  il,  ^  and  so  on,  respectivelj,  we  get  (six,  or,  changing  rows 
into  colnmns)  twelve  expressions  of  the  type  Ah-^Cd-^  Fh,  or,  say, 
2  Ahf  each  of  which  vanishes.  We  also  get  (three,  or,  changing  as 
before)  six  of  the  type  Aa-{-Gc-{'Ff,  or,  say  S-4a,  each  of  which 
represents  /.  And  J  vanishes  (not  identically  but)  in  virtue  of  the 
nine  equations  of  synt hemes  given  in  Art.  8.  This  will  be  seen  on 
actually  substituting  for  A,  B,  and  so  on,  their  respective  values 

«tt+tw,  tttt+v't;,  and  so  on,  or  may  be  shown  as  in  Arts.  98,  99. 

90.  If  d  be  a  distributive   operator  affecting    only    the   letters 

A^  By  ^,,  I  (and  not  u  or  u),  and  such  that  its  efFect  on  a  single  syn- 

theme  (say  A)  is  to  destroy  the  term  containing  v  and  v  (so  that,  for 

instance,  iA  =  uu)  ;  and,  if  moreover  the  effect  of  ^  on  a  product  be 
made  to  resemble  that  of  the  d  of  differentiation  (so  that,  for  example, 
i.AD  =  ASD-^-DBA),  then  we  may  represent  any  one  of  the  decom- 
positions of  Art.  85  by  a  =  ^a. 


§  IX.  On  certain  Identities. 

91.  The    above  formulae  involve  identities,   which   I  write  here. 
Thus        Aa-Og  =  li-Bb    =  Dd-Ffi^  ADI-BFG), 
Aa-Hh  =  li-Cc    =  Bd-Ee^^  ABI-OEE), 
Gg-Eli^Bh-Cc   =  Ff  -Ee(=  BFO-OEET), 
Gg-Ff=Aa-Dd  =  mi-Ee(=  BEF-AGE), 
Aa-Ii  -Gg-Bh^  nii-Cc  (=  IBG  -AGE), 

Bd-Ii  z^Ee-Oc  =  Ff -Bh  {=  IBO  "  BEF), 

8  2 
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whence  we  can  form  systems  of  four  equations  homogeneous  and 
linear  in  il,  J^  ...  and  also  in  a,  fe  ...,  and  independent:  for  example, 

Ee-Ff+Gg^Hh  =  0  =  Ee-Ff-k-Bh^Gc, 
Dd—Ee^Ii  +(7c  =  0  =  Dd-Ee-Aa-^Hh. 

92.  There  is  another  class  of  identities,  which  also  I  write  down 
here,  premising  a  fully  worked  out  example.     We  have 

-46  +  Cci+JPA  =0  =  ABh-^Cid-^FSh 

=  AB  (FG-OI)  +  CS(AI^EF)i'F(OE-AG). 

But  AB  (FG-GI)  =  A  (Fu'u'-^Giu-Guu-Iuu'), 

OS  (AI^EF)  =  0  (Au'u'\'Iuu'-Efiu'-Fu"u), 

Fi  {GE^AG)  =  F  {Cuu^EuU'-Auu-Gii.u)  ; 
therefore 

Ab-k-Od-^-Fh  =  (AG-OE)  uu'+(EF-AI)  uu  +  (^01- FG)  'uu 

=  —  tt  (hu'-^-du  +  bu). 

Proceeding  in  this  manner,  I  get  the  following  twelve  equations, 
whereof  the  sinisters,  being  all  of  the  type  2^&,  vanish  ;  and  if  wo 

reject  the  monomial  solutions  w,  w  ...  u,  u'  =  0,   we  are  led  to  the 
system  of  Art.  88. 

Now,  unless  j  (and  therefore  J)  vanishes  the  system  of  Art.  88  will 
lead  to  the  rejected  monomial  solutions.      But  /  (and  therefore  y) 
does  in  fact  vanish  when  we  postulate  the  nine  equations  of  syn- 
themes  (Art.  8).     This  will  be  seen  on  substituting  for  -4,  J5,  ...  I 
their  values,  or  may  be  shown  as  in  Arts.  98,  99. 

Ba+Dc+ir/  =  -  ti'  (/t*"+ctt +at*), 
Ea-{-  (?c+ 1/  =  -  tt"(/tt''+ctt'+at*), 
AbiOd-^Fh=:  -uihu'+du-^-bu), 
Eb-^Od-^Ih^  -'u\hu'+du+bu), 
Ae-^Ogi-Fi  =  -i  (iu"+^tt'  +  et*), 
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(7a  +  D6  +  Ge  =  -  tt  (cw"  +  hu  +  aw), 
JPa+ro+Ie  =  —uiea'-^-hu-k-au), 
Ac-^-Bd-^-Eg^  —  u  (gu'+du-{-cu), 
Fc-^-Hd-^-Ig  =-u"(flrtt''  +  iu'+Ott), 
Af'\-Bh+Ei  =i'-u  (til'  +  hii^fu), 
Cf+Bh-^-Oi  =  -u  (iir-^hu'-^fu). 

93.  The  Bimnltaneons  interchanges  (B,  0),  (E^  F),  and  (G,  fl")  have 
no  effect  npon  Oj,  a^  a,.  In  other  cases  thej  change  a^^  into  as^^i  or 
Oi»4.i  into  OjiM-     These  interchanges  wonld  be  made  by  a  shifting  of 

accents  in  Art.  8  (say,  for  instance,  by  changing  uu  into  mm').     But 
snoh  shifting  wonld  have  no  effect  upon  A,  D,  or  I. 

94.  I  remark  that 

il2>I-J51?^G=(2,2)(l,l)(0,0)-(2,l)(1.0)(0,2), 

^i}J-a£7iT=  (2,  2)(1,1)(0,0)-(2,0)(1,2)(0,1), 

and  that  a    similar  form  for  BFG—CEII  may  be  found  by  sub- 
traction. 

§  X.  Differentiations  and  Verifications ;  Simplifications. 

95.  The  foregoing  results  are  general  and  not  confined  to  the  cases 
in  which  the  accents  denote  differentiations.  They  are  true  when 
the  accents  are  regai'ded  merely  as  marks  to  distinguish  different 
quantities.  But,  treating  the  accents  as  differentiations  and  re- 
curring to  §  II.,  we  get 

m  m 

(Z'  =  —  (p+i?)  d-{'qgi'qh—(h-\-c), 

a  =  —  (i?+p)  a-hre-hr/, 
—h'  =f-\'d'\'ph—qiy 
-g  =  e-\'d-\-pg—qi, 

/'  =  — c-2?/+W, 

— c'  =  (p+p)  c—qf^rg-\-a, 

•  • 

—  6'  =  (p+p)  6— ge— r/i-ha. 
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96.  If  we  differentiate  the  identity 

Ff-Ee-Gg-^Hh=:0, 

which  (with  signs  changed)  is  one  of  the  identities  of  Art.  91,  we  get, 
after  snbstitntions  and  rednctions, 

(jf^Ee-Og^-Bhy 

+q(m+I)g  +  Be)^q(Gi'hCf'^Dh) 
+r  (^1+ 05r+-4e)-r  (JE?i+4/'+m)  ; 

hut  -'Fc'\'Eh'\'(0—E)d—I(g—h)  vanishes  identically,  as  will  be 
fonnd  on  snbstitntion,  and  the  rest  vanishes  in  virtue  of  the  identities 
of  Arts.  91,  92.     All  this  is  right. 

97.  Again,  take  the  identity 

Ei-^Bh-{-Af=:0; 

we  get 

(Ei+Bh+Af)'  =  (K+m+0/-(^i+m+4/')p  =  O  +  Op  =  0, 
as  is  seen  on  turning  to  Art.  92.     This  too  is  right. 

98.  And  I  here  add  that 

-4a + JB6 + ^e  =  u'  (iu"  +  hu  •\-fu)  +  u  (gti'+ du'  +  cti), 
Aa  +  Oc  +  Ff  =  tt"  (itt"+flrtt'+ett)+tt  (hu'+du-^-hu), 

Oc + Bd -{-Qg  :=  u  (eu" + hu  +  au)  +  u"  (iu' + hxC -\-fu) , 

Ee^-Og-^-Ii  =  w  (W+£itt+6tt)+tt  (/u'+cu'+aw), 

Ff-{-Hh-{-Ii  =  u  (^ti"+(iu'+ctt)+M  (eu'-hhu-^-au). 

The  first  of  these  f ormnlfis  is  obtained  from 

Aa-^Bh-^-Ee  =  ASa-tB^b-^-O^c, 

by  processes  corresponding  with  those  of  Art.  92 ;  the  rest  in  a 
similar  manner.. 

99.  Rejecting  the  results  u,  u\  u\  ...u"  =  0,  there  remain  in  Arts. 
88  and  92,  six  equations  which  show  that  the  six  forms  of  J  given  in 
Art.  98  vanish.  Again,  subtract  the  second  form  from  the  first.  We  got 

Ee^Ff-{-Bh-Gc  =  it  {fu^cu')-u  (eti"+ftti'), 
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whereof  the  sinister  vanishes  (see  Art.  91),  and  the  dexter  reduces  to 

u  (  — att)— u  (— au)  or  zero. 

Formnlaa  sach  as  those  given  in  Arts.  88  and  02  may  aid  in  keeping 
down  elevation  of  degree  arising  from  elimination. 

100.  In  this  paper,  however,  my  object  is  not  so  much  to  consider 
the  aotaal  calculations  incident  to  the  eliminations  as  to  conform,  as 
nearly  as  may  be,  with  the  prior  memoir  and  to  ingraft  upon  it  the 
proof  that  the  general  linear  differential  equation  of  the  second  order 
is  soluble  by  means  of  an  algebraical  equation,  the  coefficients  of 
which,  however,  will  not  in  general  bo  algebraical. 

101.  It  is  not  meant  to  be  assei*ted  that  such  equation  will  itself  be 
algebraically  soluble.  For,  although  one  of  its  roots  will  be  a  rational 
function  of  two  other  of  them  and  of  the  coefficients,  still,  unless  its 
degree  be  prime,  its  solubility  cannot  be  affirmed. 

102.  The  sinisters  of  a  =  Ba  will  consist  of  terms  of  the  form  py 
(using  /3,  y,  €,  &c.,  to  represent  letters  of  the  set  -4,  i?, ...  J),  and  the 

dezters  will  consist  of  terms  of  the  form  eu'^'-u'-'K 

103.  The  expressions  a^t)ii„— a„^fi,„  will  be  linear  and  homogeneous 
in  u  and  u  ;  so  that  on  dividing  by  uu  we  shall  get  equations  which 
the  elimination  of  7^,  u^,  Wj  and  Wj  will  enable  us  to  express  in  terms 
of  A,  By  ...  J.     But  (anticipating  Art.  133)  the  expressions 


(eoGj— GiGa)  a„,  — CiCjC  J  ^''^"^     ^a 


»i  > 


similar  in  the  linearity  and  homogeneity  to  the  former,  will  be  more 
advantageous,  being  of  lower  dimensions  in  A,  7i,  ...  J.     By  means  of 

Art.  88,  the  «i,  Wg,  u^  and  n^  of  Art.  79  can  bo  expressed  rationally  in 
terms  of  the  minors.     But  the  forms  (0  :  0)  are  useless. 

104.  As  the  ^  of  Arts.  86,  90  does  not  affect  u  or  w,  so  neither  does 

it  affect  p,  q  ...  g,  r,  nor  indeed  any  function  X  of  a; ;    so  that,  for 
eicample,  S .  Xa  =  XSa, 

§  XI.  Introduction  of  the  General  Biordhud, 

105.  Let  p  and  r  be  independent  and  arbitrary  functions  of  «,  and 
let  m  be  any  constant  (other  than  0  or  oo  ).  Then  the  general  linear 
and  homogeneous  biordinal  may  be  represented  by 
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106.  Effecting  the  transformation  indicated  by 

we  get  y"'+py''+qy'+ry  =  0, 

107.  The  complete  solution  of  this  terordinal  involves  that  of  the 
biordinal.  Let  y  s=  u,  v,  to  denote  three  independent  solutions  of  the 
terordinal.  Then  (^  =)  t(;  =  a?"  may  be  taken  as  one  of  these  solu- 
tions. 

108.  It  follows  (Arts.  4  and  16 ;  also  Art.  55)  that  is  an  in- 
tegrating factor  of  the  deformation. 

109.  The  value  m  =  2  is  that  best  adapted  to  the  case  of  the 
particular  Biccatian.  I  retain  it  here,  and  the  results  of  the  present 
are  easily  compared  with  those  of  my  prior  paper.     Put,  then,  «;=aj'. 

110.  The  terordinal  will  be 

and,  multiplied  into  x,  will  take  the  form 

0"+2>^'-Jajr0  =  O, 
wherein  0  =s  xy'—2y. 

111.  Its  deformation  will  be 

r"-(p-h2— )  r' 

which,  multiplied  into  —  and  integrated,  yields 

-  r'-  f  £  p -ha?  4  +  ~ )  T-lx'Y  =  constant 
whence,  if  the  constant  be  supposed  to  vanish, 
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112.  The  mixed  integral  of  Art.  16  written  in  the  form 

y  {  Y"- (p+  y)^}-  y"T-r,jY  =  cr, 
therefore,  becomes 

or  -  i-  (ajy-'-y-)  T-{-\r{xy'^2y)  Y^cr, 

which  is  equivalent  to 

-e'r+ia>r0Y=cajr. 

113.  The  resolts  are  the  same  in  form  for  the  dotted  as  for  the 
nndotted  letters.  And  by  precisely  similar  steps  wo  are  led,  in  the 
correlate  system,  to  the  mixed  integral 

114.  The  nnsnflBxed  9  of  this  paper  is  essentially  different  from 
the  snffixed  G*s,  say  the  0„'8.  Thus,  0,„  means  a  function  of  x  and 
of  synthemes  ;  while  0  is  the  dependent  vaiiable  in  the  biordiual  of 
Art.  110,  whereof  0  =  0,  and  G  =  ^,  are  supposed  to  be  independent 

•  •  • 

particular  integrals.     And  0  (=  xy'—2y)  is  the  dependent  variable  in 

0"-|-j;0'-iajV0  =  O, 

•  •  •  • 

whereof  0=0,  and  0  =  ^,  are  to  be  taken  as  independent  particular 
solutions. 

115.  Except  in  so  far  as  it  is  ncccssai*y  in  particular  cases  to  sub- 
stitute appropriate  particular  values  for  p  and  r  the  process  is,  up  to 
a  certain  point  and  so  long  as  we  keep  to  the  value  2  of  the  exponent 
m  of  Art.  107,  the  same  for  all  biordinals.     The  equations  of  Arts. 

8 — 12  are  the  same  for  all.  The  meaning  of  6,  ^,  0,  and  &  is  the 
same  for  all.  The  quantities  0o,  0i,  0^,  and  0,  are,  when  expressed 
in  terms  of  x  and  synthemes,  the  same  for  all.  But  the  expressions 
for  00,  01,  03,  and  0j,  in  terms  of  M  and  x  are  peculiar  to  the  Riccatian 
discussed.  So  that  while  the  relations  of  Art.  58  arc  always  true 
those  of  Art.  68  are,  so  far  at  least  as  M  and  all  which  follows  the 
"  =  "  that  precedes  it  are  concerned,  true  only  for  the  particular 
Riccatian. 

116.  The  equation  of  Art.  16  holds  for  all  values  of  Y  and  y. 
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Keeping  to  the  same  F,  let  i/i,  ^„  and  y^  be  any  three  distinct  values 
of  y.    Then  the  three  equations 

y[ T'-^y'.'T--  (l>  +  7  )  y(  T^ry,  Y  ^  c,r. 


jr'-y;'r-.(i,+ :^)  yjr-ry,r=:  c,r, 


ys 


always  hold  when  proper  values  or  ratios  are  given  or  assigned  to  or 
among  the  arbitrary  constants  c^,  c,,  and  c,. 


117.  Writing  this  system  thus — 


r, 


and  dealing  with  the  determinant  on  the  sinister  in  the  same  way  as 
the  determinant  Z  was  dealt  with  in  Art.  21,  we  get 


\  I  ya  I  ^8 


—  c. 


yi',  ya 
yi>  yi 


-c, 


."    ' 


yi  >  yi  r\ 

yj ,  ya  I  / 


118.  Putting  Ci  =  0  =  c,,  replacing  F,  y^,  and  y,  by  TT,  t*,  and  v  re- 
spectively, and  merging  —  c,  in  the  constant  of  integration,  we  get 


W 


=;"'' 


and,  by  corresponding  operations  or  by  cyclical  changes,  we  get  the 
systems  of  Arts.  18  and  19. 

119.  If  in  Arts.  96,  97,  we  put  y^,  yt^Vz  =  t*t  v,  a' ;  then 
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and  if  we  suppose,  in  conformity  with  Art.  Ill,  that  the  arbitrary 
constant  in  the  integrated  deformation  vanishes,  then  c,  =  0. 

120.  On  these  suppositions  the  formulsB  of  Art.  112  lead  to 
whenoe,  eliminating  Y\  reducing  and  recalling  Art.  56, 

and  J'"  (ey-^e-)  =  SiE+hZ, 

121.  The  sinister  is  a  constant,  for 

vanishes  identically  when  &"'  and  y  are  eliminated  (for  0  and  ^  are 
solntions  of  the  biordinal  of  Art.  110)  ;  and  Oi[7-|-(7,Fbeing  substi- 
tuted for  Y  on  the  dexter,  we  have 

where  log  A?  is  the  constant  of  integration  in  jpdx.    Hence  c^  and  c, 

cannot  be  supposed  to  vanish  simultaneously  without  leading  to  a 
useless  result.  But  either  c^  or  c,  may  vanish  separately,  and  in  fact 
one  (only)  of  them  is  supposed  to  vanish  in  deducing  the  systems  of 
Arts.  18  and  19.  This  evanescence  enabled  us  to  give  to  the  systems 
a  shape  which,  though  not  the  most  general  in  form,  is  in  substance 
general,  and  the  simplest  which  can  be  constructed. 

122.  Let  ^  =  CTor  7;  then  by  {3}  and  {4}  of  Art.  59,  we  have 

the  positive  sign  (  +  )  and  the  value  0  =  ^  being  taken  when  Z^=:  U^ 
and  the  negative  sign  (— )  and  the  value  9  =  tf  being  taken  when 
Z=V,    Hence 

and  e'Z'  =:±^xr.  2  J*"^  G'G  =  ^xrQZ, 

123.  It  follows  that 

-yr+iajr^l7  and  -tfT'+JajrOF 
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both  yanisb  identically.  Hence,  dealing  with  the  first  two  equations 
of  Art.  120,  when  we  put  Y^  Uf  then  we  must  put  c,  =  0,  and 

and  when  we  put  Y  =  F  then  we  mnst  pnt  C|  =:  0,  and 

124.  When  c,  =  —  C|  these  last  results  coincide,  for,  multiplying 
both  into  &'     and  remembering  Art.  122,  each  becomes 

whence,  since  E  =  —  r, 

a  result  which,  when  —  c^AjITss  2,  coincides  with  the  sixth  relation  of 
Art.  19.  Here  log  K  is  supposed  to  be  the  constant  in  the  integra- 
tion JPdsp. 

125.  For  the  correlate  system  we  get  (since  E  =  —  r)  a  similar 
result 

bJ'"  (rtr'-  uv')  =  -  i,?xJ^'^"^  =  -  ;^kKx, 

and  a  similar  condition  —CikK  =  2  ;  log  k  and  log K  being  the  con- 
stants of  integration  in  Ipdx  and  ^Fdx  respectively. 

126.  Thus,  when  the  arbitrary  constants  are  properly  adjusted,  the 
mixed  integrals  introduce  no  new  conditions. 

§  XII.  On  Certain  Special  Oases. 

127.  Putting  raj  =  2,  multiplying  the  first  mixed  integral  of 
Art.  123  into  X,  and  substituting  for  XCT  a  value  given  by  {3]  of 
Art.  69,  we  get 

e'  {aj(l-aj')0'+aj'«}'-0  {aj  (1-aj')  0'4-aj'a}  =  2ci\, 
or 

fl'{«(l-aj')r4-(l-2aj*)^+2aj0}-0{»(l-a^)0'+aj»0}=2ciX. 
But,  in  the  case  of  the  Riccatian,  the  biordinal  of  Art.  114  gives 

a"+  (l.-.ajW  +  0=O,  and  a?  (l-««)  r= -(l-at')=r/-aj  (l-a;»)&, 
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and  the  mixed  integral  beoomes 

or  ^a^e^er^x  (i+»')ee'-aj(i-»«)  ye-gfee  =  2c,x. 

128.  Again,  the  corresponding  mixed  integral  of  the  correlate 

8y>tem  beoomes  ^6l'U'^6u=i^2cif 

•  •  •  • 

aince  an*  =  —  2.    Multiplying  into  X  and  Bubetituting  for  X  [T*  a  value 

given  by  {l]  of  Art.  59,  we  get  in  the  same  way 

a' {« (i+«*)  fl^+ (1-f  2aj«)  er«2aje} -f  0  {a?  (1 +»•)  ©'-«' 6}  = -2c;x, 

whence,  eliminating  6^'  by  means  of 

obtained  from  the  biordinal  of  Art.  90,  we  get 

&  {  -x*ff-x  (l-aj')0}  Ve  {x  (l+»')  e'^a?e}=:^2c^\. 

129.  The  two  mixed  integrals    coincide  if  2ciX=~2ciX.     But 

(Ah.  64)  X  =  —  X.    Hence  Cj  =  Cj,  and  recurring  to  Arts.  76  and  77, 

•  •  •  • 

we  have  2ciX  =  — 2ciX  =z  —c^  c. 

130.  Unless  we  introduce  transcendents  these  hybrid  integrals,  in- 
volving both  t^and  u  (and  also  their  differential  coefficients),  can  only 
be  obtained  in  rare  cases,  of  which  the  particular  Riccatian  is  the 
most  conspicuous  example. 

131.  Suppose  that  the  biordinal  of  Art  105,  put  under  Boole's 
form,  is  D  (D-6)  z-^-x^  {I>-a)  »  =  0, 

then,  proceeding  as  indicated  in  Art.  106,  we  have  the  terordinal 

D  (D-2)(D-6)  t/  +  »'(-D-2)(D-a)  y  =  0, 

its  deformation 

jy  (D  +  6-2)  r-aj'  (D  +  2)(D+a)  r=  0, 
a  correlate 

D  (D-2)(D-6)  y-a?  (D-2)  (D-a)  y  =  0, 

and  its  deformation 

D»(D+6-2)r+aj"(D+2)(D+a)r=0. 
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132.  Following  Boole  and  transforming  the  deformation  into  the 
correlate  bj  the  substitution 

*D*.D  +  6-2.D-4.D-a-2^         'D-4.D-a.D-f  6-2^' 

we  see  that  when,  and  onlj  when,  a  is  (an)  even  (integer)  or  when 
&  — a  is  even,  or  when  2a  and  2&  are  both  even,  then  a  hybrid  integral 
can  be  found  without  introdncing  transcendents.  The  like  would 
hold  if  we  compared  the  given  equation  with  the  deformation  of  its 
correlate.  And  the  process  of  the  prior  paper  admits  of  extension  to 
all  cases  in  which  a  is  odd  and  h  even.  But  the  better  coarse  would 
be  to  transform  at  once  to  the  case  already  discussed. 

§  XIII.  On  the  Functions  Gq,  9i,  6,,  and  9,. 

133.  Multiplying  together  the  two  identities 

W-^0'=  c^e'-f'*'  and  6^-  M=  ie'^"""^ 
we  get 


•            • 

e,  » 

0,    ^ 

ee+&s,   od'-fiy 

&,»' 

• 

^,   ^' 

er$+s'»,   ffff+9'»' 

CiCiB 


or 


eoG,-e,e,=<;iCie-J^*''^ 


dx 


(B). 


134.  In  verification    make   the  sabstitations  appropriate  to   the 
Biccatian ;  then  (Aria.  41,  43,  and  68)  this  (B)  becomes 

whence 

^  =  ^  =  ^i^  =  -(2c,X)(2d^)  =  (2c\)'  =  (-C)'  =  c', 

sfi  we  see  on  turning  to  Arts.  67  and  109. 

135.  In  further  verification,  differentiate.     Then 

{e,e,-Q,Q,y=  eoej+e8ei-e,ej-e,e;  =  -(p+jp)(eoe8-eie,), 

as  will  be  seen  on  substituting  for  the  accented  letters  their  respective 

values,  viz. :  ej  =  —  (  ^  -^p)  0,  +  |ajr  9,  +  ^xr  Gj, 

G2=  G,     -pQ^  +|ra;Go, 

G;=  G,  -pGi+iaJrGo, 

Go  =  Gj        +Gi. 
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136.  By  development 

and  we  have  a  decomposable  form.     Decomposing  it,  we  get 

e;«e,+eaaeo-ei^e,-e,aei  =  a^eowV— (aj'ei-h«eo)ttV' 

-(aj*e,+«eo)ttV+2ajeiW'  +  2a5e,ti'M+{aj'e,+aj(e,  +  e,)-f03}i*V 

137.  In  verification  make  the  appropriate  substitutions  (Art.  68) 
and  we  get  the  mixed  integral  of  Arts.  76  and  77 ;  and,  when  this 
hybrid  (Art.  130)  integral  is  known,  all  the  four  0^*8  are  known. 

138.  Differentiation  will  elicit  no  new  result  from  (B)  nor,  as 
Art.  95  shows,  from  the  formulas  of  Art.  85.  And  the  last  statement 
is  confirmed  when  we  follow  the  course  of  my  prior  paper.  Six 
additional  results  are  got  by  means  of  (2)',  (2)",  (3)',  and  (3)",  or,  in 
other  words,  by  twice  differentiating  (2)  and  (3)  of  Art.  9,  and  then 

eliminating  u'\  u'\  and  the  accented  letters  -4',  B',  ...  JT  by  means  of 
the  formulas  of  Arts.  9,  11,  and  12. 

139.  The  relations  so  obtained  will  not,  however,  be  in  their  simplest 
form.     Remarking  that  (4)  is  (1)',  and  that  (5)  of  Art.  74  is  in  fact 

(4)'— 2  (2)  +  (g-f  g)  (1),  I  form  the  several  expressions 

(2)'+(^-|-p)(2),orsay(7); 
(7)+(p+l>)(7)-2{(3)  +  (g+(?)(2)-hg(?(l)},orsay(8); 

(3)'+(^+p)(3),orsay(9); 
and  (9y+(p4.^)(9)-2rr  (1),  or  say  (10)  ; 

and  thus  from  that  prior  paper  I  get,  putting 

•  •    •  •  • 

r—pq—q^'  p  and  r—pq—q'^z  p, 

1=^1,     cZ  =  ^ci,     a  =z  ^a (1,2,3), 

gJ^h  =  ^g-^-hJl  (4), 

f-^e-k-'ph'\'pg  =  ^f-k-^e-k-'pl'k-\'p^ (5), 

—h'-c-\-qk-\-qg  =  —  ^6--5c  +  g^A  +  g5gf (7), 

-'2qe'-2qf'-ph-pg  =  —2qSe''2q8f-pSh'^p^g    (8), 
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rf-^-re  =  Thf-\-r^6 (9), 

•  •  •  •  •  • 

— re— r6+iri/+Tre  =  —  r^c— r^6  +  ^/*^/+^«T^e  (10), 

ir  and  *-  being  already  (Arts.  18,  41,  43)  defined.  If  we  pi-oceed  to 
another  differentiation  we  get 

-2p/-2^e-  {p*-f')  h-ip'-p')g 

=  -2pSf-2i>Se-Cp'-i>')  ih-  (p'-p')  Sg, 

and  inasmaoh  as  this  can  be  pnt  nnder  the  form 

\(4)+^(6)  +  v(8)+<r(9), 

where  X,  /i,  v,  and  a  are  all  free  from  any  or  either  of  the  quantities 
/,  Bf  hy  and  g,  no  new  result  is  gained. 

140.  Whichever  course  we  adopt,  viz.,  whether  we  use  the  system 
of  Art.  85  or  that  of  Art.  139,  we  get  nine  equations,  equivalent  how- 
ever to  five  independent  equations  only.  Denote  the  six  forms  of  /, 
taken  in  the  order  in  which  they  occur  in  (the  sinisters  of)  Art.  98,  by 
(1,  2,  3,  4,  5,  6)  respectively.  Then,  whether  the  small  letters  repre- 
sent minors  or  decomposables,  or  whether  they  are  regarded  as 
arbitrary  and  independent,  the  identity 

(l)  +  (4)  +  (6)-(2)-(3)-(5)=0 

subsists ;  and  the  relations 

(1)  =  (2)  =  (3)  =  (4)  =  (5)  =  (6) 

imply  four  conditions  only.  But  they  do  imply  four  distinct  con- 
ditions capable  of  being  exhibited  in  various  ways.  For  instance, 
strike  out  (6)  ;  then  (1)  =  (2),  (1)  =  (3),  (1)  =  (4),  (1)  =  (5),  will 
give  four  distinct  conditions,  for  Ff  occurs  in  (1)  =  (2)  only ;  Hh  in 
(1)  =  (3)  only;  Aa  in  (1)  =  (4)  only,  and  li  in  (1)  =  (5)  only. 
Again,  recurring  to  Art.  91,  Og,  Bb,  li^  and  Hh  severally  occur  only  in 
the  first,  second,  third,  and  fourth  respectively  of  the  relations  given 
at  its  close.  But  the  system  of  Art.  91  is  not  really  di£Eerent  from 
the  one  just  considered. 

Thus  the  nine  equations  which  enter  (explicitly)  reduce  themselves 
(implicitly)  to  (9—4,  or)  five  conditions.  And  these  conditions  may 
be  expressed  in  terms  of  -4,  J?,  ...  J  without  imposing  any  additional 
restriction.  For  when  (and  if)  the  four  0^*s  are  properly  determined 
(say  each  in  the  form  0«  =  X,,),  then  the  equation  (B)  of  Art.  133  is 
necessarily  satisfied,  and  the  process  of  Art.  103  introduces  no  new 
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relatioD.  And,  since  each  of  the  Qjs  is  a  linear  function  of  some  four 
of  the  nine  quantities  A,  B,  ...  I,  we  have  (5  +  4r,  or)  nine  relations, 
not  all  homogeneous,  for  determining  the  nine  quantities  A,  B,  ...  L 

14rl.  All  this  supposes  that  the  four  G^'s  can  be  finitely  determined. 

§  XrV.  On  the  Solution  of  the  Oeneral  Biordinal, 

142.  Assume 

then  r=Ly-\-M,y'  +  N,y, 

T'^L.f^'M.y'^N^y, 
where  Xi  =  — ^L+i^'+M,     X,  = -^L^  +  i^I  +  ifi, 

N,  =  -rL+2^,  N,---rL,-hN[. 

143.  Substituting  these  values  of  F,  Y',  and  Y"  in  the  biordinal  of 

/        1 
Art.  Ill,  and  putting  for  the  moment    K  =zp'i- h  — ,    we  get 

r        X 
(L,^KL,-^xrL)f-\'(M,^KM,--ixrM)y'-\-(N,-KN,^l^N)y  =  0. 

144.  This  will  be  satisfied  if 

L^-KL^'^xrL  =  0,     M^-KM.-^xrM  =  0,     N^-KN^-^ayrN  =  0. 

145.  An  absolutely  general  solution  of  this  system  is  not  essential ; 
bat  2/  =  0  will  afford  one  of  sufficient  generality.  I  shall,  however, 
for  the  present,  defer  the  introduction  of  this  condition  (2/  =  0). 

146.  We  see  at  once  that 

but  inasmuch  as  ^  =  x*  is  a  solution  of  the  terordinal  of  Art.  90,  and 
y  =  »'  of  its  correlate,  therefore 

•  •  • 

and,  in  virtue  of  the  last  relation, 

147.  So 

L,+xM,'\-ix'N,  =  (L,+xM,+^3?N,y  =  {L+xM+^Nf  5 

VOL.  XIX.,  NO.  322.  T 
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148.  In  the  simplified  mixed  integral  of  Art.  112  substitute  for 
e  and  e'  (see  Art.  110)  and  for  Y  and  T  (see  Art.  142).     We  get 

—xL^y'y'-^-  (lafrL-^-Li)  y'y''xM^yy''-xrLy"y-xNyytf' 

+  {\x^TM'\'MSy'y-^Myy  +  {\x^TN'^N,)  yy-xrNyy  =  car. 

149.  In  the  last  relation  of  Art.  136  replace  u  and  u  hj  y  and  y 

respectively ;  and  for  shortness  represent  e"-'      **      by  0.     The  result 
will  be  identical  with  that  of  Art.  148  if 

_i=«.e.;    _A  =  2«®I;    -^  =  2x%    -^  =  4®'; 
cr  <^  c  <f  cr  ^  c  fjt 

c      co^  i^  ^  cr  0  0 

-^  =  -23-2®!; 

C  0  0 

C  car  ^  0  0c  CiBT*  0  0 

150.  All  the  conditions  are  satisfied  if 

Arz-ca-Ve^''*""  e.;  If,  =  «rr</'^*'"'(«e.  +  e.); 

I  have  often,  perhaps  unnecessarily,  retained  arbitrary  constants 
which  might  in  strictness  have  been  spppressed  or  merged.  But  the 
retention  is,  I  think,  convenient  for  purposes  of  reference. 

161.  We  now  get 

L+ajlf+iajW  =  0;    L,+a3lf,  +  iajWi  =  0, 
and  (see  Art.  147)  consequently, 

L^^-xM^'{'\x^N^  =  0. 

152.  Eliminating  L,,  Zyj,  and  2y,  we  get 

M"+7niM'  +  Wj3f +ni?^'+n,?^  =  0, 
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and  hare  it  wOl  be  convenient  to  introduce  a  symbol  k  defined  by 

r         1 

K  haTing  the  same  signification  as  in  Art.  143. 
153.  This  being  so,  we  have 


iii  =  aB»i+2, 


.,  =  ««r— Z, 


wherein  it  may  be  noticed  that  we  have 

mi+v,  =  — 2A:,  yi^i^f^i  =  — ^, 

m,— r,  =  2xg— aj'r,  »'i-»'i—  -g-CA^j-f*!)  =  ir+iaj(r-r), 

«t,— y,=l(i?h— v,)'-iA(m,— f'l),  |jr(mi->'i)-Wi=:  -a!'r-2. 

154.  Multiply  the  first  equation  of  Art.  152  into  If,  and  the  second 

into  Nf  and  subtract  the  last  from  the  first  result.  Then  e'^  will 
be  an  integrating  factor  of  the  difference ;  and  the  integral  may 
be  written 

155.  To    verify  this,    substitute  for    N'    and    IT   their  values 

(2^  =  ^,  +  rL,  ir=Jlf,+gL-4')  obtained  from  Art.  142.  The 
integral  becomes,  in  virtue  of  Art.  158, 

MN^ - NM,  +  (rM-'qir)  L-^xr^P- (xq-^z'r)  MN- i^^qN^ 
as  appears  from  Art.  151.    But  from  the  formulae  of  Art.  150,  we  get 

=  4c'c,c,e"'     , 

as  follows  from  (B)  of  Art.  133,  and  from  bringing  xr  under  the 

exponential  integral.     Merging  the  arbitrary  constant  4c'C|C„weget 

T  2 
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for  MNi—NMi  the  same  value  as  before.  This  verifies  not  only  the 
particular  calculations  but  also  the  relations,  assigned  in  Art  160, 
between  the  G^'s  and  X,  If,  and  N. 

156.  In  further  verification,  we  have 

ii+^i}-r-M  =  (J^'*''^'^{--a5»r0o-2aj^e,-h2[l  +  aj(i)+2j)]e, 

+  2a5ei-2(aje,-he,)} 
=  J^'"^'"  {-»Veo-h2ajpe,-2aje,+2aje;}, 

which  vanishes,  as  it  ought,  in  virtue  of  Art.  135.  Another  easy  test 
is  obtained  from  JV^  =  -^rL  +  N', 

157.  A  strong  verification  is  had  by  applying  the  foregoing 
formulae  to  the  particular  Riccatian  discussed  in  my  prior  paper,  for 
which  we  have 

Jfi  =  -2aj*-2aj»;   JV^  =  2aJ»  +  2«. 
These  values,  being  substituted  in  each  of  the  three  equations 

=  -  rLj  +  Ni-pN"  IxrN 

(which  are  obtained  by  a  combination  of  results  given  in  Arts. 
143 — 7,  151),  satisfy  all  three  of  them. 

158.  I  now  introduce  a  symbol  X  defined  by 

J«-«L-J"*^^^^X,  or  by  \'  =  ^X  +  1, 

and  which  will  therefore  be  in  general  a  transcendent.  And  I  give 
to  the  coefficients  of  the  correlate  the  following  values,  viz., 

p  =  K+-r-'i    Q  =  K' -K" ixr  :    r  =  r ; 

X  aj  ajX  z 

values  which  satisfy  the  condition  of  Art.  146.     This  being  done, 

I  say  that 

i  =  0,     lf  =  -|a5X,     JV=X 

will  fulfil  all  the  conditions. 

159.  Put  then 
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it  follows  that 

r"  =  -i{irx+^(.s^4-i)}0-(jK:\+i)e'-iX0". 

160.  Hence 

=  -iJT'Xe-  (i-S:\  +  l)0'-iX  (ia?P0-i?0'),  [Art.  11^ 
=  -JX  {{K-^\xt)Q^{K-~p)Q']^Q' 

=  -|x[iaT0-|-0'J-0', 

=  -i«rX0  =  |ajrY; 
therefore     r'-JBTF-isw  Y=  0  =  T'-  (p-f  —  +  -)  r-fajrY, 

and  the  equation  of  Art.  Ill  is  satisfied. 

161.  By  way  of  example :  in  tlie  biordinal  of  Art.  105  put  p  = 

2 
m  =  2,  r  =  aj",  and  it  becomes  z"-\ z'—kx^'^^z  =  0,  which  is  trai 

X 

formed    into    f— ^a;"*^f  =  0,    by   the    substitution    xz  =^  C       T 
terordinal  (Art,  110)  is 

y'"+0.y"-K*^y'+aj"y  =  0, 
the  deformation  is 

y.,_^y/_^  Cn(nJ-l)_^^.ijy,_^,y^Q^  [Art.  111.] 

and  the  correlate  is 

for  K='^-±^,    \=--^, 

X  n 

and,  by  Art.  158, 


162.  Hence  ^=  "  "^  (2^-  f  2^')  ' 
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or,  mnltipljing,  as  we  may  do,  into  —  2n,  and  then  replacing  —  2nY 

by  r,  we  get  Y  =  a?y''--2xif,     T  =  aj"y"-2y, 

and 

163.  And  this  is  right;  for  if,  as  in  Art,  111,  we  integrate  the 
deformation  and  suppose  the  arbitrary  constant  to  vanish,  we  are  led 

to  Y"-  ^±i  r-K*^  r=  0, 

and  so  to  a  verification  of  preceding  results.     In  dealing  with  this 
example  no  transcendent  has  been  introduced. 


Thursday  J  April  12th,  1888. 

Sir  JAMBS  COCKLE,  P.R.S.,  President,  in  the  Chair. 

Mr.  A.  B.  Johnson,  M.A.,  Fellow  of  St.  John's  College,  Cambridge, 
was  elected  a  Member. 

The  following  communications  were  made : — 

Continuation    of  Former  Paper  on  Simplicissima :     W.  J.    C. 

Sharp,  M.A. 
Synthetical    Solutions    in    the    Conduction    of   Heat:    £.   W. 

Hobson,  M.A. 
Continuation  of  paper  on  Symmetric  Functions :  R.  Lachlan,  MA. 
On  a  Law  of  Attraction  which  might  include  both  Gravitation 

atid  Cohesion :  C  S.  Carr,  M.A. 

The  following  presents  were  received : — 

**  Proceedings  of  the  Royal  Society,'*  Vol.  xLin.,  No.  263. 

**  Educational  Times,"  for  April. 

**  Proceedings  of  the  Manchester  Literary  and  Philosophical  Society,*'  Vols. 
XXV.,  1886—86,  and  xxvi.,  1886—87. 

<<  Memoirs  of  the  Manchester  Literary  and  Philosophical  Society,"  Third  Series, 
Tenth  Volume. 

"^nals  of  Mathematics,"  Vol.  ui..  No.  6  (University  of  Virginia)  j  Dec.,  1887. 

'*  Bulletin  des  Sciences  Math^matiques,"  Tome  xii.  ;  March  and  April,  1888. 

**  Bulletin  de  la  SociSt^  Math^matique  de  France,"  Tome  xvi.,  No.  1. 
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**  Journal  de  r]6cole  Poly  technique,"  67*  cahier  ;  Parifl,  1887. 

**  Annales  de  TEcole  Polytechnique  de  Delft,*'  Tome  iii.,  4"*«  Livraison;  1888. 

**  Beiblatter  zu  den  Annalen  der  Physik  und  Chemie/'  Band  xn.,  Stuck  3 ; 
Leipzig,  1888. 

'<  Jahrbuch  iiber  die  Fortschritte  der  Mathematik,"  Band  xyn..  Heft  2,  Jahr- 
gang  1885  ;  Berlin,  1888. 

**  Berichte  iiber  die  Yerhandlungen  der'Koniglich-SachsiBchen  Gbsellschaft  der 
Wissenschaften  zu  Leipzig,"  Math.-Phys.  Classe,  1887,  i.,  n. ;  Leipzig,  1888. 

**  Mittheilungen  der  Mathematiachen  GeseUflchaft  in  Hamburg,"  No.  8 ;  Marz, 
1888. 

"  Atti  della  Reale  Accademia  dei  Lincei — Kendiconti,"  Vol.  ni.,  Fasc.  10 — 18, 
Nov.  20— Die.  18,  1887. 

"  Bollettino  delle  Pubblicazioni  Italiane,  ricevute  per  Diritto  di^Stampa,"  Nos. 
62—64  ;  Febb.  29— Marzo  31,  1888. 

'^Sitzungsberichte  der  Koniglich  PreujBsiBclien  Akademie  der  Wissenflchaften  zu 
Berlin,"  xl.— liv.,  Oct.  20— Dec.  22,  1887,  with  Title,  Index,  &c. 

"  Memoriae  de  la  Sociedad  Cientifica — *  Antonio  Alzate,'  "  Tomo  i.,  No.  8 ; 
Mexico,  1888. 

**  Calendar,  for  the  year  1887 — 88,  of  the  Lnperial  University  of  Japan,"  8vo  ; 
Tokio,  1888. 

**  Sur  la  determination  d'une  Courbe  algebrique  par  des  Points  donnas,"  par 
H.  G.  Zeuthen.     (Excerpt  from  "  Mathematische  Annalen,"  Bd.  xxxi.) 

"  Die  Rationalen  ebenen  Kurven  4.  Ordnung  und  die  binare  Form  6**'  Ordnung," 
von  Ernst  Meyer,  8vo  pamphlet.  (Inaugural  Dissertation  zu  Konigsberg  i.  Pr., 
Marz  3,  1888.) 

**  On  Systems  of  Circles  and  Spheres,"  by  R.  Lachlan,  B.A.  ("  Philosophical 
Transactions,"  Vol.  177,  Pt.  ii.,  1886) ;  from  the  Author. 


Synthetical  Solutions  in  the  Conduction  of  Heat, 
By  E.  W.  HoBsON,  M.A. 

l^ead  April  I2th,  1888.] 

The  object  of  the  present  communication  is  to  g^ve  the  solutions 
expressed  as  definite  integrals  of  certain  problems  in  the  variable 
motion  of  heat  in  two  and  three  dimensions,  in  which  the  boundaries 
of  the  conducting  body  are  straight  edges  or  planes.  The  solutions 
are  obtained  by  a  method  which  has  been  applied  by  Sir  W.  Thomson,* 
to  some  cases  of  conduction ;  this  method  consists  in  superimposing 

♦  See  "  Collected  Works,"  Vol.  ii. 
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the  temperatnres  dae  to  suitable  distributions  of  instantaneous  or 
continuous  sources.  The  effect  of  an  initial  distribution  of  beat  in 
such  a  body  is  obtained  by  regarding  such  initial  distribution  as  con- 
sisting of  an  infinite  number  of  instantaneous  point  sources,  the  heat 
from  which  is  left  to  diffuse  throughout  the  body.  If  the  straight 
boundaries  of  the  given  body  are  maintained  at  zero  temperature, 
such  a  bounding  condition  must  be  taken  account  of  by  replacing  the 
given  body  by  one  infinite  in  all  directions,  the  initial  distribution 
throughout  the  part  of  the  second  body  which  is  beyond  the 
boundaries  of  the  first  body  being  such  that  the  conditions  of  zero 
temperature  for  all  time  over  the  given  boundaries  will  be  of  itself 
fulfilled.  I  have  shown  that  in  order  to  solve  the  problem  of  conduc- 
tion in  cases  in  which  the  boundaries  of  the  conductor  are  maintained 
not  at  zero  temperature,  but  at  any  given  temperature  varying  with 
the  time  and  with  the  position  of  the  point  on  the  boundaries,  distri- 
butions of  doublet  sources  may  be  distributed  over  the  boundaries  in 
such  a  manner  as  to  fulfil  the  given  boundary  condition ;  such  a 
doublet  consists  of  a  source  and  a  sink  of  equal  magnitude  indefinitely 
close  to  one  another,  the  line  joining  them  being  perpendicular  to  the 
boundary,  the  length  of  this  line  being  indefinitely  small,  but  the 
product  of  its  length  into  the  magnitude  of  the  source  or  sink  being 
finite. 

When  the  expressions  for  the  temperature  due  to  such  distribution 
of  doublets  is  added  to  that  obtained  on  the  supposition  that  under 
the  given  initial  condition  the  temperatures  of  the  boundaries  are 
maintained  at  zero  temperature,  the  resulting  sum  represents  the 
solution  of  the  problem  of  conduction  through  the  given  body  when 
the  initial  temperature  throughout  is  given,  and  also  the  given  arbi- 
trary boundary  temperatures  are  maintained. 

I  have  further  considered  the  case  in  which  radiation  takes  place 
across  the  boundary  into  a  medium  of  arbitrarily  given  temperature 
which  may  vary  not  only  with  the  time  but  also  from  point  to  point ; 
it  is  shown  that  in  certain  cases  the  solution  of.  this  problem  may  be 
deduced  from  the  preceding  one,  and  that  the  effect  of  the  radiation 
may  be  represented  by  means  of  infinite  rows  of  sources,  and  of 
doublets  distributed  in  an  infinite  conducting  solid  in  the  part  of 
that  solid  beyond  the  given  boundaries. 

The  comparison  of  the  solutions  obtained  by  this  synthetical 
method,  with  those  obtained  by  the  use  of  Fourier's  series  and  in- 
tegrals, is  interesting  from  an  analytical  point  of  view,  but  as  the 
mode  of  reduction  of  the  forms  of  solution  obtained  by  the  one 
method  to  those  obtained  by  the  other,  is  usually  sufficiently  obvious, 
I  have  not  entered  into  those  details, 
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1.  Writing  the  equation  of  oondootion  in  two  dimensions  in  the 
form 

dv  _    ^<Pv      ^v\ 


dv  _    ftPv      ^\ 
dt      '  W     dyV' 


where  V  denotes  the  temperature  at  time  t  at  a  point  (as,  y),  and  e 
denotes  the  condnctivity  divided  by  the  prodnct  of  the  densit;  and 
the  specifio  heat,  the  temperature  at  time  t  dne  to  a  single  iast&n- 
taneons  source  at  a  time  t  ^  0  at  the  point  (z'y')  '^ 

4nrxt 
Q  denoting  the  amoant  of  heat  generated.     If  snoh  a  source  be   at 
the  point  {z,  ^V)i  ^°^  ^  ^™^  °^  ^^^  same  strength  at  the  point 
(sB,  —\iy'),  the  temperature  at  a  time  t  afterwards  is 

Q 


4arxt 


when  Sy  is  very  small ;  if,  as  iy  is  indefinitely  diminished,  Q.iy  re- 
mains finite  and  equal  to  Q,,  we  obtain  the  expression 

for  the  temperature  due  to  an  iuBtantaneous  doublet  of  strength  Q,, 
at  time  1  =  0,  at  the  point  (m',  Oj,  the  axis  of  the  doublet  being 
parallel  to  the  axis  of  y.  The  temperature  doe  to  a  contiunons 
doublet  may  be  deduced  from  this  expressiou  :  suppose  q.d\  the  heat 
generated  by  the  source  in  time  dX,  then,  supposing  q  independent  of 
X,  we  obtain  the  following  eipreesion  for  the  temperature  due  to  a 
coutinaouB  doublet  of  constant  strength — 


-1. 

tiwK 


«*-i'-"=dX, 


which  is  found  on  performing  the  integration  to  be 
_2_ 


2m:  {st—x'y+^ 
then  this  expreHeion  becomes 


M 


<"■ 


»')■+»■ 


/M. •■"-"•••■"• 
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If  AA'  be  the  element  dx\  and  P  be  the  point  (xy)^  this  expression  is 
equal  to 


We  see  that  this  expression  vanishes  for  all  points  on  the  axis  of  x^ 
except  when  P  is  in  AA^  and  it  is  then  equal  to  =k/  {oi^  according  to 
the  side  of  the  axis  of  x  from  which  the  point  approaches  the  limiting 
value ;  the  expression  therefore  represents  the  temperature  at  any 
point  in  the  part  of  the  plane  of  a^  on  the  side  of  the  axis  of  a;,  for 
which  y  is  positive,  when  the  initial  temperature  is  zero,  and  the 
temperature  over  the  bouudary  maintained  at  zero  temperature,  ex- 
cept for  the  element  AA^  which  is  maintained  at  temperature  /  (»'). 
It  appears,  then,  that  this  bouudary  condition  may  be  represented  by 
a  doublet  of  strength  2K,f{x)  dx\  at  the  point  (x\  0).  I  am  not 
aware  that  the  solution 

of  the  equation  of  conduction  has  been  noticed  before ;  it  can,  of 
course,  be  verified  directly  by  differentiation. 

The  temperature  due  to  a  doublet  of  variable  strength  is 


i 


or 


X  W        y        g-[(x-«')-+»-]/4c« 

27nc    (x—xy^-y* 


where  x  (^)  denotes  the  strength  of  the  doublet  at  time  A.  This 
expression  vanishes  as  before  when  y  =  0,  unless  x  =  x\  and  it  is 
then  equal  to  * 

thus  a  temperature  F  {x\  t)  maintained  over  the  element  dx'  can  be 
represented  by  a  variable  doublet  at  the  point  (x\  0)  of  strength 

2kF  {x\  t). 

2.  By  proper  distribution  of  the  doublets  described  above,  the  solu- 
tions adapted  to  the  case  of  portions  of  a  plane  bounded  by  straight 
edges  may  be  written  down. ' 
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(a)  If  the  part  of  the  plane  for  which  y  is  positive  be  initiall j  at 
zero  temperature,  and  the  boundary  y  =  0  be  maintained  at  tempera- 
tures given  by 

the  solution  is  obtained  by  placing  doublets  of  proper  strength  at 
every  point  of  the  axis  of  x^  and  integprating  along  that  axis ;  the 
solution  is 

This  is  zero  initially  and  is  equal  to  /  (x)  when  y  =  0.  If  the  given 
temperatures  be  functions  of  the  time,  so  that  J^  {x\  t)  is  the  tem- 
perature at  (x\  0),  the  solution  is 

v^^r  F(x\0) ^, 5  e^^'"'^*^''-'  da! 

If  the  temperature  over  the  surface  be  initially 

v  =  t  (»,  y), 
we  must  add  the  expression 

W'Kt  J  -•  J  0 

which  is  zero  when  y  =  0  and  equals  t  (^>  y)  when  ^  =:  0,  to  one  of 
the  above  solutions. 

(h)  For  the  space  bounded  by  the  positive  parts  of  the  axes  of  x 
and  y,  the  solution  of  the  corresponding  problem  is  obtained  by  means 
of  the  images  of  the  doublets  and  sources  ;  for  example,  a  doublet  at 
the  point  (x,  0)  will  have  a  doublet  image  of  opposite  sign  at  the 
point  (— ^,  0).  The  expression  for  the  temperature  at  any  point  in 
the  portion  of  the  plane,  under  the  conditions  v  =  /j  (x)  when  y  =  0, 
V  =  /,  (y)  when  a?  =  0,  and  v  =  f  (»,  y)  when  ^  =  0,  is  thus  seen  to  be 

t,  =  1  r  }    SL ^-iK^-^^^y'Vi.t 

^  Jo  C  (»— »)  +y 

-  7 h — i  e-^'^^J'^'-i/*-']  /i  {x')dx' 

I     I      f*  f*    (•g-[(«-»')«*{f-yO']/*««^g-C(«+*0'*(r*y)1/4««_e-[(***')**(f->'n/««« 
4irKMo  Jo 
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The  solntion  may  be  written  down  in  a  similar  manner  in  the  more 
general  case  in  which  the  fnnctions  /j,  /,  involve  t 

Bj  the  method  exemplified  in  (a)  and  (&),  the  corresponding 
problems  may  be  solved  for  the  space  bopinded  by  lines  inclined  at 

an  angle  — ,  and  for  an  isosceles  triangle  of  which  —  is  the  vertical 

angle. 

(c)  Consider  next  the  infinite  rectangle  bounded  hy  x=a,  x=  —  a, 
y  =  0.  We  shall  first  find  the  temperature  when  the  boundaries  are 
maintained  at  zero  temperature,  and  the  initial  temperature  over  the 
plane  is  given  t;  =  t  (»i  y)- 

The  images  of  a  point  Cx'y)  are  as  follows  : — ^positive  images  at  the 
points  (aj'db  4na,  yO*  (— «'=t  4»a— 2a,  —y*),  and  negative  images  at  the 
points  (— »  ±  4na— 2o,  y'),  (a^±  4na,  — yOi  where  n  has  all  integral 
values ;  hence  the  value  of  t;  is 


4wict 


»«U-«  Jo  '■  "* 

|Se-(.-.'±i-)«/i^_Se-(«i^±4^*a.)V4^  |  t  K  y)  dxdy\ 

which  may  be  written 

—  I      r*  (e-(»-^)'/*«*— e"^^*''^'*'*^  (e"^'~''^''*'*6  /*^(^'~^0    e"*"*'*'^ 
irK*J..Jo  l  )   I  *\       Kt       '  / 


4inc^ 


Now 


and,  using  the  corresponding  transformation  foi^the  other  O-function, 
we  obtain  for  the  temperature  the  expression 


8a 


It  order  to  obtain  the  expression  which  must  be  added  in  case  the 
boundary  y  =  0  is  maintained  at  a  temperature  given  by  F  (aj,  X),  we 
must  write  ^—X  for  i  in  the  expression  just  obtained,  suppress  the 
integration  with  respect  to  y',  and  also  let  y  become  indefinitely  small, 
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and  t  («'■  y)  be  aacli  that  in  the  limit  y'.  f  (z',  y')  =  kF  (»',  X),  and 
integrate  the  reanlt  with  respect  to  X  between  the  limits  t  and  0  ;  we 
tfaoB  obtain  the  expression 


6<«r*«tJ.J-,((_X>*  L*  ^     ^ 


-e. 


la 


'\lFia,t)d\da'. 


This  represents  the  effect  of  a  row  of  donbleto  of  strength  2«'.  F  (x,  t) 
per  nnit  of  length  of  the  axis  of  x,  with  their  images. 

(d)  For  the  finite  rectangle  bounded  hj  z=  ±  a  and  y  =  ±b,  the 
Bolntion  which  is  zero  over  the  bonndaries  and  is  initially  equal  to 
t  (»,  y)  is  found,  as  in  the  last  case,  to  be 


,  /'(ii+n'+at)  ,-,.-^H^' 


'-■)] 

)]t(»'y)4.'dj', 


and  the  terms  to  be  added  when  the  temperatnre  is  given  over  the 
aides  may  be  found  by  the  same  proceaa  as  before. 

3.  I  shall  next  proceed  to  consider  the  case  of  radiation  from  an 
infinite  plane  bounded  by  the  axis  of  at  across  that  axis.  First, 
suppose  that  the  initial  temperature  of  the  plane  is  zero,  and  let 
f(x,  t)  =  U  denote  the  temperatnre  of  the  external  medium  at  any 
point  of  the  axis  of  x ;  then,  h  denoting  the  external  condnctivity,  the 


boundary  equation  ii 
Let 


=  h{v-U),  when  y  =  0. 


»  satififies  the  differential  equation 
du 


0 ;  hence  u 
then, 

i-^  =  -fc['«'.e-*''iy'. 


dt 

and  ia  to  be  equal  to  U  when  y  =  0;  hence  u  can  be  determined  by 
the  method  in  Art.  1.     We  hare,  then. 
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the  lower  limit  being  taken  infinite,  in  order  that  t;  maj  vanish  when 
y  is  infinite ;  putting  ^'  =  ^+z,  we  have 

where  u"  denotes  the  value  of  u  when  ^+is  is  written  for  y. 

Now,     t*  =  -L  r    I'  f(x\  X)   --J^  e-[(-.')-*.^/4.(*-x)  ^^^x, 
4irc  J  .flD  Jo  (*""A} 

hence 

in  the  case  in  which /(«,  t)  does  not  involve  t,  this  becomes 

These  expressions  show  that  the  radiation  over  an  element  dx'  of 
the  boundary  may  be  represented  by  means  of  an  infinite  row  of 
doublets  along  an  infinite  line  from  the  point  x  =  x\  y  ^=0  drawn 
parallel  to  y  =  0  in  the  negative  direction,  the  strength  of  the 
doublet  at  the  point  x  =  x\  y  z=i-~»  being  he'^ .  2irii: ;  the  tempera- 
ture at  any  point  on-  the  positive  side  of  the  axis  of  a;  is  that  due  to 
this  infinite  distribution  of  doublets. 

When /(a;,  0  ^^^^  ^^^  involve  ^,  and  the  motion  has  become  steady, 
the  expression  for  v  becomes 

Integrating  by  parts  with  respect  to  z^  this  becomes 

.=  *ir  r/(.o.e-Mog.(-'-''T+(y+o'd.'d.. 

2  J-.J,-"-    ^  *'       (as-a.')'+y' 

Next,  l6t  QB  suppose  the  initial  temperatnre  to  be  giren,  say 
F  (x,  y) ;  then  we  determine  tt  ander  the  conditions  tt  =  0,  when  y  =  0, 

and  u  =  F(,x,y)-l.^Fix,y)i 

when  ^  =  0,  the  value  of  u  is  then 

^  _.     1       r  r     |g-C(*-*')«+(if-f')"]/««<_g-C(«-*0"+(r*r')*l/«««| 
4iirKt  Jo  J-oD  ^  ^ 

X  [Fix'.y')-  |-  ^;  F(x',y')]  d^c'dy'; 
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t>  is  determined  from  u  in  the  Bame  way  aa  before,  and  is  eqoal  to 


.{{1 


1    d  \ 


■^(*'>  y')  I  ^'dy'dg. 


dv 


This  ralae  of  v  satisfies  the  initial  condition  v  =  F(z,  y),  and  also 

—  —kt  =  0,  when  y  =  0 ;  henoe,  by  adding  this  expreeeion  to  the  one 

obtained  above,  we  bare  the  complete  solution  of  the  problem  of 
radiation  under  given  initial  conditions. 

This  expression  shows  that  the  eSect  of  the  initial  distribntion 
may  be  represented  as  follows — Corresponding  to  the  initial  heating 
f(x',  y'),  dx'dy'  of  an  element  da^'  dy',  we  must  sappose  a  series  of 
sources  along  the  infinite  line  commencing  at  (a;',  y)  parallel  to  the 
axis  of  y  in  the  n^ative  directign,  and  snch  that  the  magnitude  of 
the  source  at  (n',  y'— z)  is 


he-* 


_1_    d 
h    dy. 


,  Fix'.y'), 


and  also  a  series  of  sinks  commencing  at  the  point  (x',  —y),  and  of 
which  the  mt^nitude  at  the  point  («',  — y'— «')  is 


he-' 


1-^ 


k    dy') 


■FKy')- 


This  system  of  sources  and  sinks  is  equivalent  to  a  line  of  sonrces 
from  (x',  y'),  to  (z',  ~y'),  and  a  line  of  sinks  from  the  latter  point  to 
infinity. 

It  does  not  appear  to  be  possible  to  apply  this  method  to  problems 
in  which  radiation  takes  place  over  more  than  one  boundary,  bnt  it 
may  be  applied  to  cases  when  there  is  radiation  over  one  boundary, 
and  the  other  bonndaries  are  subject  to  temperature  conditions.  I 
shall  apply  this  to  one  case. 

SuppoBS  radiation  to  take  place  over  that  point  of  the  x  axis  which 
is  bonnded  by  the  points  (0,  ±a),  and  suppose  that  the  temperature 
over  the  lines  y  ^±a  is  maintained  at  zero,  we  can  find  the  tem- 
peratore  at  any  point  of  the  infinite  rectangle.  Using  the  expressions 
obtained  in  case  (c)  of  Art.  2,  we  have  for  the  part  of  the  temperature 


V  = 
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dne  to  the  initial  distribution  t  (^)  y)* 

_^^  /y(g+g+2a)^  g.(,..f)/4..\1 

[e-ur*.-r')-]/4.i_g-c(r*.*r)']/i«i]  e-*«  J  1-  1  A  U  (»,  y')  (to'rfy'(i». 

This  expression  is  initially  eqnal  to  t  (^  y)»  vanishes  when  y  =  db  a, 
and  satisfies  the  condition  of  radiation  into  a  medinm  at  zero  wheia 
y  =  0. 

The  part  of  the  temperature  dne  to  the  radiation  into  a  medinm  at 
temperature  F  (Xy  t)  is 

r=— A_rf  r  y+^  e-(^/[4.(i-x)3 

Xe-*'f  (»^0«^<^'^• 
4.  All  the  preceding  methods  are  applicable  to  problems  in  three 
dimensions.     In  this  case  the  temperature  due  to  an  instantaneous 
source  of  strength  Q  at  the  point  (x'y'z)  is 

Q       p-((*-«')«*{r-y)'*(»-»'n/4*« 


and  the  temperature  due  to  an   instantaneous  doublet  of  strength 
Q,  at  the  point  (0,  y\  z)  is 


Q» 


^-[.■♦(y-yO"+(»-»01/<««, 


16ir*  (cO* 

The  temperature  due  to  a  continuous  doublet  of  strength  q  is 

g^      P      ^        g-c«'+{r-y)»+(»-«')*]/ri«u-x)]^ 
16tVJo(^-X)* 

Put  o  =  *" 


2yr(^-X)' 


and  change  to  a  as  the  independent  yariable ;  the  temperature  due  to 
the  doublet  is  then 
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■where  r"  =  !,^  +  {y-y')*+  (t-»y. 

When  r  becomes  zero,  we  hare 

thna  the  temperatnre  becomes 

4)r«      r"' 
and  since  in  the  limit  ~  =  2*, 

the  expresaioQ  beoomee  eqnal  to  ^,  if  then  q  =  2cF,  -we  see  that  the 
expression  * 

2r 


2r  «   I-         ,  _.. . 


is  equal  to  V  when  the  point  {x,  y,  z)  approacheB  indefinitely  near 
to  the  point  (0,  y,  «'),  and  is  zero  when  a;  =  0  for  all  other  vejaea  of 


Since  t  i^e"'da  =  - 

the  abore  Bolntion  becomeB 


if«"'A 


Using  the  notation  I    e"'da.  =  Erfc,* 


we  obtain  the  expresBion 


r'  =  »'  +  (y-yT+(«-0' 


for  the  temperature  due  to  a  continuoas  doublet  of  strength  2«F  at 
the  point  (0,  y',  «')  ;  and  this  expression  eqaala  V  for  n  ^  0,  y  =  y', 
£  ^  z',  and  equals  zero  for  x  =^  0  when  y  and  z  have  any  other  values. 

The  quantity  -^  is  proportional  to  the  solid  angle  subtended   by  a 


•  See  Artioloe  by  GlaiBher  in  the  FMl.  Tram,  for  1871. 


YOL,   IK. — NC 
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small  area  about  the  point  (0,  y\  z)  in  the  plane  »  =  0  at  any  point 
of  the  solid.  It  may,  of  coarse,  be  verified  by  difEerentiation  that 
the  expression  just  given  satisfies  the  dilEerential  equation 

dt       "xdx^dy'dz^)' 

5.  We  can  now  apply  the  expressions  in  Art.  4  to  obtain  solutions 
of  problems  in  three  dimensions  corresponding  to  those  in  Art.  3. 

(a)  Consider  the  solid  bounded  by  the  plane  a;  =  0,  so  that  con- 
duction takes  place  on  the  positive  side  of  this  plane  ;  if  the  tempera- 
ture throughout  the  solid  is  initially  zero,  and  the  plane  a;  =  0  is 
maintained  at  temperature  /  (t/,  2),  the  temperature  at  any  time  t  in 
the  interior  of  the  solid  is 

Tf  r.  r.  ^^''■' '■>  5  ^^  fe)  ^-^ '""i  *'*'■ 

where  r*  =  a?-^(y-yy  +  (z-zy, 

for  this  is  zero  initially,  and  is  equal  to  /  (y\  z')  when  »  =  0,  and 
satisfies  the  equation  of  conduction. 

If  the  given  temperature  over  the  plane  aj  =  0  is  /(y,  z,  t),  the 
temperature  at  any  time  is 

_1        r    p     r     _?_jr(  /     '   ;^Ng-C^*(r-r')»*(.-.')-J/[4*(<-x)]  ^Xc^y'ef/. 

If  the  initial  temperature  throughout  the  solid  is  t  (^>  y>  ^)  ^®  must, 
in  order  to  obtain  the  complete  solution,  add  to  one  of  the  above  ex- 
pressions, the  expression 

^e-^i'^'^'*(v-y)'*i*-'')^i*'^^]  dxdy  dz\ 

which  vanishes  when  a?  =  0,  and  is  equal  to  t  (a*,  y,  z)  when  t  =  0; 
we  thus  have  the  complete  solution  for  the  case  when  the  initial 
temperature  throughout  the  solid  and  the  temperature  over  the 
boundary  a;  =  0  are  arbitrarily  given. 

(h)  Next,  consider  the  solid  bounded  by  the  three  coordinate 
planes,  the  conduction  taking  place  through  the  space  for  which  all 
the  coordinates  are  positive,  and  suppose  the  temperatures  over  the 
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bonndaries  to  be  given  as  follows — 

V  =  /,  (y,  »)    when  x  =  Q    for  all  positive  values  of  y  aud  z, 

"  =  /«  (^.  <")    when  y  =  0  „  „  i  and  «, 

«'=/i  («,!/)    when  a!  =  0  „  „  le  and  y. 

Kaoh  donblet  will  now  have  three  images  ;  for  instance,  the  doublet 

at  the  point  (0,  y",  r')  will  have  negative  images  at  (0,  ~y',  *')  and 

(0,  y,  — e')  and  a  positive  image  at  (0,  —y,  —x)  ;  the  effect  of  these 

doublets  will  be  to  prodnce  zero  temperature  over  the  planes  of  {tx) 

and  {xy).     The  temperature  at  any  point  of  the  solid,  supposing  first 

the  initial  temperature  throughout  the  interior  to  be  zero,  will  be 


where    rj  =  ic'+Cy-i/T  +  C*-*)',     *\  =  ix-a!y^-y'  +  i_z-z)\ 

^^={x-xy+iy-yy  +  i\  and  also/,  (-y',/)  = -/,(/,«').  &<=■ 
If  t  (x,  y,  z)  is  the  initial  temperature,  the  expression  to  be  added  to 
the  above  expression  in  order  to  obtain  the  complete  temperatnre  is 


dx'dy'di, 


where  there  are  eight  exponentials  within  the  square  bracket.  This 
expression  vanishes  over  each  coordinate  plane,  and  is  equal  to 
t  («,  y,  t)  when  t  =  a. 

(c)  Consider  the  infinite  prism  on  the  positive  side  of  the  plans 
«  =  0,  bounded  by  the  planes  js  =  ±a,  y  ^  ±  6.  If  t  (x,  y,  z)  is  the 
initial  temperature,  and  the  boauding  planes  are  maintained  at  sero 
temperature,  the  temperature  at  any  point  at  time  t  is,  as  in  the 
case  (c)  in  Art.  3, 

_^|-j'j,.,.„..,.._,-,...,.,..j 

u2 
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By  the  same  transformation  as  before,  this  becomes 

^        r  j    [e-t»-»')"/*««— g-(»+»')'/4«t| 

t  (x\  y\  z')  dx'dy'dz\ 

In  order  to  find  the  expression  to  be  added  to  this,  if  the  plane 
iS  =  0  is  maintained  at  temperature  JP\  (or,  y,  t),  by  the  same  process  as 
in  Art.  3  (c),  we  get 

16v^a6joJ-«J-j(^-X)* 

[a,  /^(y-^)^  e-f'*'t'-'^»/**')-a,  /il2±y±26}^  g-[w".(«-x)]/46»\"| 

JP\  (»',  y',  X)  dtdx'dy' ; 

this  vanishes  initially  throughout  the  solid,  is  zero  over  the  planes 
(jsai^,  (zy),  and  has  the  given  value  over  the  plane  (xy), 

(d)  For  the  rectangular  parallelepiped  bounded  by  «  =  ±  a,  y  =  ±  6, 
j5  =  ±  c,  and  of  which  the  initial  temperature  is  /  (x,  y,  z),  the  tem- 
perature when  the  boundaries  are  maintained  at  zero  temperature  is 

1  f''    p    f^ 

/(«',  ?/',  z)  dx'dy'dz'. 
The  expressions  for  the  temperature  due  to  given  arbitrary  tempera- 
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tnres  over  the  boundaries  may  bo  obtained  as  in  the  other  cases,  bnt 
the  expreBsions  become  -very  complicated. 

6.  The  method  of  Art.  3  can  be  applied  to  dednce  the  solation  of 
the  corresponding  radiation  problems  in  three  dimensions. 

Consider  the  case  in  which  conduction  is  taking  place  in  the  infinite 
Bolid  on  the  positive  side  of  the  plane  of  xy,  and  radiation  is  taking 
place  across  this  plane  into  a  mediam  of  temperature /(it,  y,  f). 

Writing  «=(l-is)"' 

we  have  as  in  Art.  3, 


'-(:•■ 


rdi, 


where  «"  denotes  the  value  of  m  when  r+f  is  written  for  z. 
Now,  by  Art.  5, 

Hence 

„=_*_(•  ,-.,j,  I'  f  r  (.+o./-(»'.!i-.» 

8A').         *].)-)-         (,-X)< 
In  the  case  in  which/(x,  y,  t)  ie  independent  of  t,  we  have 

where  r*  =  (a— 1')'+  (y— /)'+«*. 

These  formnlte  give  the  temperature  of  the  solid  initially  at  zero 
temperatnre,  radiating  into  a  medium  of  given  temperature.  When 
the  motion  of  the  heat  becomes  steady  the  above  expressions  reduce 


to   «=7J"e-*'<^4"Jl/(*'.y') 


{{o'-xy+(y-yy+{.+i:y} 


an  expression  given  by  PoisBon,*  who  obtained  it  asa  limiting  case  of 
the  problem  of  radiation  over  a  spherical  surface. 
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As  in  the  two-dimensional  problem,  these  formnlse  represent  the 
temperature  dne  to  an  infinite  series  of  doublets  on  the  negative  side 
of  the  bounding  plane  of  ma^itude  diminishing  in  geometrioal  ratio 
with  the  distance,  there  being  an  infinite  row  of  such  doublets 
corresponding  to  each  element  of  the  plane  is  =  0,  on  the  line  through 
the  element  drawn  in  the  negative  direction  parallel  to  the  axis  of  e  ; 

2irK.he'^.f(x\y')dafdy' 

is  the  magnitude  of  the  doublet  at  the  point 

«=-f,    x  =  x\    y^y. 

If  F  («,  y,  z)  is  the  initial  temperature  of  the  solid,  we  must  as  in 
Art.  3,  add  the  expression 

»  Too    /••        /••        Tao 

{2>/icKty  Jo  J—  J— j.-».      * 

-.e-«'-^-*(«'-«^)'^(-^-')'i/*-«}  h-  i.  1.  J  P  (a,', y\  z")  dx' dy'  dz' 
this  satisfies  the  conditions 

v  =  F  (aj,  y,  z)  when  ^  =  0, 

and  ^-hv  =  0  when  »  =  0. 

dz 

If  we  add  this  expression  to  either  of  those  obtained  above,  we  have 
the  complete  solution  of  the  problem  for  the  case  in  which  the  initial 
temperature  F  («,  y,  z)  is  arbitrarily  given  and  radiation  is  taking  place 
across  the  plane  a?  =  0  into  a  medium  at  arbitrarily  given  temper- 
ature/(»,  y,  0- 


]/4«« 


On  Certain  Operators  in  connection  with  Symmetric  Functions, 

{Supplementary  Note.) 
By    R.    Lachlan,    M.A. 

[Read  April  nth,  1888.] 

This  note  contains  a  few  further  results  obtained  by  the  use  of  the 
operators  which  were  employed  in  a  former  paper  {Proceedings, 
Vol.  xviii.,  pp.  39 — 48)  ;  and,  to  facilitate  reference,  the  sections  are 
numbered  continuously  with  that  paper.     The  object  of  the  present 
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paper  ia  ta  obtain  eymbolical  expressions  for  coefBcienta  of  an  eqn&tion, 
or  for  the  sams  of  the  symmetric  functions  of  the  same  weight,  in 
terms  of  the  sume  of  the  powers  of  the  roots.  A  STmbolical  exprea- 
aion  for  the  anma  of  the  powera  of  the  roots  in  terma  of  the  coefficients 
is  also  given.  I  am  indebted  to  one  of  the  referees  for  pointing  out 
that  the  fornml»  given  for  the  coefBcients  in  terms  of  the  snma  of  the 
powera  of  the  roots,  and  the  analogous  formnle,  are  most  easily  derived 
bj  a  direct  application  of  the  Mnltinomial  Theorem,  which  method  I 
have  indicated  at  the  end  of  the  Note. 

19.  From  §4,  we  have 


and  farther, 

=  e"(ffV+U<ru). 
Hence,  since  by  definition,  §  3, 

if  we  define  «  to  be  anch  a  symbol  that  »  =  <,,  we  shall  have 

and  ff  (e'w)  =  ^(<n>+s,v)  =  e'^u. 

So  that  —t~v  =  ^ae~'v, 


5t.= 


c^v; 


consequently  (—)'»'«  =  e'(r'e"'v (26) 

5'v=e-ff'e'ii  (27) 

20.  From  (26),  we  obtain, 

(-)'  r\  p,=  (~yv'-'p,  =  -^a'-^e-% 

=  ^o^e"  (28) 

To  express  ji,  in  terms  of  Si,  s„  Ac.,  we  may  expand  this  formnla,  or 
we  may  ahorten  the  proceaa  by  observing  that  the  result  will  be  the 
same  if  we  write 

(-)'r!p,  =  ^a-, 

and  then,  after  the  operations  are  performed,  put  t  zero. 
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Consider  now  the  expression  (r'u^,     "By  §  4,  we  may  write 

where  o^  operates  only  on  u^^  and  after  expansion  and  performing  the 
operations,  the  snffixes  are  to  be  dropped. 

Hence  we  have 

a!  p! ... 

whore  %  is  the  nnmber  of  the  indices  a,  ^,  ...,  and  ^  is  the  number  of 
terms  in  the  symmetric  function  Sot^f  ...  ;  so  that 

xr  ^ ! ... 

X  being  the  number  of  times  the  index  a  recurs,  fc  the  number  of 
times  the  index  /3  recurs,  and  so  on.     Hence  we  deduce  that,  when 

"  *^       ^X!  /*!...  Va/    \^)   •••' 
where  «  =  t  =  X+/i+ ..., 

and  m  =  aX+/3/i^+  .... 

Hence  we  have 


r\  r\K\ 


where  r  =  oX+/3/x+ .... 

21.  Similarly,  from  (27),  we  may  deduce 

=  e-'<rV     (30), 

or  r\  'hr=-  c'e*,  when  «  =  0  ; 

'>■"•'"•         »'=^-nrir.  (?)"(!)' ™- 

where  r  =  aX+/3/Lt-f  .... 


22.  If  /8;!,+.  denote  the  sum  of  the  symmetric  functions  of  weight 
w-f  r,  each  containing  «,  and  only  jc,  roots,  we  have  by  (6), 


ft 


^-  =  ^^-' 
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hence,  by  (28),  we  have 


^m*K 


_  (-)• 


ml  k\ 


a^e'a'e-' 


(32). 


23.  To  express  Sr  in  terms  of  p^,  p^,  ...  p^. 

Since  ir  (1— oa?)  =  1— 2?ia;H-2?,a^--...  , 

we  may  write  w  (l—ax)  =  e*", 

where  ir*  is  to  be  replaced  by  k  !  j?.. 

Hence,  if  «j,  (i>„  ...  a>r  be  the  imaginary  r^  roots  of  nnity,  we  have 

TT  (1— a'a}')  =  e~(»l«^+»«^+"+'r»r)*, 

where  after  expansion  ir^  is  to  be  replaced  by  k  !  p,. 
Equating  coeflBcients  of  a**',  we  have 

=  ("■)'''2i).p^i?,...2«>J«;... , 

where  a+/3  +  y+.„=rjc. 

When  K  =  1,  we  have 

,  ,  r(w»-l) !(-)»-' 

S-.-,".    •  =  — xlTTT!        ' 

where  X  is  the  number  of  times  the  index  a  recurs,  ^  the  number  of 
times  the  index  fi  recurs,  and  so  on  ;  and  where  X+/i+ ...  =  m. 

Hence  we  have 

(  —  )•***  *r  =  -7  (TiWj-h  ...  +Vriary 


r\ 


? 


(~)"'-^r(m-l)!    .    ^  , 


where 

Or,  again,  we  have 


m-1 

X  !  fil  V  ! ... 

aX-}-^/u4-...  =  r. 


(33), 


2k! 

=  2p^-2p,  !,,..,  +  .,.  +  (-)«->  2i>..,p.»,+  (-)'i^ 

(34). 
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These  formnlaB,   however,   are  merely  what  would  be    obtained  at 
once  by  the  law  of  symmetry. 


24.  Similarly,  since 


=  H-Aiaj-i-^aj'+...  =e    , 


w  (1— cub) 
where  after  expansion  ^  is  to  be  replaced  by  k  !  h^^  we  have 


1^ 

r! 


*r=TT(*l«l+...+*r«rr, 


and  so  ,,  =  ^(^r^r(m->l)!  ^,  ^j. ^^^^ 

•  *» « ^4  « . « « 

Or  again,  the  sum  of  the  homogeneous  products  of  a',  a^  <fec.,  whose 
weight  is 

=  2A^-2^Av.i ...  +  (-l)-'2;^..xA.,i+  (^yh] (36). 

25.  In  a  similar  manner  we  may  derive  the  symmetric  function 

SaJaJ  ...  a' a^+i ...  a^+,  ; 

for  this  is  clearly  the  coefficient  of 

(-)'g;gja^- 

in  ir(l— giaaj-i-g,aV)  =e-^'»-«*'-r^  , 

where  4»i,  oi)  are  the  roots  of  the  equation 

«*— gi»+g,  =  0. 

Hence  the  required  symmetric  function  is  the  coefficient  of  q'q^  in 

e,g.,  in  (-)'"*"  2 p. |7^  2w>J, 

where  a4-/3  =  2/i+v. 

But  Swjw"  =  /Sw*-^ 

^«^    ^     ^*^*  v!(/i-/3)!  ; 
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so  that  the  coefficient  of  ^[^ 

v!  (a— fi— v)  ! 
Putting  r  for  a  — /ia— v,  we  have 

=  S«         «      (-y(r+v-l)!(v+2r) 


(37), 


which  agrees  with  the  formnla  given  by    Serret  (Oours  d* Algebra 
SupSrieure,  §  176). 

26.  It  should  be  stated  that  the  formules  (29),  (81),  (83),  and  (85) 
are  most  easily  obtained  by  the  application  of  the  multinomial 
theorem. 


Thus  we  have 

1— Piflj+I?,**— ... 


e-*i«-^-- 


'-       (-)>■-^fK?;^(t)"(t)'(1^)■■ 


where 


Or,  again,  since 

:i^x'  =  -log  (i-2?i« +!>,«•- ...) 


<-i   t 


we  have 


r 


Similarly  the  other  formalse  may  be  derived,  as  also  an  expression 
for  pr,  in  terms  of  ^i,  h^,  &c. ;  or  for  h,  in  terms  of  pi,  p„  &o. 
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A    Odse   of  Oomph^x   Multiplication    with    Imaginary    Modulus 
arising  out  of  the  Cubic  Transformation  in  EUiptic  Functions, 

By  Professor   Caylby,  F.R.S.* 

The  case  in  qaestion  is  referred  to  in  mj  "  Note  on  the  Theory  of 
Elliptic  Integrals  "  {Math,  Ann,,  xii.  (1877),  pp.  143—146)  ;  but  I 
here  work  it  ont  directly. 

In  the  cabic  transformation  the  modular  equation  is 

tt*-t;*+2i*t;  (l-tt*i;»)  =  0, 
and  we  have 

(l+ ?«•),+ ij.».  (n-?!^)<fo 


We  thus  have  a  case  of  complex  multiplication  if  v^  =  u^,  or  say 
V  =  yt*,  where  y'  =  1,  or  y  denotes  an  eighth  root  of  unity.  Sub- 
stituting in  the  modular  equation,  this  becomes 

tt*(l-y*)  +  2ytt«  (1-y't**)  =  0, 

or,  throwing  out  the  factor  v?  and  reduciug, 

«*-K(/-y)-y»  =  0, 


u' 


that  is,  —  =  i  (y*- 1  ±  -/y' + 14y*+ 1). 

or,  what  is  the  same  thing, 

=  i{y*-l±'^lV+2}. 

We  hare  y*  =  1,  that  is,  y*  =  ±  1.     Considering  first  the  case 
y*  =  1,  here 

y 

and  thence       1  +  — '=  1+ — ,  =1  db  2,  =  3  or  -1; 

V  y 

moreover,  w*  =  r*  =  1.     We  have  thus  only  the  non-elliptic  formulae 

j^=^^,    satisfied  by  y  = -aj, 

*  [This  Note  was  written  by  way  of  illustration  of  Mr.  Groonhill's  paper,  and 
is  printed  here  at  Prof.  Gayley's  suggestion.] 
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If  however,  y*  =  —  1,  then 


—  =i(-2±^/3i2), 

y 

a 


^  =  i(-l±tv^3)  =  - 


viz.,  this  is 

if  41  be  an  imaginary  cube  root  of  nnity  (w*-f «+ 1  =  0)  ;  hence 

Moreover,  i  +  ?!i*  =  1  +  ?!^,  =  H-24i, 


or  say,  =a)-«',     [=  %/-3     if  <«  =  ^-l+tyS)]  ; 

and  we  thus  have,  as  in  the  above-mentioned  Note, 

(fai— fai')a?  +  fai*a?*      .   .        dy (ai— fci*)  dx 

or,  what  is  the  same  thing,  for  the  modulus  A;'  =:  —  oi,  we  have 

/         j\fl       (w— w*)  snO  +  w'sn'O 
^  ^  l-w*(a)-fci«)sn^O    ' 

the  values  of  en  (w  — w')  6  and  dn  (w— w*)  6  are  thence  found  to  be 


sn 


en 


.         ,.^        cne(l-«*sn*e) 


and 


dn(cu-c.')0  =  ili^ili^il?5!^; 
which  are  the  formulas  of  transformation  for  the  elliptic  functions. 


Complex  Multiplication  Moduli  of  Elliptic  Fwactions, 

By  A.   6.   Greenhill. 

[Read  March  %th,  1888.] 

The  problem  of  the  Complex  Multiplication  of  Elliptic  Functions 
is  the  determination  of  the  elliptic  functions  of  the  complex  argument 
(a  +  6v/Ai)  tt,  in  terms  of  the  elliptic  functions  of  the  argument  tt, 
where  the  ratio  of  the  periods  K'lK  =  \/A,  and  A  is  a  prime  number ; 


{       ?.   V 
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but,  if  A  is  a  composite  number  mn,  then  we  can  have 

K'/K  =  ,/(m/n)  ; 

bSt  in  this  case  h  must  contain  the  factor  n. 

The  coefficients  in  the  expression  of  an  elliptic  function  of  the 
argument  (a  4-5  \/ A  *)  tt  in  terms  of  the  elliptic  functions  of  u  will 
involye  the  values  of  the  modular  functions  corresponding  to 

K'lK  =  yA, 

and  thus  the  modular  equation  in  some  shape  requires  solution ;  and 
it  is  the  chief  object  of  this  paper  to  make  a  collection  of  all  the 
numerical  solutions  hitherto  obtained,  for  integral  values  of  A. 

According  to  a  remark  of  Abel  (CEuvres^  t.  1,  p.  272,  Ist  edition), 
quoted  by  KJronecker  {Berlin  Sitz,  1857),  the  modular  equation  in  such 
cases  is  always  soluble  by  radicals. 

A  few  numerical  cases  are  given  by  Legendre  and  Abel,  but  the 
first  important  collection  of  results  is  due  to  Kronecker  (Berlin  Sitz, 
1862),  who  gives  the  numerical  values  of  Legendre's  modulus  ic,  or  in 
some  cases  of  kk\  for  a  series  of  values  of  A,  and  promises  a  more 
complete  collection,  which  has  not  yet  appeared. 

According  to  the  form  of  A  with  respect  to  the  modulus  4  or  8,  it 
will  be  convenient  to  consider  four  classes,  and  to  choose  the  also- 
lutely  simplest  numerical  invariant  appropriate  to  each  class,  which 
classes  are  distinguished  as  follows — 

Class  A,  A  =  3,  mod.  8. 

Class  B,  A  =  7,  mod.  8. 

Class  0,  A  =  1,  mod.  4. 

Class  D,  A  =  2,  mod.  4. 

The  class  for  A  ^  0,  mod.  4,  does  not  require  special  treatment,  as 
it  can  be  made  to  depend  on  one  of  the  previous  classes  by  means  of 
the  quadric  transformation. 

The  article,  "  Neue  Untersuchungen  im  Qehiete  der  elliptischen  Func- 
tionen,"  of  F.  Klein  (Math,  Ann.,  Bd.  xxvi.,  1886),  gives  references 
to  the  most  recent  researches  on  modular  equations ;  and  in  the  course 
of  this  paper  great  use  will  be  made  of  the  following  articles  : — 

Sohnke,  '*  ^quationes  modulares  pro  transformatione  Functionum 
Ellipticarum,**  Crelle,  16. 

Schroter,  *^  Dissertatio  inauguralis  de  .Mquationihus  modularihuSf^ 
Begiomontiy  1854 ;  also  Inouville,  1858  ;  and  Acta  Mathematica,  1882. 

Hermite,  "  Thcorie  des  Hquations  modulaires  ;'*  Paris,  1859. 

Klein  and  Kiepert,  **  Ueher  die  Transformation  der  elliptischen 
Functionen,**  Math.  Ann,,  xiv.,  p.  Ill ;  xxvi.,  p.  369;  xxxii.,  p.  1. 
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G,  H,  Staart,  "  Complex  MuUipUcation  of  Elliptic  Fvnclions," 
Quar.  Jour,  of  Math.,  Vol.  xx.,  p.  18. 

E.  W.  Fielder,  "  JTeber  eine  besondere  Clatte  irrattonalem  Modvltur- 
gleichungen;"  Ziirich,  1885. 

R.  Russell,  "  On  kX,  k'X'  Modular  Equations,"  Proo.  of  the  Land. 
Math.  8oc.,  Nov.  10, 1887. 

The  general  eipreaaions  for  tlie  formulas  of  Complex  Mnltiplio&tion 
are  also  given  b;  the  author  in  an  article  in  the  Qaarterly  Journal 
of  Maihematict,  Yol.  xxii. 

Glass  A. 

d  =  3,   mod.  8. 

The  absolutely    simplest  nnmerical  invariant  to  choose  for  this 

class  ia  Klein's  absolute  invariant  J,  the  same  as  Dedekind's   Folsnz 

(Crelle,  83),  and  connected  with  Hermite's  a  hy  the  equation 

(Theorie  dee  Sqiialiont  modulairet')  ;  bnt  it  ia  convenient  to  use 
Kiepert's  form  in  terms  of  Legesdre's  modali  k  and  k  {Math.  Ann., 
Vol.  xxvi.), 

,         (1-16A-*)' 
•'-         108k'«"-^' 
obtained  by  a  qnadrio  transformation  from  Klein's  form 
4    d-A'-)' 
27        «V"      '        ' 
80  that  Kiepert's  /  is  a  "  Modul-function  zweiter  Stufe." 

Then,  if  we  work  with  Weierstrass's  canonical  first  elliptic  integral 
f"  dx 


J,  y/i4a!*-g,x-gt)' 
and  normalice  it  by  multiplying  by  the  twelfth  root  of  the  discrim 

BO  that  it  becomes  I     ,,,  ,    " :  , 

J  ■/i*y  -rty—YO 

we  can  make  the  new  discriminant 

y|-277j  =  -l. 
and  thns  the  absolnte  invariant 


D 
_27y;_ 


-27v;. 
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In  this  Glass  A,  the  simplest  formiila  of  complex  multiplication 
connects 

x  —  pu,   and    y=:p-^, 

where      •  ^F  =  i  (-1+ ^^^O* 

« 

leading  to  the  differential  relation 

Mdy ^ 

by  an  equation  of  the  form  (Quar,  Jour,  of  Math.,  xxii.,  p.  127) 

where  »  =  2m4-l,      A  =r  4ti— 1  =  8w-i-3, 

and  A^  =  20^ ; 

Ihe  A*a  and  0*a  being  certain  modular  functions,  to  be  subsequently 
determined.     (Kiepert,  Math,  Ann,  xxvi.,  p.  398.) 

The  determination  of  Oi  is  the  most  trouble,  so  it  is  important 
to  notice  that  it  is  a  numerical  factor  of  ^/A  +  i. 

For,  if  we  denote  by  AT  and  0{  the  conjugate  imaginaries  of  M  and 
Gi,  and  if  we  put 

then 


z=M-  y'-gg-y" 


-  MM'*         (g"-2q.y-'...)''-2g(.af-'  ((^...y-'Cx"...)*... 

(ie»-G,a;— '...)' {(«"-2G,a!"-'...)"-(?l-lf-'(«"...)*''(»".")'}' 

1_    a!''-2(ng,  +  g(Af-')a!'''-'... 
»•  a^"-»-2(«(3',  +  G,'lf -')«-•-'...' 

and  then,  from  the  known  expansion  of  g>u  in  powers  of  u. 

The  absent  terms  denoted  by  the  ^  require  that 
80  that,  if  we  put    Oi=:a  v^A  -f  W,     0{=z  a  -/A  -  bi, 
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then         na%/A+nW-i-(av^A-6i)  \  (-2n-hH-  -/A  i)  =  0, 

OP  (a-6)  {yA-(4n-l)i}  =0, 

or  a  =  6 ; 

but,  to  determine  a,  the  expansions  of  y  and  z  in  terms  of  a?  mnst  be 
carried  out  further. 

When  once  63^1,  and  therefore  A^  =  2(7i,  has  been  determined,  the  re- 
maining O's  and  A^q  are  found  by  the  recurring  formulas  given  by 
Kieperty  Math,  Arm,,  xxyi.,  p.  399. 

The  preceding  equation  connecting  y  and  x  is  equivalent  to  any 
one  of  the  three  following  equations  (Quar.  Jour,  of  Math,,  xxii., 
p.  125)— 

,y-e,  =  M^  (x-eS'n  [x-p  (w,-h2r«j/n)}«  -4-  P, 


y-e,  =  Jf  (aj-£f,)n  [x-p  [(n-2r)  Wj/n]]* -r- P, 
y-e,  =  JT  (aj-O  H  {aj-p  [ai,  +  (n-2r)  Wi/n]  }*  -5-  P, 
P  =  n  {aJ-p(2rwi/»)}»; 

where  -^  =  -—  i  =  y/A  t, 

and  «i  =  a  ('^'j+'^Oj     "a  =  a  («|— «»)  > 

ram 

SO  that  (7i  =  2  p  (2rto^/n). 

r-l 

Thus,  for  example,  when  A  =  51, 

'      ^  13  ^^  13  ^^  13     ^  13    ^^  13      ^  13 
(Kiepert,  Jlfa^^.  Ann,,  xxvi.,  p.  381). 

But  suppose  the  complex  multiplier  -rrz: ,  instead  of  being 

M 

l(-l+^At), 
had  been  |(— p-l-y/Ai), 

where  p  is  an  odd  integer  ;  then  we  should  have  to  put 

«  =  i(A+p') 

in  the  above  formulas ;  and  this  explains  why  in  Hermite's  JSquations 
Modulairea,  p.  44,  Glass  3^  (our  Class  A),  A  has  the  values 

4n— p*  =  4n— 1,    4n— 9,    4!n— 25,  .... 
VOL.  xn. — ^KO.  324  x 
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Glass  A. 
A  =  3,  mod.  8* 

A  =  3.     From  Jaoobi's  modular  equation  of  the  third  order, 

%/l^+  y7y  =  1, 

wo  obtain,  putting  ic  =  X',  ic'  =  A, 

or  2icic'  =  i  =  sin  30°, 

80  that  the  modular  angle  is  15°,  and 

If  =  sin  15°,         ic'  =  cosl5°. 
Then  the  absolute  inyariant  /  =  0,  and 

y,=  0,     27y;=l,     or    3v/8y,  =  l. 

Also  -L  =  c, 

an  imaginary  cube  root  of  unity ;  and 

the  simplest  case  of  Oomplex  Multiplication,  required  in  the  re- 
duction of  the  elliptic  integrals  considered  by  Legendre  (Fonctions 
Elliptiques,  t.  I.,  cap.  xxvi.). 

A  =  11.     Taking  Schroter's  or  Russeirs  form  of  the  modular  equa- 
tion of  the  11**  order, 

v^+  -v/i?\'+2  y^K^Tx'  =  1, 
and  putting  jc  =  X',  ic'  =  X  ;  then 

2v^+2yW  =  l. 

Forming  the  equation  in  i^k*,  and  putting 

""          108icV»      ' 
we  find  /=-— ,    /-.1=: ^— , 

_  8  _  Tn/U 

Here  Hermite's  a  =  2^,  the  value  of  which  could  be  inferred  from 
his  equations  at  the  foot  of  p.  47  of  the  Equations  Modulaires, 
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Also 


^i  =  -*(^/ll+t),    ^i  =  -i(v/ll+0, 


of 


and 


A=3, 
A  =  11, 


and  the  values  of  A^  and  A^  are  given  in  the  Quar,  Jowr,  of  Math,, 
xxn.,  p.  134. 

A  =  19.     We  shall  find 

J  =  -2',     /-l  =  -3»xl9; 

y,  =  8,     7,  =  vl9,     r,  +  l  =  3S     y;-y,  +  l  =  3xl9. 

These  values  are  obtained  from  Hermite's  Theorie  des  Hquations 
Modulairesy  p.  47,  where  it  is  shown  that,  a  being  the  equivalent 

a  =  0; 

a  =  2',  as  before  ; 

A  =  19,     a  =  2'x3»; 

A  =  27,     a  =  27x3x6'; 

A  =43,     a  =  2^°x3»x5»; 

and  by  inference  from  the  approximate  equation  {Hquations 
ModulaireSf  p.  48), 

2«a  =  e'^*~744+196880e-'^*+..., 

we  obtain  A  =  67,      a  =  2'x3»x5»xll*, 

A  =  163,    a  =2'^x3»x6»x23»x29*. 

According  to  Hermite  (Equations  ModulaireSj  p.  47)  the  value  of  a 
is  an  integer  when  there  is  only  one  improperly  primitive  class  of 
the  determinant  —  A ;  and  A  =  163  is  probably  the  highest  number 
of  this  nature. 

Hermite  points  out  that  in  these  cases  e'^*  is  very  nearly  an  integer; 

for  instance,  in  e"^*^  the  decimal  part  begins  with  a  series  of 
twelve  9*s. 

Using  the  symbol  s  for  approximate  equality, 

1728/  s  - 1.  S  -  e•'^^ 

so  that  12y,  S  e*'^^     also     216y,  S  e*-'^^ 

therefore  e**^^  is  also  very  nearly  an  integer,  a  multiple  of  12  ;  while 
gi'Vi  ^  ^^  ig  j^igQ  yQpy  ucaTly  au  integer,  a  multiple  of  216. 
(H.  J.  S.  Smith,  Report  on  the  Theory  of  Numbers  to  the  British  Associa- 
tion, 1865,  p.  374.) 

X  2 
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Thus  c*'^  s  %         =12  (3*- 1), 

e*'^s960       =12(9»-1), 

^^  s  6280     =  12  (21* - 1), 
e*-^^  S  640320  =  12  (23P-1)  ; 
while    e»*^  ^  yi9    r  216, 

^^^^4^    r  216x21         =216x7x3, 
e»'^-f-'v/67    r  216x217       =216x7x31, 

^'^■^  y/l63  s  216  X 185801  =  216  x  7  x  11  x  19  x  127. 

The  yalnes  of  /corresponding  to  A=3, 11,  and  19  afford  interesting 
numerical  applications  of  Klein's  ikosahedron  equation,  the  corre- 
sponding r  resolvent  equation  {Ikosaeder,  p.  102)  having  a  root  r  =  3, 
11,  19,  respectively.  The  determination  of  z,  the  corresponding  ikosa- 
hed/ron  irrationality^  is  then  an  interesting  nnmerical  exercise. 

A  =  27.  Here    /  =  -^,    /-1  =  -11!^; 

ri-  3  ^>    y.-  27     • 

These  yalnes  can  be  obtained  by  the  cubic  transformation  of  Klein 
{Math.  Ann,,  xiv.,  p.  143), 

/:  jr-1  :  1  =  (T-l)(9r-l)» :  (27r'-18T-l)« :  -64r, 

and  /'  the  same  function  of  r\  with  rr  =  1. 

Putting  r  =  0, 

then  9r'  =  1,     r  =  9 ; 

and  J"=-^'^^'; 

also  ^i=-i3«(y27+i), 

(Quar.  Jour,  of  Math.,  xxn.,  p.  136). 

A  =  35.  Here         J"  =  -  yj,     7-1  =  -  27yJ, 

where  y,  =  1^5  (M^/^  +  l)]*, 

256  +  115v/5     ,„ 

y. 27 ^  ' 

(Quar.  Jiwr.  of  Math.,  Vol.  xxii.,  p.  137,  1887)  ; 
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also  Gt,  =  -  ^  {1  (y5-hl)}» (^35+0. 

The  manner  in  which  these  nnmerical  valnes  were  obtained  from 
Kiepert's  li-equation  for  n  =  9  is  there  explained. 

The  values  of  y,  and  y,  above  correspond  to  the  case  of 
K'/K  =  -/35  ;     but  when  K'/K  =  ^ (7  -r  5), 

we  must  change  the  sign  of  v^5. 

We  might  have  obtained  the  same  value  of  Jhj  employing  Fiedler's 
modular  equation  of  the  35^^  order  (Irrationale  Modular gleichungen^ 
p.  97),  by  putting  \  =  k,  \'  =  «,  and  x  =  2-v/jcj:'  ;  then,  in  Fiedler's 
notation, 

and  ^*>  =  -  ioj  +  -/(2aj-aj») ; 

so  that,  substituting  in  his  equation,  we  obtain 

aj»-6aj'  +  3aj+l+4 -v/(2aj— aj*)  =  0, 

aj«-10*'^  +  31a;*-12aj*-aj*-.26aj+l  =  0, 

(aj»-5aj«  +  13a;-iy-20  (aj«-3aj)*  =  O; 

aj»-(5+2y5)»*+(13+6v/5)aj-l  =  0; 

and  forming  the  equations  for  a?  and  x\ 

a:«-(19  +  8v/5)iB*+(339  +  152v^5)aj*-l  =  0, 

a,"- 3ajH  (230403 +  103040  v/5)  aj*-l  =  0, 

(»*-!)»+  (230400  + 103040  -v/5)  aj*  =  0. 


Then 


J  =  -  i  Oji^  =  -  ^  (-230400  + 103040 -/5) 
_  _  2^x5^5  /y5  +  l\" 


3» 


V"^ 


)■ 


The  same  values  could  also  have  been  obtained  by  combining 
Schroter's  or  Russell's  modular  equation  of  the  5***  order  with 
Gutzlaff's  of  the  7'**  order,  but  examples  of  this  method  will  occur 

hereafter. 

% 

A  =  43.  Here     J  =  -2"x5»,     /-I  = -3»x2Px43  ; 
and  y,  =  -  y/=  80,     y,  =  21^43 ; 

y,  +  l=3*;     y'-y,+l  =  3x7«x43; 
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obtained  in  Hermite's  manner  by  approximate  numerical  calcalation, 
or  obtainable  in  his  manner  from  the  modular  equation  for  n  =  11. 

We  notice  that  when  J  is  an  integer,  then  y,  + 1  is  the  square  of  a 
number  which  is  a  multiple  of  3,  while  y,  has  a  factor  7 ;  these  con- 
siderations are  useful  in  determining  the  value  of  /  by  approximate 
numerical  calculation  for  high  values  of  A. 

For  A  =43,     0,  = -di^^+i), 

(Quar,  Jour,  of  Mafh.y  xxii.,  p.  171). 

A  =  51.  The  value  obtained  by  Dr.  L.  Kiepert  for  /  is 

jr  =  -64(5+yi7)»(%/l7+4)« 
=  -  256  (3 '/17+Il)(v^ +4)», 

and  then  /- 1  =  -  7*  (128 + 31  -/T?)',* 

?.=  ^(128+31  v/l7). 

The  modxdar  functions  for  this  transformation  are  intimately 
associated  with  Kiepert*8  functions  for  n  =  13  {Math,  Ann.,  xxvi., 
p.  381)  ;  Kiepert's  inequation  (p.  425)  having  a  factor  of  the  form 

i*+ajy+13  =  0, 

where,  according  to  Kiepert, 

a  =  -i(3yi7-hl); 

so  that  -^'  =  I  (1  +  -/sI  t)  «, 

where  a*  is  an  imaginary  cube  root  of  unity ;  and  the  corresponding 
modular  functions  will  depend  on  arguments  of  the  13^  part  of 
multiples  of  the  periods. 

A  =  59.  Here  we  shall  find  it  most  convenient  to  employ  Hermite's 
method  in  Equations  Modulaires,  p.  44,  for  class  3°,  with  n  =  17. 

The  number  of  improperly  primitive  classes,  which  we  shall  denote 
henceforth  by  the  letter  p,  for  the  determinant  —  A,  is  in  this  case  of 
A  =  69  equal  to  3  (Gauss,  Werke,  t.  ii.,  p.  287),  so  that  a  cubic  equa- 
tion for  a  must  be  expected. 

Putting  u/v  =  tf  we  shall  find,  with  Hermite's  notation, 

I  1  8 
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(l,a.+a^)»_(l-.^)« 

Then  Sohnke's  modular  equation  of  the  17***  order  (Orelle,  t.  16), 

(v-uy^"l6uv  (l-t4«)(l-t;*)  {I7uv  (t?-t*)«-(t;*-i**)« 

+  16(l-hiiV)M=0, 
becomes  an  equation  of  the  18***  order  in  t, 

(t-iy^+16 X 17^  (e-l)«+15 X  16^*+16  X  84^-16i  =  0. 

The  corresponding  values  of  A  are  4n— p'  =  67,  59,  43,  and  19  ;  and 
from  the  known  integral  valaes  of  a  for  A  =  19j  48,  and  67  given 
previously,  we  infer  the  corresponding  factors,  for 

A  =  19,    ^-  t^+  3^-i;=o, 

A  =  48,    <»-8^+   7^-1  =  0, 
A  =  67,    ^»-7^+13i-l=0; 

leaving  the  factor  of  the  9^  degree 

^»-7«*+22^'-84^«+40^*^-28^*-t-22^«-10<'+ll^-l  =  0, 
for  A  =  69. 

Forming  from  this  equation  the  corresponding  equation  in  f,  we 
shall  find  on  putting 

a  cubic  equation  for  a. 

We  might  also  have  employed  Fiedler's  modular  equation  for 
n  =  15,  and  then  the  corresponding  values  of  A  are  59,  51,  85,  and 
11 ;  and  the  factors  for  11,  85,  and  51  can  be  inferred  from  the  pre- 
ceding values  of  a. 

Also  the  modular  equation  for  n  =  18  might  have  been  employed 
in  Hermite*s  manner  for  the  case  of  A  =  51,  solved  above  by  Kiepert, 
the  extraneous  factors  corresponding  to  A  =  48,  27  and  8  being 
known,  and  easily  divided  out. 

A  =  67,  Here 

J'=-2«x5»xll»,    /-l  =  -27x7«x8Px67; 

obtained  from  Hermite's  JSquations  Modulaires,  p.  48  ; 
then  y,  =  2»x5xll,     y,  =  217  v/67, 

y,  +  l  =  8«x7«,    yJ-.y,-|-l=3x7*x8Px67. 
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The  modnlar  fanctions  in  this  transformation  correspond  to 
Kiepert's  case  of  n  =  17  {Math,  Ann,,  xrn.,  p.  428),  the  correspond- 
ing 2y-eqnation  having  the  factor 

and  the  associated  modular  fanctions  have  as  arguments  the  17^  parts 
of  multiples  of  the  periods. 

A  =  75  =  3x5*.  Here 

jr=-64y5(31v^5+69)». 

This  is  ohtained  by  Klein's  qnintic  transformation  {Math.  Ann,,  xiv., 
p.  143;  Proc,  Lond,  Math,  Soc,  Vol.  ix.,  p.  126), 

/:  JT-l  :  1  =  (r'-10r+5)»  :  (r«-22r  +  125)(r«-4r-.l)'  :-1728r; 
and  J'  the  same  function  of  /,  with  tt  =  125. 
Putting  J'  =  0,  then 

r'«-10r'+5  =  0, 
r'=5-2v^5, 
r  =  25v^5(v^5+2), 
leading  to  the  value  of  /  above. 

Then  y,  =  4  x  5«  (69  +  31  ^5), 

y,  =  1^/3  (4352^/5  +  9729). 

This  transformation  is  associated  with  Kiepert*s  transformation  for 

n  =  19  {Math,  Ann,.,  xxvi.,  p.  428),  and  the  corresponding  L-equation 

has  a  factor  of  the  form 

X*+a-L»+19  =  0. 

A  =  83.  Employing  Hermite's  method  with  n=23,  and  Schroter's 
or  Russeirs  modular  equation 

yi^+  yi?V+  y4  !SJ^(*:XicV)  =  1, 
then,  putting  y4  ^^{kX  ic'X')  =  2« , 

from  Hermite's  equations  {^Equations  Modulaires,  p.  44), 

tt*  =  ,c«  =  a>,     l-t;*  =  X'«  =  — , 

X 

-« 1  _«.      \»  ^  a?— 1 

,x  ic    =  1 — aj,     A , 

A'  X 

so  that  i^y^  =  1, 
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we  find  ic»X'  +  'c'*X'«  =  «+  —  -2  =  - ic»X»ic'*X" 

X 

=  -.256«»*; 
icX  +  icV  =  y(32«^'-.256ir'*) ; 
</;^-f  t/?X'  =  y[V+  v^{8«*-f  v^(32«"-2560}]r 
so  that         ^/{S^-¥  ^/(32«»-.256a**)}  =  l-4«-f  4tf'-4«», 
or  v/(325^'-256i^)  =  l-&+2V-40«»+48a*-32«*-f  8««, 

or  l-16«-fll2««-4(>V+1312^-2752«»+4432«« 

-  SSO^j' -f  5248/ -  37 12«» + 1 792«^^- 612«" 
+32«"-f256«"  =  0, 

an  equation  of  the  24>^  degree  in  5,  for  A  =  11,  43,  67,  83,  and  91. 

T>  XX.                             a      l-2«-2«»-2»* 
Putting  ^  = ^ , 

we  shall  find  that  this  becomes  an  equation  of  the  8^  degree  in  /3,  and 
that  /3  =  0,  for    A  =  67 

i3=-l,  for    A  =43 

/3  =  -  2,  for     A  =  11 

/3  =  i(^/l3-l),    for    A  =  91. 
The  equation  in  /3  will  therefore  be  of  the  form 

/3(i3  +  l)(i8+2)(/3«+i8-3)(/3»+^/3«+J?/3-hO)  =  0; 
and  we  easily  find      il  =  4,     5  =  2,     0  =  — 5; 
so  that  the  cubic  equation 

/3>+4/3«4.2/3-5  =  0 

having  the  discriminant  83  -f-  27,  gives  the  value  of  /3  for  A  =  83 ; 
and,  forming  the  equation  in  ^  or  «**,  t  being  connected  with  s  by 
the  equations 

a.+  -L-2=    -256«»*=    -^, 
a?-|-  -  -1  =  l-256i^=  1-^, 

X 

we  obtain  a  cubic  equation  for 

<•  266»"      • 

A  cnbic  for  a  was  to  be  expected,  as  p  =:  3  for  the  determinant  —83. 
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A  =  91  =  7  X 13.    Here 

/=-/,,    /-l  =  -27yj, 
where  y,  =  908+252^13,  y,  =  11  ^/7  (2yi3  +  7)(5v/i3-f  18). 

These  valnes  were  obtained  originally  by  calculating  the  approzi- 
mafce  values  of 

y,+l  =  (6  v/iS-f  21)*  =  9  (2  yi3  +  7)«, 

y;-.y,+l  =  3x7xll«(^^^i|±5y, 

and  the  values  of  yi  corresponding  to  a  change  of  sign  of  ^Is,  and 

K'/K^z  v^(13-T-7). 
Calculating  the  approximate  values  of 

we  find  yi+yJ  ^  1816, 

y.yj  s  - 1088, 
so  that  we  may  guess  that  y„  yi  are  the  roots  of  the  quadratic 

y»-i816y-1088  =  0. 

These  values  of  yi  or  yi  in  Kiepert*s  Zr-equation  for  n  =  23  will 
make  the  equation  have  a  factor  of  the  form 

L^+aL  +  23=0. 

A  =  99  =  3'  X 11.    Here  J  is  obtained   by  performing  the  cubic 
transformation  on 

•^-     3" 

corresponding  to  A  =  11. 

With  Klein's  form,  putting  r'  =  —-, 

(g--27)(g-243)'_  g 
2«x3V  3»' 

or  (aj-27)(aj-243)«  =  2'V. 

Put  a;- 27  =  y", 

and  extract  the  cube  root ;  then 

y*-32y«-216y-864i  =  0, 
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or 


27 


(y»-16y-30)'  =  196(y+3)', 
j/'-16y-30  =  ±14(y+3), 
(y*-2y  +  12)(y'-  30y  -  72)  =  0, 

y=l+yilt,    or    3(^/33+5);  < 

1  + 1^  =  l  +  C -/SS+Sy  =  27  (23+4 /33) ; 


__  23-4  ^33  _  (2^3-^/11)' 
'"  27        ""  27 

and  these  valaes  of  r  will  presnmablj  give  the  required  value  of  /. 

A  =  107,  a  prime,  notjet  solved,  but  depending  on  n  =  27  (Eiepert, 
Math,  Ann.y  xxxii.,  p.  ^7). 

A  =  115  =  5x23.  Here 

/=-y;,    /-l  =  -27y;, 

where  *  y,  =  3140  -f  1404  >/5, 

yj  =  (6^5 +  13)  (378 -1-169^5)  ^23, 

y, + 1  =  (18  ^/5 + 39)'  =  9(6^/5  + 13)*, 

yj- y,4. 1  =  3  X  23  (378 -h  169  v'5)'. 

These  niimerical  values  are  obtained  by  the  combination  of  the 
modular  equations  of  the  5^*^  and  23*^  order,  as  explained  below. 

Combine  Mr.  Russeirs  modular  equations  of  the  5***  and  23**  order, 

icX'+f'X  +  2>/(4icXjc'A')  =  1, 
y;^-|-  V7W-\-  »/4  'y{K\K'\')  =  1  ; 
putting  4icX  k\'  =  »*'. 

Then,  from  the  equation  of  the  5*"*  order, 

icX'  +  ic'\  =  l-2«*, 
(ic'X  -f  K\y  =  1  -f  4  icX  c'X'-  (jcX'  -f  ic'X)' 

=  l^ajii-(l-2»*)*  =  4aj*-4»"+»"; 
rX+«'X'  =  2«'-a^, 
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i/Tk-h  t^Ty  =  y2  ^/(a;4■aJ')  =  1  - ^2  », 
from  the  equation  of  the  23**  order. 
Therefore  ^  2  »•-  2aj«  -h  3  ^2  a?- 1  =  0. 

Now,  jc'X-|-icX'=l-2aj*, 

rX-|-jc'X'  =  2»«-a^; 
80  that,  bj  mnltiplication, 

kk'+W:  =  (l-2«*)(2aj>-.aj«)  =  x' (2-M-\'2x^)  ; 

(^1^7+  yxV)'  =  2aj'  (1 -»*)', 
(-  -v/i^+  -/XV)'  =  2aj'  {(!-»*)*-»*}. 
Therefore  ^2i^'  =  »-»*-  ^/(aJ«-3a^+0, 


-/2XX'  =  aj-a?+  %/(»'- 3a;«+aj^^) ; 


^2k<  =y 2 y 2 ,  . 


2        • 

Now,  since  >/2  »»-  2aj« + 3  >/2  oj— 1  =  0, 

therefore  we  shall  obtain  the  cubic  equations  for  t  =  i/isKK  =  2«', 

<»-y5^-|-(18  +  7y6)  t-l  =  0, 
2««-(3+  yS)  «»  +  (3+  yS)  5-1  =  0; 

also     v/2aj=  (^^)'(1+ yii^')  =  (j^^)'(l+ yiu'). 

Forming  the  equations  for  ^,  ^*,  and  ^, 

<«-f  (314-14.^5)  i*+(569  +  254v/5)  ^'-1  =  0, 

^11 -(803+ 360 yS)  ^ +(646403  + 28908  y 5)  ^*-l  =  0, 

(»*-.3^«-|.  (835673068803  + 373724357760 >/6)  t^-1  =  0; 

sothat  /=-._v__^ 

=  -  ^  (835673068800  +  373724357760  ^5)  - 


=  -  2*  X  5  ^/5  (157  ^/5  +  351)», 


* ', 


^  ->  ^.>  ,'5  /'  /^^  '  v.  -  ^  ■  - ,  •  • 
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y,  =  3140  +  1404^5, 

y,+l=9(6>/5+13)', 

y>-y,+l  =  3x23  (378  +  169  >/5)«, 

y,  =  (6^5 +  13) (378 +  169^5)  ^23. 

The  corresponding  modular  fanctions  are  those  of  the  29***  part  of 
mxdtiples  of  the  periods,  and  Kiepert*s  2/-equation  for  n  =  29  with 
these  values  of  y,  and  y,  has  a  factor  of  the  form  ii*  +  aii'  + 29. 

A  =  123  =  3  X  41  can  be  solved  hj  a  combination  of  the  modular 
equations  of  the  3'*  and  41*'  order,  or  by  using  Hermite's  method 
with  n  =  23. 

A  =  131,  a  prime,  not  yet  solved. 

A  =  139,  a  prime,  not  yet  solved. 

A  =  147  =  3x7'  can  be  solved  by  employing  Klein's  transforma- 
tion of  the  7^  order  (Proc.  Land,  Math,  Soc.j  Vol.  ix.,  p.  126  ;  Math, 
Ann.,  XIV.,  p.  143)  with  J'  =  0. 

A  =  155  =  5  X  31 ;  combine  the  modular  equations  of  the  5^  and 
31"*  order.    Then,  as  for  A  =  115,  if 

aj"  =  4icXic'V, 

y;^+  V7\'  =  y2  y(aj+a>»). 

Then,  in  Russell's  modular  equation  of  the  31"*  order  (Proc.  Lond, 
Math.  Sac,  Nov.  10,  1887), 

(P»-4Q)'-4PE  =  0, 

p=  y2y(iB+«»)+i, 


we  must  put 


Q  =  ^  +  t^2y(xW), 


B  = 


^2' 


which  will  lead  to  the  required  result. 

A  =  163.  Here       /  =  -  yj,    /-I  =  -  27y;, 
where  y,  =  53360,     y,  =  186801  ^163, 

y,  +  l  =  3'x7«xl¥',    y;-y,+l  =  3xl9«xl27«xl63; 

and  then  2fi»— 4fi*  +  6«-l  =  0. 

These  values  were    inferred   by   approximate    calculation   from 
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Hermite's  formnla  {liquations  Modulaires,  p.  48 ;  H.  J.  S.  Smith, 
Report  (1865)  on  the  Theory  of  Numbers,  p.  374),  the  calcalation  being 
very  •much  abbreviated  from  the  consideration  that  y^  +  l  is  the 
sqnare  of  a  number  which  is  a  mnltiple  of  8. 

The  value  of  A =163  appears  to  be  the  highest  for  which,  according 
to  Hermite's  canon,  the  absolute  invariant  /  is  an  integer,  and  so  for 
the  present  we  terminate  at  this  point  the  series  of  values  of  A  in 
Class  A. 

Class  B, 
A  =  7,  mod.  8. 

This  is  the  class,  Hermite's  class  4^,  for  which  no  simple  numerical 
invariant  has  yet  been  discovered ;  and,  according  to  Hermite  and 
Joubert,  the  only  modular  function  to  seek  to  determine  numerically 

is  y(*f«)>  o^  sometimes  v^(*f*f'). 

Jacobi's  modular  equations  between  u  and  v  are  not  suitable  for 
this  purpose,  but  the  kX— /X'  equations  of  Mr.  Robert  Russell  be- 
come immediately  of  the  requisite  form  on  putting  X  =  jc',  X'  =  jc. 

The  corresponding  complex  multiplication  formulas  are  given  in  the 
Quar,  Jour,  of  Math.^  Vol.  xxii.,  p.  143,  where  Weierstrass's  notation 
is  employed. 

Guided,  however,  by  Hermite's  liquations  ModuLaires^  p.  44,  we 
may  in  this  Class  4^,  employ  a  complex  multiplier, 

^  =  i(-p+v/A»), 

where  p  is  an  odd  integer,  and  then,  following  Mr.  G.  H.  Stuart's 
method  {Quar,  Journal  of  Math. ^  Vol.  xx.,  p.  38),  we  can  express 

y  =  p  —   in  terms  of    a  =  pu, 

by  means  of  an  irrational  formula ;  or,  with  Jacobi's  notation,  we 
can  express 

^  =  en  -TT^   in  terms  of  so  =  en  ti ; 
M 

which,  in  the  simplest  case  of  A  =  7,  and  p  =  1,  becomes 

where  c  =  8-1-3 -/?: 

leading  to  the  differential  relation 

dy  _i(-l-f  y7t)(£a? 
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{Proc,  Camh,  Fhil,  8oc.^  Vol.  iv.) ;  and  generally,  for  any  valne  of 
A  =  8n-1, 

v^ic+y  \ic — x)         Ccn  (2«  +  l)«  +  a;  j 

where  to  =  (K+iE^/n^ 

connecting  a  =  en  u,  and  y  =  cnj-(— 1+  v^A  i)  t*,  and  leading  to  the 
differential  relation 

dy  _,K-l+yAt)da? 

ya-y'.y'  +  C)        v^(l-a^.a^-hc«) ' 
where  c  =  ic'/f ;  or,  in  Weierstrass's  notation, 

y— P2«»  L      «-p  («,-!- 2««i/n)       J' 

connecting' x=ipu,  and  y  =  p^(— 1-|-  y/Ai) u,  and  leading  to  the 

differential  relation 

dy  _i(— l+yAt)(fo 

The  modular  functions  required  in  the  general  case  are  then  the 
n^  parts  of  multiples  of  the  periods,  where 

n  =  i(A+p'), 
an  integer;  and  then  A  =  8n— p', 

thus  giving  the  interpretation  of  the  formula  for  class  4°,  p.  44,  of 
the  Equations  Modulaires,  in  which 


u'  = 


2iv 


%  » 


tf  =  1— », 


in  the  modular  equation  of  the  n^  degree,  connecting  Jacobi's  u  and  v. 
A  =  7.  From  GutzlafE's  modular  equation  of  the  7^  order, 

t/K\+  i/7y  =  1, 

we  obtain,  putting  k  =  X',  k'  =  X, 

2^1^7=1. 
A  =  15.  In  this  case  Joubert  (Comptes  Bendu8,  t.  50)  gives  the  value 

yi^  =  sinl8^ 
for  K'/K  =  yiB ; 

while  i/KK  =  sin  54°, 

for  Z7.K=y(54-3). 


/^ 


/ 


820  Mr.  A.  G.  Greenhill  on  Complex  [March  8, 

These  valnes  of  i/(KK)  can  also  be  obtained  from  Fiedler's  modular 
equation  for  n  =  15. 

A  =  23.  Putting  X  =  <:^  X'  =  c  in  Mr.  Russell's  modular  equation 

of  the  23**  order,  P«-4B  =  0, 

or  Vkx^  t/7y+  y4  %UV-.l  =  0, 

then  2  V^+  ?/4  -J^-l  =  0, 

or  jB»-l-jB»_l  =  0, 

where  af*  =  16kk  ; 

the  real  root  of  this  cubic  being  given  by 

1__  8//3y3-f -/23\_^  8//3y3-v/23\ 
^■"V^       6v/3       )^\\       6v/3       )' 

A  =  31.  Putting  \  =  k\  X'  =  ic  in  Mr.  Russeirs  modular  equation 

of  the  31'*  order, 

(P»-4Q)'-4PE  =  0, 

then  P  =  2yi7-fl,     Q  =  v^j^-f  2yici^    B=y/^', 
and  P  =  «•+!,     Q  =  iaJ^+«*,     i2  =  }«*, 

if  ar"  =  16icjc' ; 

so  that  «»-3aj«+4a^-l  =  0, 

SB*— 1  =  — aj, 
a?»-faj-l=0, 
a  cubic  for  0,  the  real  root  being 

A  =  39  =  3  X 13.  The  equation  for  a?  =  2  v^^cic'  is  given  by  Joubert 
in  the  Gomptes  Bendus,  t.  50,  in  the  form 

aj*+2»»+4aj«+3aj-l  =  0, 
so  that  (aj'  +  aj-f  f)'  =  ^, 

or  2aj  =  -  1+  ^/(2  V/I3-.5)  =  -  1-h  {i  (^iT-l)}*. 


». 
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A  =  47.  The  modular  equation  of  the  47"*  order  has  been  given  by 
Hurwitz  in  the  Math.  Ann.,  Vol.  xvii.,  p.  69,  in  the  form 

=  Bi^/Kk-\-  ^7\' +  1)^7  Vie  ^(kXkX)  ; 

and  Russell's  form,  given  in  the  Proc.  Lond.  Math,  Soc.j  Vol. 
XIX.,  p.  Ill,  is 

(P»-4G)>-.4PJB(7P«+24Q)-128E«  =  0. 

Hence,  if  K'/K=^^4i7,  we  have,  putting 

\  =  jc',     X'  =  jc, 

(4  yi^-  y4  V^'-2y  =  16  v^'-.7  Vl6  yi^'+8 ; 
or,  if  16kk'  =  aj", 

(2aj»-.i;^-2)^  =  4««-7a}*+8, 
or  aj*-2aj*  +  2aj*-a^-f  1  =0. 

16icic'=y«, 
then  X  =  y^, 

and  the  quintic  for  y  is 

t/»  +  3t/»+2y-l  =  0, 

a  Hauptgleichung  (Klein,  Icosaeder)  which  has  been  solved  by  Prof. 
G.  Paxton  Young,  the  solution  being  given  in  the  American  Journal  of 
Mathematics,  Vol.  x.,  p.  108. 

The  quintic  has  only  one  real  root,  which  is 

where  u[  =  y*^  (15  +  7v^5)-|-TriT  a/{V-  (21125+ 9439  v^S)}, 
^;  =  iVo  (15-7y6)~Ti^  •{4«t  (21125-9439 v^5)}, 
K  =  i^  (15-7 v^5)+TiT  ^/{^^ (21125-9439 v^S)}, 
<  =  -jVV  (15  +  7v/5)-^  y{V (21125+9439 v^5)]  ; 

the  other  imaginary  roots  of  the  quintic  being  of  the  form 

where  e  is  an  imaginary  fifth  root  of  unity. 

We  might  have  employed  the  modular  equation  of  the  47"*  order, 
VOL.  XIX. — NO.   325.  Y 
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given  hj  Hurwitz,  in  the  Math.  Ann.,  xvii.,  p.  69,  of  the  form 

=  8  (^1^+  y/Ty  +  1) - 7  ?/l6  Z/kXic'W 
Putting  X  =  k\     y  =  *c,    or    n'X'  =  icX  =  kk, 

in  this  equation,  then  K'/K  =^  \/47  ; 

and  (4  t/i^- y4  V^'-2y  =  16  v/i^-7  yi6icic'  +  8 ; 

or,  if  16ifjc'  =  «^', 

(2a?-aj«-2)'  =  4a^-7aj*+8, 

or  aj^— 2«*+2»*-aj»  +  l  =0; 

and  if  a;  =  y/y^ 

y»+3y'-f2y-.l  =  0, 
as  before. 

A=:  55  =  5x11.  Combining  Schroter's  or  Rnssell's  modular  equa- 
tions of  the  5""  and  11***  orders, 

jc'X  +  icX'  +  2»/(4aic'X')  =  1, 

y^+  V'j?X'+2  «/(4icXjc'X')  =  1 ; 
patting  4icXif'X'  =  aj", 

then,  from  the  equation  of  the  5***  order, 

/X  +  icX'  =  l-2a5*, 
icXH-icX=2aj«-aj«; 

\//cX  +  V'i^X'  =  -s/2  » 

=  l-2aj', 
from  the  equation  of  the  11***  order;  so  that 

2aj*+y2aj-l  =  0, 

v/5-1 

2v/2 
Then,  as  before,  in  A  =  115, 

kk'  +  XX'  =  «« (2  -  bx*  -f  2aj»), 

v/;^+>/xV=v/2a'(l-aj*) 

_7-v^5 
8 
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A  =  63  =  3'  X  7.  Performing  the  cubic  transformation  on  the 
modnlns  for 

we  shall  obtain  the  required  modal  as. 

Patting  aj  =  2  i/^\ 

the  equation  is  written  by  Joubert  (Comptee  Rendus,  t.  60) 

(a^-»-f5)'-21(aj-l)»=0, 
whence  x  can  readily  be  determined. 

For  A  =  71  and  79,  consult  Dr.  E.  W.  Fiedler,  Ueher  eim 
besondere  Glasse  irraiionaler  Modular gleichung en  der  eUiptischen  Fune- 
tionen ;  Ziirich,  1885. 

Putting  2  Vi^  =  X, 

then  in  Fiedler's  notation 

^1  =  «  =F  1, 

Z,  =  \a?^x,     Zj'  =  ±2aj  +  l, 

and  for  A  =  71,  Fiedler's  equation  for  x  is 

(aj-l)»+aj"{(2a;  +  l)*-h9(aj-fl)'(2aj  +  l)'+21(aj-fl)*(2aj  +  l) 

+  12  (2«  +  l)«]  -(aj-l)'aj*  {6  (2aj+l)  +  7  (»-l)'j  +«•  =  0 ; 

while  for  A  =  79,  the  equation  for  x  is 

(-2aj+l)'^-(aj  +  l)a^{(ic+l)«-|-10(aj  +  l)*(-2aj-|-l) 

+  28  (oj-f  1)«  (-2«-|-l)«-f  21  (-2aj+l)»} 
-«*(7(«+l)*+26(a;+l)'(-2aj-hl)+24(-2«-fl)'} 
+  8(aj  +  l)a^  =  0; 
equations  of  the  9^  and  8***  degree  respectively. 

A  =  87  =  3x29  can  be  solved  by  the  combination  of  the  modular 
equations  of  the  3^^**  and  29^  order,  but  this  last  modular  equation  has 
not  yet  been  calculated  by  Mr.  Russell  or  others  in  a  convenient 
form,  the  form  given  by  Schroter  being  unsuitable  for  our  purposes. 

A  =  95  =  5  X  19. 

Putting,  as  before  4ic\i:'X'  =  a", 

and  yicX  +  y/Tk'  =  ^2  », 

Y   2 
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from  the  modular  equation  of  the  5*^^  order,  then,   in  Mr.  Russell's 
notation,  P  =  \/2  aj  —  1, 

which,  substituted  in  his  modular  equation  of  the  19***  order,  will  give 
an  equation  of  the  12***  degree  for  x. 

Class  C. 

A  =  1,  mod.  4. 

This  is  Hermite's  Glass  1°  {Equations  Modulaires,  p.  44),  and  the 
absolutely  simplest  numerical  invariant,  according  to  Hermite,  is 

(x-\-iy 
a  =  —  -^ — ■ — - — . 

which,  on  replacing  a>  by  1— «"',  becomes 

80  that,  putting  /3  =  J^/a,    y  =  ^^(a+16), 

and,  according  to  Hermite,  p^y  are  in  a  great  many  cases  integers. 
With  the  complex  multiplier 

where  f>  is  an  odd  integer,  we  can  connect 

y  =  en  -—•  with  x  =  cnUf 

by  means  of  an  irrational  relation  in  Mr.  G.  H.  Stuart's  manner,  as 
explained  in  the  Quarterly  Journal  of  Mathematics,  Vol.  xxfi.,  p.  147  ; 
and  then  the  modular  functions  involved  in  these  relations  are 
functions  of  the  n***  part  of  multiple  of  the  periods,  where  '^ 

n  =  i(A+p'). 
an  integer ;  so  that  A  =  2n  ~  p', 

as  in  Hermite's  formulas  (liquations  Modulaires,  p.  44). 


1888.]         Mult  {plication  Moduli  of  Elliptic  Functiom,  325 

Or,  in  Weierstrass's  notation,  we  can  connect 

x=:  pu  and  y  =  pj  (  — 1  + -/^O* 
where  A  =  4n+l,     m  =  2n-f-l, 

\)j  means  of  the  relation 

a  transformation  of  the  order  n  +  i  =  ^w. 

A  =  1.     Then  ic'=  ic,  and   ic'=  ic  =  sin  46° ; 

also  J=  1,     J— 1  =  0,  so  that  gr,  =  0. 

Then  i8  =  0,    a  =  0,    2<ic  =  1. 

A  =  5.     Here  /3  =  2*,    a  =  2* ;    obtained  from   Russell's  modular 
equation  of  the  5***  order,  with  X  =  k,  X'=  k.     Then 


2icic'  +  2y4ic''ic'3-l=:0, 


or,  putting  y/2icK=:  x, 

aj'-f  2a?«-l  =  0,     («  +  l)(aj'  +  a;-l)  =  0,     ^  =  ^(75-1), 

2icic'=  v/5-2=  (•^^^^=^)'  (Abel). 

A  =  9  =  3'.     Here 

a  =  2®  X  3  (Krouecker), 

/3  =  8y3,     y  =  14, 

or,  putting  2*cic'=  «, 

^-14;j-l  =  0,     2?  =  7~4v/3  =  (2-  y/Sy  =  (^yo  ^)'' 

A  =  13.     Here  /3  =  36,  a  =  2*  x  3*  (Kronecker)  ; 


2./=  5^13-18  =(^%1?)". 


A  =  17.     Taking    Mr.    Russell's   modular   equation  for  the   17*"* 
order,  and  putting  \  =  k\  X'=  k,  there  results  the  equation  in  «  =  2ifjc', 

(«-l)(^'-36;r-l)'  (2*-80z»-983'-80;r  +  l)  =  0. 

The  factor  z  — 1  =  0  corresponds  to  A  =1,  and  the  factor 

!^-S6z-l=:  0  to  A  =  13;  so  that 
;5*_80;5»-98«'-80z  +  l  =  0; 
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y«_80y-100  =  0, 
y  =  10V'l7+40, 

/J  =  Y  -«  =  4y(206+50yi7), 

a  =  4/3*  =  2^  (25  Vl7  -f  103). 
A  =  21  =  3  X  7.     Then  (Kronecker) 

a  =  2'x3«(y3-hl)', 

A  =  25  =5'.    Then 

i3  =  2«x3'xy5,      y  =  322  =  2x7x23; 

A  =  29.  The  form  of  the  («\,  kX)  modnlar  eqnation,  according  to 
Mr.  Russell,  will  be 

P"  -f  R  (ilP" + BP^'Q  -f  (7P«G'  -f  DP«Q»  H-  JE?P*Q* + FP"Q*  +  (?Q0 

+  E' (5P»+ JP'Q+JS:P*Q«H-iP*(?-h^PQ*) 

+JB' (iVP»+ OP*Q  +  SfP«0«-h  TQ*) 

+ E*  ( I7P»+ FPQ)  +  T7JB*  =  0, 

connecting  P  =  aj+y  — 1,     0  =  xy—x^y,     B  =  — xy, 

where  a?  =  icX,     y  =  kX'  ; 

and  -4,  B,  C,  ...  [7,  F,  TT  are  numerical  coefficients,  the  values  of 
which  have  not  yet  been  determined. 

Putting  X  =  k\  \'=  «:,  and  then  z  =  2kk  ;  P  =  js— 1,  Q  =  J^'  — 5?, 
22  =  —  J2* ;  and,  by  analogy  with  the  preceding  cases,  the  resulting 
equation  will  have  a  factor  2-1-1,  and  other  factors  corresponding  to 
previous  values  of  A. 

Pending  the  determination  of  the  numerical  coefficients  in  Russeirs 
modnlar  eqnation  of  the  29'^  order,  let  us  determine  the  numerical 
valaes  of  the  modular  fanctions  for  A  =  29  in  Hermite*s  manner  for 
his  Glass  P,  by  means  of  the  modular  equation  for  n  =  19. 
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Then  the  corresponding  values  of  A  are  given  by 

2n-p'  =  37,  29,  13  ; 
of  which  the  solutions  for  A  =  37  and  13  are  simple  and  well  known. 

Putting,  in  Hermite's  notation, 
then,  since  ic*  =  «•  =  aj. 


and 


t**  = 


t;*+l' 


X-1      .       1  +  ic 

JC  =  r r,      A  =s 


X  +  l' 

4  ^  /      1  +  V^« 

w*  =  «X  =  vx  ^-^ — T-  ; 

1— Vaj 


1-if' 


/V  =  2i  ^x  J\±^  =  2i  yic\. 
V  1—  voj 

Then,  in  Russeirs  notation,  with 

jcX  =  w\     «  X'  =  2tV,     e*  =  —  1, 

P=:w(t'\-e^/2), 

0  =  w;«(ey2<-l), 

E=-eA/2ur«; 


where 
Then 


t  =  w =  \/icX— — 7=.. 

^jcX 


w 


^  +  2  =  ii;Ht^; 


-2 


,4.^ 


= ,,  V+r   ,  =  *  ya= (1+0  yA 

With  Russell's  notation,  for  n  =  19, 

P  =  u;«  +  cv/2t(;-l  =      w(<  +  l  +  i), 

Q  =  €^2  t^-w;*- €v/2  w  =      w'  (^+i^-l), 

and  substituting  in 

P»-112P«E  +  256QB  =  0, 
we  obtain 

(^  +  l-^^)»  +  112  (l  +  i)  (<H-l  +  iT-256  (1+i)  (*+ »   -1)  =  0, 
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or 

<»  +  6^*-|-92e«-20i+28+i  (6^+20^+ 132<*-64^+476)  =  0. 

This  eqnation  has  the  factor 

^+8>+16-18i  =  0, 

giving  /  =  —4  ±  3  v/2  e 

=  -l  +  3i,  or  -7-3t; 

and  therefore  /3  =  6'    or  42*, 

corresponding  to  A  =  13   or  37. 

The  remaining  cnbio  factor  is 

^-(3-60^+(8-20^-14+14i  =  0; 
so  that 

««+  (32+260  e*+  (116  +  192t)  ^+392t  =  0 ; 

and  since  ^  =  (1  +i)  >/fi^, 

therefore  fi^ + 26/3 + 44^* + 56  =  0, 

a  cubic  eqnation  with  discriminant  32'  X  29  -^  27  ;  then 

i3»-688/3«-976j3-3136  =  0 ; 

giving  /3=__2i:ic'; 

and  putting  z  =  2kk\  the  equation  for  z  is 

«*+688a»-979«*  +  1960^«+9792«  +  688;?-l  =  0. 

The  knowledge  of  this  factor  will  be  of  great  assistance  in  the 
determination  of  the  numerical  factors  A,  B,  C,  ...  IT,  F,  TF  in  the 
modular  equation  of  the  29*^  order. 

A  =  33  =  3x11.     Here 

a  =  2*x3(300+52v/33)', 

Theie  values  are  obtained  by  the  combiTiation  of  Schroter's  or 
Russell's  modular  eqnation  of  the  11***  order, 

v/;^'+v/ja+2  «/(4irXic'\')  =  l    (1) 

with  the  equation  of  the  3**  order, 

yicX+N/i?V  =  l (2). 
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Putting 
then 


and 


4k\  kX  =  x\ 

icX'+ic'\  =  l-4B+4aj»-«*, 
rX  +  ic'X'=  l-aj», 
(icV-KX)«=l-2a^; 
80  that     l-2aj»+(l-4aj+4{B'-aj»)»  =  (ic'X'-rX)«  +  (icX'+ic'X)* 

(l-4aj+4«»-aj»)»  =  2aj», 
a,«-8aJ»+24r*-36aj»4-24B*-8aj+l  =  0, 
a  reciprocal  sextic,  haying  the  factors 


=  1, 


or 
or 


Putting 
then 

so  that  ^  =  4,  2=bi. 
Taking  the  real  root 


y'-8y'  +  21y-20  =  0, 
(y-4)(y'-4y  +  6)  =  0; 


X 


«  =  2-^/3  =  1(^3-1)'; 
then  ifX' + ic'X  =  v^2  irf  =  A  (  v/3  - 1)», 

KX  +  r'\'  =  !-»»  =  |(v/3-l)», 
(K'+K)(^'+X)  =  3(y3-1)», 
(/_«)(X'-X)  =  2(y3-1)»; 
(1  +  2«')(1  +  2U')  =9(v/3-l)«, 
(l-2ifO(l-2XX')  =  4(v/3-l)«, 
4(«'+XX')  =  5(v'3-l)«, 
64kXk'X'  =  4(v/3-1)", 
16  (KK-Wy  =  a^  (  v/3-1)", 

4  (XX'-ick')  =  I  ■/IT (  v'3-l)«, 

8kk'  =  i  (10-3yn)(v^3-l)«, 

^«=(^)'(^)''"-'/K=y38, 
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2XX'=  (^)'(v^l)'  for  A7A=  y(11^3). 

=(10+3^/17)  (^)*-(io-3v/ri)  {^y 

=  156^11+300^3 
=  4v/3(76  +  13v/33); 
a  =  2*x3(76  +  13v^)'; 

=  520+90^/33 
=  10(52+9n/33); 
a  +  16  =  2*  X  5»  (62+9  -/33)«. 
Similarly  for  W  and  the  values  of  a\  corresponding  to 

A'/A  =  y(ll  -r  3), 
a  =2^x3  (75-13  v^)«, 
o'+16  =  2*x  5«  (52-9  v/33). 

A  =  37.    Here  a  =  2«x3*x7*, 

/3  =  2«x3«x7«,        7  =  2x5x29^37; 

obtained  from   Hermite*8    Theorie  des  Equations  Modulatres,    Note, 
p.  50 ;  also  by  Kroneoker,  Berlin  Sitz,  1862  ;  then 

2«'  =  (>/37-6)»,     2^  =  (^/37+6)^ 

A  =  41.  Not  yet  solved ;  but  a  qnartio  equation  for  o,  /3,  or  y  mnst 
be  expected,  as  p  =  4. 

A  =  45  =  3'  X  5.  Here,  by  means  of  the  cubic  transformation  in  A  =  5, 

a  =  2«(17  +  10y3)*,     a  +  16  =  80  (527  +  304v/3)^ 

/3  =  2«  (17  +  10v/3)«,    y  =  2^5  (527  +  304  ^3)  ; 

2KK^[^^f[^^^^)\     K7K=y(45); 
2U=(^^y'(^!^^^)*,     A7A=y(9-5). 
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A  =  49  =  7*.  Here,  bj  the  7*®  transformation  on  A  =  1, 

a  =  2*x3*(3+v/7)V7, 


Then 


KK 


,_  /v/7  +  l-v/2y7\" 


(Kronecker,  Berlin   Sitz,   1862  :    G.   H.  Stuart,    Quart,  Journal  o 
Math.f  Vol.  XX.). 

A  =  53,  a  prime  number  not  jet  solved.     Here  p  =  3,  so  that  a 
cubic  for  a  must  be  expected. 

A  =  57  =  3  X 19.  We  combine  the  modular  equations  of  the  3^^  and 

19***  order,  and  put 

4  kX  k\'  =  y*. 

Then  from  the  equation  of  the  3'*  order 

ic'\+icX'  =  1 — y*, 
icX+ic'X'=  ^/2y, 

With  Russeirs  notation,  we  have 

P=y(y«+y2l/)-l, 
G  =  iy«-y(y«+y2y), 

and  then,  substituting  in  his  modular  equation  of  the  19***  order,  we 
obtain  an  equation  for  y,  which  is  reciprocal  when  rationalised ;  and 
then  putting 

y-1   =v/2v, 


we  obtain 

or 

or 

Taking 


^+5t;4_-46v»-|-706v»-611v  +  169  =  0, 
(v  +  13)(v*-8v»+58t;*-48v  +  13)  =  0, 
(i;  +  13)  {(t;'-4t;-h3)'+(6t;+2/}  =  0. 
t;  =  -  13, 
J--y  =  13y2, 

y 

^-+^  =  3^/38; 

y 


332  Mr.  A.  G.  Greenhill  on  Complex  [March  8, 

kk'+W  =  y2  y  (1  -2/«)  =  -  2y*v 
=  26y»; 


2  y icX  le^V  =  2/» ; 
v/ic7+ \/xV  =  3  v/3  y , 

But  2y  =  v/2(3v/l9-13), 

BO  that  2..'  =  (^7  (^^%^Y'    ^V^  =  ^^"7, 

A  =  61.    A  prime  number,  not  jet  solved,    but    depending  in 
Hermite's  manner  on  n  =  31. 

A  =  65  =  5  X 13.  Combine  the  modular  equations  of  the  5^  and 
13***  orders ;  then,  if  we  put 

4icXicV  =  ««, 
we  obtain  from  the  equation  of  the  5^  order, 

ic'X  +  icV  =  l-2aj«, 

icX  +  icX=2aj-aj»; 
and  in  the  equation  of  the  13^  order,  with  Bussell's  notation, 

P  =  -l  +  2aj-aJ», 

E  =  -  lx\ 

Substituting  these  values  of  P,  Q,  and  E  in  the  modular  equation  of 
the  13*^  order,  and  dividing  out  the  factors  oj  +  l,  aj*±aj  +  l,  we  are 
left  with  a  reciprocal  equation  for  aj,  which,  on  putting 

1    . 

—  +«  =  y, 

X 

becomes  y*— 5y— 10  =  0, 

so  that  y  =  i('/65  +  5); 

whence  kk  and  XX'  can  be  determined. 

A  =  69  =  3  X  23.     Combine    Schroter's,   Hurwitz*s,    or  Russeirs 
modular  equation  of  the  23**  order, 

.Vi^  +  Vi?V+^(256icXic'X')  =  l (1), 
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with  Jacobi's  equation  of  the  3*^  order, 


yic'\+v/;^=l 

Putting 

4rXic'V  =  aj",, 

then 

yiS:+Vc"r  =  l->/2«, 

and 


v^i^+ v'Tx' =  1-2 v/2»  +  2aj«- v/2aj", 

a+,e'V  =  (1-2^2 aj  +  2»*-  v/2aj»)«-«, 


(,c'X-icV)*=  l-2aj*, 
therefore  icX  +  icX  =  ^2  a?', 

or  (1-2^2  aj  +  2aj»-  v/2aj»)«. 

or        aj«-4y2aj*+12«*-10v/2aj»+12i». 
a  reciprocal  sextic  for  x. 


■»•  =  v'2  aj», 
4y2»+l  =  -/2aj», 


Put 

then 

The  equation 

has  the  factors 


X 


2/>-4v/2y«  +  9y  =  3y2. 


y»-4y2y»+9y-3v/2  =  0 


(2/-v^2)(y»-3v/2y+3)  =  0, 


(2). 


and  therefore  the  roots  -v/2,  — Jo' 

For  ;e  to  be  real,  y  must  be  greater  than  2,  and  therefore  we  must 
put 


J.     .  a,^34V3 
x^  y2    * 


Then 


icX  +  ic'X'  =  v/2aj», 
v'X  +  i:X'  =  l-a^; 


and,  multiplying  these  equations  together, 

ie/+XX'=  y2a5»  (!-«•), 
also  2\/*:X(c'X'  =  aj', 
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so  that  v/|^'+  v/aX'  =  «•  J'  (  -v/2  (^  -aj»  )  +1 1 , 

A  =  73.  A  prime  number  not  yet  solved ;  but  depending  in 
Hermite*s  manner  on  n  =  37.  Since  p  =  2,  we  must  expect  a 
quadratic  for  a. 

A  =  77  =  7xll.     Combine  the  modular  equation  of  the  11'**  order, 

^kX  +  v^i^'+ 2  %/(4>k\k\')  =  1, 
with  Gutzlaff's  equation,  of  the  7***  order, 

by  putting  4icXk'X'  =  «**. 

Then  v^+  y/X'  =  l-2aj', 

icX+icX  =  l-4aj«  +  4«*-aj«, 
and  v/i?X+  yi^'  =:  1-  ^2  aj», 

ic'X  +  icX'  =  l-2y2aj»+a^. 

But  (k\ + ic'X')*  +  (k'X + »cX')*  =  1  -f  4ifX  ic^', 

and  therefore 

(l-4aj«  +  4aj*-aj«)»+(l-2y2  «»+«•)  =  1-1- aj", 

or  (l-2v/2aj»+fl/»)*=  l+aj"-(l-4aj2-|-4aj*-»0' 

=  8aj"-24flj*-|-34ai«-24aj«+8aj^« 

=  2««(2-3««+2«*)'. 
l-2v/2aj»-|-««  =  2v/2ar-3y2aj»+2y2aj», 
or  aj«-2v/2aj*+v/2aj»-2v/2aj+l  =  0, 

a  reciprocal  sextic  in  x,  which,  putting 

1   _^ 

becomes  y*—2v'2y'— 3^  +  5^/2  =  0, 

(y-y2)(y'-^/2y-5)  =  0; 
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having  roots  ^^2,  — — ,  of  which    the  root  greater  than  2  must 


be  chosen. 
Then 


v/2 


«'  +  XX'=y2.'{^-«^-4(i-x)}{2(^+<^)-3]. 

2  AXic'X'  =  «•  ; 

whence  ^kk'  and  \/x\';  and  then  2kk'  and  2XX'. 
A  =  81  =  3*.     Obtained  from  A  =  3. 

A  =  85  =  5  X  17.     Taking  the  modular  equation  of  the  5***  order, 

and  putting 

4cXic'X'=aj«, 


then 


a;  =  1(^85-9) 


is  a  value  implied  from  the  approximate  solutions  given  by  Professor 
H.  J.  S.  Smith,  in  the  Report  on  the  Theory  of  Numbers,  1865,  to  the 
British  Association,  p.  374. 

Then  /X  +  icV  =  l-2a?, 

k-X+ieV=:2aj-aj"; 
so  that,  by  multiplication, 

kk' + XX'  =  «  (2  -aj*)  (1  -2aj«) 
=  «»(2aj-*-5  +  2aj*) 
=  161 »»; 
-ic»c'+XX'  =  72v/5aJ»; 

2U-=  (^)'V, 
W=(^)"(^)',E7^=v^. 

^-=(=^)"(=%-')%'/A=yci7*5). 
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A  =  89.     A  prime  number,  not  yet  solved. 

A  =  93  =  3  X  31.     From  the  modular  equation  of  the  3'**  order, 

^/7\'^  y/Ki7=:  1, 


putting  i/4i  k\  k\'  —  *» 

ic'\+ic\'  =  l-2aj*, 

=  1+4** -(l-2aj'V  =  4a', 

Then,  in  Busseirs  notation, 

P  =  1+  v/{  •(2aj+2«»)  +  2aj}, 

Q  =  »+ v/{  y(2aj  +  2a?)  +  2aj}, 
E  =  aj, 

P*-4Q=  l-2aj  +  -v/(2»  +  2aj*)-2v/(  v/(2a;+2aj»)  +  2a:}  ; 

and  the  modular  equation  of  the  31*^  order, 

(P»-40)»-4PE  =  0, 
becomes 

[l-2»+y(2»+2«*)-2v/{-v/(2aj+2aj')+2a;}]« 

-4aj-4ajy  {  v/(2aj  +  2aj*)  +  2a;}  =  0  ; 

and,  rationalising, 

l  +  2aj  +  6»«+2(3-2aj)  s/{2x+2x*) 

=  4  {l-aj+  v/(2aj+2»')}  y{  y(2a!  +  2«»)  +  2»}, 
or 

l-20aj-8aj'-72aj»+68aj*  =  4(l  +  12»-18««+12aj»)  y(2«+2aj«), 
or 
l-72a5-416aj>-4048»*+1268(te*-8096aj»-1664aj«-576ic'+16a^  =  0, 
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which,  on  patting  ^2  »  =  y,  becomes 

1  -  36  y  2  y  -  208y»  - 1012  y  2  i/» + 31 70y* 

-1012y2y*-208y"-36v^2y'+y» 
a  reciprocal  equation  for  y. 


=  0, 


Now,  put 


then 


so  that 


y 

y«+  -i-  =  2t;'-2, 
y»+-i=2y2t>»-3y2t;, 

if 

y*+JL=4t;*-8t;«+2; 

y 


t,*-36t;»-106i?«-452v  +  897  =  0 ; 
(t;-39)(t»+3t?'+llt;-23)  =  0. 


Taking  v  =  39,  then 


±+y  =  39V2, 


y  =  7-/2y31, 


y 
2y 

2» 


v/2  (39—7  ^31), 

39-7'/3r; 
2aj(l-2»«) 

2^(1-,) 
14  -/31 2/", 


2  Ax  kW 
2kk 


2/^ 


4573^', 

(14^/31 -45  y3)y» 

/y31-3v/3\»/39-7y31\* 
V  2         j   [        72       /' 
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for  K'/K  =  v/93 ; 

2XX'=  (^31-f3y3\'  /39--7V3iy 

for  A'/A  =  y(31  -7-  3). 

A  =  97.  Guided  by  the  approximate  numerical  values  given  by 
Kronecker,  and  quoted  by  Smith  in  the  1865  Report  on  the  Theory  of 
Numbers,  p.  374,  we  infer  that 

0  =  33210^97+327078; 

a  being  given  by  a  quadratic  equation,  since  p  =  2  for  the  determi- 
nant -97. 

A  =  101,  a  prime  number.  Since  p  =  7  for  the  determinant  —101, 
we  must  expect  an  irreducible  equation  of  the  7***  degree  for  the 
determination  of  a. 

A  =  106  =  3  X  5  X  7,  a  number  composed  of  three  prime  factors,  the 
earliest  number  of  the  kind  to  be  encountered. 

The  solution  of  the  modular  equation  in  this  case  has  been  given 
by  Kronecker  in  the  Berlin  Sitzungsberichte^  1862,  but  the  method  by 
which  the  solution  was  obtained  is  very  briefly  indicated,  and  the 
results  contain  numerous  misprints. 

We  shall  obtain  the  solution  by  combining  GutzlafE*s  equation, 

with  Fiedler's  modular  equation  of  the  15***  order, 

'ZiZa,+4Z,  =  0, 

where  Z^  =  i/^-^-  v^iTV+l, 

^8  =  +  y^^x^\ 

and  Z^  =  Z\--4iZ^, 

Write  X  for  VkXkK  and  w  for  v^#cA+  v^ieX;  then 

^i  =  w;  +  l,     Zj  =  M;-|-aj,     Z^^x, 
Z,.=:(w-^iy-4,(whx), 
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and  Fiedler's  equation  becomes 

(w+l)(w-l)*-4aj  («?  +  !) +4b  =  0, 

or  (w'\'l)(w—iy  =  4iwx^ 

or  w'— to*— w+l  =  4m«b. 

Now,  from  Gutzlaff's  equation, 

and  therefore      (ic\+<c'X')»  =  1  -h4aj*-(l-4r+2aj*)« 

=  8aj-20aj»+16aj». 
But  </i^+</j?V  =  tt;, 

jcX+     ifX  =  w*-4rt£^»aj  +  2iB' 

=  t(;»+M;»-U7+2«»  =  2u^  +  4u;aj+2aj'-l 
=  2(a;+aj)»-l. 

Therefore,  putting  w+x=  z, 

and  2»-(3a5-hl)«*  +  (3aj»-2a;-l)«-»*+3a5*+«+l  =  0, 

and  z  is  to  be  eliminated  between  these  two  equations. 

Putting  2«*— 1  =  <,     «*  =  i  (^  +  1), 

then,  since 

(;g»  +  (3a,«-2aj-l)«}'-{(3»+l)is*-a^+3aj«+«+l}«  =  0, 

or  i5«-(3iB»+10aj+3)  «*  +  (3aj*-f  4«»+10aj*+12aj+3)  «« 

-(iB»-3aj»-aj-l)'  =  0, 
therefore 

(^y-(3iB«+10aj+3)(^)V(3«*+4aj»  +  l(^»+12«+3)^ 

-(a^-3»«-aj-l)«  =  0, 

or    ^-(6«*+20aj+3)  ^+(12aj*-f  16a^-|-28aj«+8aj+3)  ^ 

-(8a;*-48aJ*+44«*  +  16aj'+22aj«-12a+l)  =  0, 

z  2 
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or  i  (^  +  12a;*  +  16a^+28a!»-f  8aj-|-3) 

=  y(16aj»-20«»+8aj)(12aj*+32aj»+8a5H16»  +  3) 
=  8aj«+4&r*  +  244fl5*-288aj»+122aj«  +  12a;-M, 

a  reciprocal  equation  in  ^2  x. 

Putting  \/2aj  =  y,  and  squaring, 

(4  v/2y*-10y«  +  4  y2y)(3y*+8  y2y>+4t/«  +  8  ^/2y+3)» 

=  (y«  +  6v/2y»+6V-72v/2y*+6V  +  6v/2y  +  l)'; 

and  putting  y  H =  y 2  v, 

y«+  -i-  =  2t;«-2,     y"+4-  =  2y2t;»-3y2t;, 

y  y 

(8t;-10)(6t;«  +  16v-2)'  =  2  (2t7»+12v«  +  68t;-84)', 

or  (4t;-5)(3t;'+8i;~l)'  =  (t;»+6t;«+29t;-42)», 

or  v«-24«»-53t;*+272t;»+691t;«-2520v+1769  =  0. 

A  quadratic  factor  of  this  equation,  v*— 28v  +  61,  was  disco verec 
by  calculating  the  approximate  numerical  values  of  a;  in  a  manner  \a 
be  explained  subsequently. 

The  remaining  quartic  factor  of  the  sextic 

v*+4v«-2v«-28t;+29  =  (v«+2t;-5)*+4  (v— 1)«  =  0, 
has  only  imaginary  roots. 

Taking  v  as  determined  by  the  quadratic 

t,«-28t;  +  61=0, 
then  t;  =  14  +  3\/r5. 

The  reciprocal  12^®  for  y,  expanded  at  full  length,  would  be 
y"-24y2y'>-100i/»°+424  y2y»  +  2355y«-8688  ^^y' 

+  19064t/«-8688v/2i/» -24^/2^  +  1  =  0, 

which  has  the  reciprocal  factor, 

y*-28y22/»+124y»-28y2y  +  l, 
obtained  from  v'— 28t;+61. 


1888.] 
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and 
Now,  if 


Multiplication  Moduli  of  Elliptic  Functions. 
Vi?X-h  i/7\'  =  1, 

k\  +     icV=:  y (4  v/2  y  -  10y« + 4  ^2  y») . 


841 


where 


Now 


Therefore 


y*  = 


4ifXKV, 
v/2t;, 


«  =  14+3^16, 


1 

7 -J' 


I  v'(2»'-4) 
:y(658+168vi5) 
:  v^2(3'/21  +  2'/35). 

Therefore  —  =  ^2  (14+3  715  +  3  721+2  785) 


2 


y 


=  72(277+3v'3)(77+V'5), 

_  /77+73\' 77+76 
~  I       2        y        y2      ' 

_/77-73\'  77-75 


=  ( 


/         v/2 


i/^^  </ic'x'  =  1, 

v/ic\+y?X'  =  1-^/2  y, 
^X+     ie'\'  =  l-2>v/2y+y», 
k'X+     a'  =y{l+y*-(l-2y2y+t/'y} 
=  y(4^/2  2/-10y"  +  4v/2y"). 


KK 


'+XX'=:y'(l-fi/-2v^2)^{4v/2(l+y)-10} 

=  y^  (  v^2t;-2  ^/2)  >v/(8i;-10) 
=  22/'(i;-2)  y(4t;-5) 
=  21/' (12  +  3  yi5)  (6  +  >/l6) 
=  2/^234+60^15), 
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or 


and    2  \/ic\icV=  y* ; 

therefore  -/i^-f  -/XV  =  y  ^(235  +  60  ^/l6) 

=  y  (3^15  +  10), 

-  v^iw^^-  -/XV  =  y  y (233  +  60  y/lb) 

=  2/(5^5-1-6^3). 

Therefore  2yi«^=  y  (3v/l5  +  10-5>v/5-6>v/3) 

=  y(3>v/3-5)(>v/5-2) 

when  K'/K  =  -^(105)  ; 

when  Z'/£:=y(15-r7). 

Therefore 

1      _  /v/3  +  l\'  /y5-H\»  /v2±A^\*  V74V5 
V^'       \     v/2    /    \      2      /    \        2        /         v/2      ' 

and  therefore 

/3  =  iya  =  — -2ifif' 

=  (^/3+iy  /j/6±iy  /y7+y3y  /yT+ysy 


and         /3'  =  iv/a'  =  ^,-2U' 


BO  that  /3  and  /3'  are  the  roots  of  a  quadratic  equation. 
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If  we  had  taken  the  other  root  of  the  qnadratic 

v'-28t;  +  61=0, 
t;  =  14-3  -/Is, 

we  should  find     —  =  -/2  (14-3  -/iS +3  V^ -2  ^35) 

y 

=  y2(2y7+3v/3)(v/7-y5), 

1  ^  /^ A/7iV3Y  v^^-v'^ 
y       \       2       ;        ^2      ' 

^  /v/7-v/3Y  y7+v/5 

^    V    2    ;     ^2   • 

.  cic'+U'  =  y«  (234-60^/15), 

^1^+  a/xV  =  2/  (3  -/15- 10), 
-  '/<"7+  yu'  =  2/  (5a/5-6  >v/3), 


Also 

and  therefore 


and 


when 
and 

when 


^2kk  =  -^  (3  v^-10-5 >v/5  +  6  VZ) 
V  2 

=  (3^/3-6)(-v/5  +  2)  -^ 

\    V2   J  \     2     J  \       2       y        ^/2 
jr/5:=v/(35-T-3); 

ygu'  =  f-v^^+iy  /^v^^-iy  /a/7->v/3V  vr-^vs 


)        V2 


A7A=  y(21-f-5). 


According  to  Kronecker,  Berlin  Sitz.,  1862, 

2icic'=(2y-3a)*(5  +  9a  +  16/3  +  4y+7i3y  +  12a/3-h3a/3y), 

where  a,  /3,  y  denote  v/3,  v/5,  v/7,  respectively. 
The  factor  2y  -  3a  =  ( 1^  \  \ 

but  the  remaining  factor  cannot  be  made  to  agree  with 

(2+a)'  {^y  (6+/3y), 
the  result  obtained  above. 
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THe  approximate  numerical  values  of  x  and  y  were  obtained  from 
the  formulas  

Now,  if  sr/K  =  yio5, 

log  105=    2-0211893, 

log  K'/K  =  log  yi05  =    101059465, 
log  V  log  e  =      -1349342, 

loglog(— )  =    1-14552885, 


log  (i)  =  13-9806984, 
log(iy=    1-7475873, 


3 
_1\* 

log  2«  =      -2257725, 
log-i==    1-5218148, 


logy2;^=    2-4781852. 

Again,  if  A'/A  =  ^(15 -5- 7), 

log  15  =  1-1760913, 

log  7=  -8450980, 

logV-=  -3309933, 

log  A/A  =  log  y^^  =  -16549665, 

logvlog€=  1349342, 

loglog(— )  =    -30043085, 

log  (— )  =  1-9972425, 

log(— )'=    -2496553, 

log2«=    -2257725, 

log--i==    -0238828, 


log  i/2\\'  =  1-9761172. 
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Combining  these  transformations  when  the  modular  equations  of 
the  7***  and  15^  order  are  employed, 


log  —  =  1-5456976, 

y 


—  =  35131633, 

y 


log  y  =  2-4543024,         y  =  -028464, 
1  +y  =  35-161097, 

y     ^ 

log  y2t;  =  1-5460624, 
logy2=    -1505150, 

logt?  =  1-3955474, 
In  a  similar  manner,  if  K'/K  =  -v/(25-J-3), 
log  yw  =1-64324355, 
and  if  A7A  =  v/(21-7-5), 


V  =  24-862. 


log  tmx'  =  1-87623125, 
logy' =  1-5194748, 

log^=    -4805252, 

y 


y  =    -33073, 

\  =302360, 

if 

^2  V  =  3-35433, 

logy2t;'=    -5256058, 

logy2=     1505150, 

logv  =    -3750908, 

v=z    2-3718 

log  t;  =  1-3955474, 

ilog  vv  =  1-7706382, 

w'  =  58-971, 

t;+v'  =  24-862 

2-372 

and 


=  27-234 ; 

indicating,  as  the  approximations  are  rather  rough  for  the  ratios  of 
the  periods 

J^/^:  =  v/(15-^7),     y(21-f-5),    and    ^(35-^  3), 
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the  true  yalaes  oiv+v'  and  w\  namely 

v+v'  =  28    and    tw' =  61. 

Taking,  however,  the  values  from  Legendre's  tables,  we  find  that 

E'/K  =  y (15  -T-  7),  2cc'  S  sin 45°  30' ; 
jr/Z  =  y(21 -f- 6),  2«'Ssinl8°40'; 
JT/Z  =  y(35  -«-  3),    2<if'  s  sin  2°  8'. 

If  we  had  combined  Jacobi's  modular  equation  of  the  3*^  order, 

-v/?X+V^'=l, 
with  Fiedler's  form  of  the  35***  order, 

z;'-8z'z;+8z;-44*^ = o, 

where    Z[  =  >/k\  +  -/if V — 1 , 


Z;  =  -  ^/icXi?V, 

and      Zj*^  =  -  (/X+cV)  t/iSu?V+ (c'-V)  {/i?V-  (ic- X)  i^; 

then,  putting  icXkX'  =  x\ 

/X  +  «X'=1-2jj*, 
(icX  +  cX')*  =  l+4aj*-(l-2«»)* 
=  4»*, 

v/;^+  yi?V  =  y(2«+2»')  ; 

so  that  Z[  =  y(2aj+2a?)-l, 
^,  =  a;«-y(2aj+2aj«), 

4*^  =-(aj-2«»)  +  (/-X')  4/;;V-(ic-X)  4/1^. 

Then 

{y(2»  +  2a:«)-l}«-8  {y(2aj  +  2aj«)-l}  {»•- y(2aj  +  2a;«)] 

-i-4aj-8aj«-8aj« 


=  4  {(/-X')  v//X'-(c-X)  </a} 

=  4y(l-2aj)  -v/{(l-2aj  +  2a5«)  -v/C2«  +  2««)  +  2a;-4aj«}. 
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Squaring  and  rearranging, 
l-10!B+250aj*-h448«»-172aj*-l36««+136aj« 

=  (6  +  80aj-f  128a;'-.16aJ»+152»*-96aj»)  -/(2aj+2aj«) ; 

and  squaring  again,  and  reducing, 

l-92aj-1392aj'-21896aj»-3252»*  +  155296»«+82976aj* 
-310592aj^-13008aj»+175168a»'-22272a>^'^+294r4B"  +  64aj"  =  0, 
a  reciprocal  equation  in    ^2  a;  =  ^,  so  tliat 

y"+46y2y"-696t/*H5474-v/2y*-813y*-19412y2y^+6032/ 
+  19412 -v/2y'-813i/*-5474y22/«~696y*-46-v/2t/  +  l  =  0. 

Patting,  as  before,  y  +  —  =  y/2 1?, 

If 

then    t;«-351v*+495t;*+ 783+46  >/(t;«-2)(t;*+58i;«-136)  =  0. 
But,  putting  y  =  v^2  v, 

y 

i+y«  =  2t*«+2, 

y 


i--2^=:y2(2t*«+3t*). 


^+y*=4t**+8u«+2, 

y 

A.  -t/*  =  ^2  (4u»+10u«+5t*), 
-1  +t/«  =  8t*«+24tt*+18t*«  +  2; 

y 
then         tt«-46t**-  345t**-2852t*»-897tt*+690t*+377  =  0, 

having  a  quadratic  factor      w'— 54w+29, 

inferred  as  before   from  the   approximate  numerical  values  of  the 
moduli. 

This  sextic  then  splits  into  the  factors 

(u«-54t*+29)(u*+8t*«+58tt«+48i*+13)  =  0, 
and  the  quartic  factor 

=  (t*'+4u+3)«+(6t*+2)«, 
and  therefore  gives  imaginary  roots  only. 
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But  if  —  -y  =  y/2  u,  and  u  =  27  +  10v/7,  from 

y 

=  ^(2862 +1080^/7) 
=  y2(6y21  +  16v/3); 

—  =  v/2(27+10v/7+6v/2i  +  15N/3) 

=  y2(3v'3+6)(2v'7+3^3), 

1  _  /v/3+l\»/^/7  +  y3\' 
y       V    ^/2    /   V       2       /' 

Bat  >/c\+  yieOi'  =  1, 

k\  +     r'V  =  i-y», 

.•'X+       kV  =  y{l+y'-a-f^y]  =  v/2y, 

«r'+      AX'  =  y2  y  (1  -  J/*)  =  2y'u, 


therefore      ^w"'  +  V^AV  =  y  v/(2f* + 1) 

=  yy(56+20v/7) 
=  ^(^35  +  2^6)  J 
- -/i^+  -/ax's y  v/(2tt-l) 

=  yv/(53+20y7) 
=  y(2v/7+5); 

2'/«'  =  y  (v/35  +  2y5-2v/7-5) 
=  y(v/5-2)(^-y5); 

'^'5«    =y  ^        2       /  v'2 

/-y/S-iy/  v/5-l\*/  V'7-  a/3\'  v/7-  ^/5 
V    v/2    y  \      2      /  \        2        /        V'2      ' 
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where  K'/K  =  \/l05,  849  before ;  and 

when  A'/A  =  ^(35 -i-  3),  as  before. 

A  =  161  =  7  X  23.      Combine  Schroter's    or    RnsBell's     modular 
equation  of  the  23*^  order, 

yi^+  yiX+  y4  ;j/(icXcX)  =  1, 
with  Gutzlaff's  of  the  7^, 

by  putting  4k\  k\'  =  aj^*. 

Then,  for  the  equation  of  the  23^*  order, 

yi^+t//A'  =  l-y2aj, 

v^+v^i^V  =  1-2^2  »+2iB*-y2aj', 

kX-\-     kX:  =  (1-2^/2  a;+2»*-  v/2a:«)*-«* 

=  l-4y2aj  +  12aj*-10-v/2a>»+12aj*-4y2a>»+a>*, 
a  reciprocal  expression. 

Again,  from  the  equation  of  the  7^  order, 

c'X+     cX'  =  l-2v/2aj»+a^. 
But  (cX + K\y  +  (ic'X + <X')*  =  1 + 4icX  kX  ; 

therefore 
(l-4y2aj  +  12««-10v^2aj»+12a:*-4y2a?»+a^)*+(l-.2y2aj'+a>«)* 

=  l+iB", 
a  reciprocal  equation  of  the  12^  degree  for  x, 

1 


Put 


X 


+»=  y2y. 


then 


4y«-32y»-f  100/-16(V+113t/*-24y+9  =  0, 


a  sextic  equation  for  y,  of  which  a  quadratic  factor  can  be  discoyered 
bj  calculating  as  before  the  approximate  numerical  values  of  a  pair 
of  the  roots. 
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A  =  193.  This  is  a  prime  number,  for  which,  according  to  Gauss, 
p  =  2 ;  so  that  a  should  be  of  the  form  My/J9S-\-N,  when  M  and  N 
are  integers;  and  the  valnes  of  M  and  N  can  be  determined  bj 
approximate  nmnerical  calculation. 

Class  D. 

A  =  2,  mod.  4. 

This  is  the  same  as  Hermite's  class  2°  (JEquations  mcdulaires^ 
p.  44). 

To  solve  the  modular  equation  according  to  Hermite,  we  put 

4  V*- 1         8 

17*+ 1 

then  /  =  u*  =  -^""^ 


1+X' 


1  +  A' 

so  that  K^V  =  1^  y (1  -X«)  =  2  v/i^, 

1-fX     ^         ^ 

equivalent  to  the  modular  queation  of  the  quadric  trausformation. 

Then,  if  we  put 


—  a/X 
X 


1+35 


^x  v/(l— a?) 

=  y(-»), 

where  a  denotes  Hermite's  absolate  invariant,  given  bj 

_       a+x)* 

°  ~  ~ » a~xf 

and  then  a;  =  ic*. 

If  we  put  v/u  =  e*,     u/v  =  e"*, 

then,  ii  w  =  uVy 
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so  that 

and,  since 
therefore 

or 


©^•  +  t*^  =  2uf*  cosh  n^, 
v^—u^  =  2m;"  sinh  n^ ; 

w*+v*  =  1— uV, 
2w;*  cosh  20  =  1— u;*, 

/3  =  — ^  — w'  =  2  cosh  2<b. 
to* 


i3  +  2  =  4cosh* 0,    /3-2  =  4  sinh* 0  ; 
so  that  ic+X  =  2  \/i:Xcosh  20, 

-c+X  =  2  V;^  sinh  20. 

In  the  following  numerical  illustrations  we  shall  find  it  convenient 
to  put 


and  then 


A  =  2.       «c  =  >v/2-l,     a  =  -2*,     /3  =  2,     y  =  2>v/2; 

cosh  0  =  1,     0  =  0,     t;  =  w,     jc  =  \. 

A  =  6.  Putting  /c'A'  =  2  \/icX^  in  the  modular  equation  of  the  3** 

order,  

v^+v/7v=  1, 

then  \/r\+  V2  V^  =  1, 


or 


77=  -  t/<X  =  >v/2, 

V  icX 
cosh  20  =  VS,     sinh  20  =  v'2,    w*  =  2—  v'S ; 

a  =  -2*x3«, 

agreeing  with  Hermite's  result. 

Solving  this  equation,  we  shall  find 

ic  =  (>v/3-^/2)(2-v'3),     for    K7K  =  v'6; 

X  =  ( >v/3+  >v/2)(2-  >v/3),    for     A'/A  =  ^/(2  -^3) 

(Legendre,  Fonctions  eUtptiques). 
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A  =  10.  Put  <cX  =  2  vkX.  in  the  modular  equation  of  the  5***  order. 


or 


,fX+,fX+2y4icXK'X'=:  1; 
then  cX  +  2yicX+4v^=  1; 

or  /3  =  -^  -  v/i^  =  6  =  2x3; 

a  =  -2*x3*. 
Solving  these  equations  for  k  and  X,  we  shall  find 

r=(>/2-l)*(v^l0-3),     for    K'/K  =  a/IO  ; 

X  =  ( >v/2  +  l)*  (v^iO-S),    for    A'/A  =  v'(2  -^  5). 

A  =  14.  From  the  modular  equation  of  the  7**  order, 

t/<^+y/X'=l, 
we  obtain  ^kX^  t/2  Vk\  =  1, 

y<cx 

-L^-fyi^  =  2+^/2; 

yicx 

y  =  -^  +  ^/^=:4(^/2+l), 

/3  =  -i=  -  yi^  =  2  a/(8  a/2  +  11), 
V  jcX 

a  =  -2*(8>v/2  +  ll)*. 

Then  V'iJx  =  2a/2  +  2-  a/(8  >v/2  +  11), 

cosh  2^  =  v'(8v'2  +  ll),     sinh2^  =  a/(8  A/2-hlO), 
<=  {2a/2+2-v'(8a/2  +  11)}{a/(8a/2  +  11)-a/(8a/2  +  10)}, 

for  K'/K  =  yil; 

X=  {2A/2  +  2->v/(8A/2  +  ll)}{A/(8A/2-hll)+A/(8A/2  +  10)}, 
for  A7A  =  >/(2-f-7). 

(G.  H.  Stuart,  "  Complex   Multiplication    of    Elliptic   Functions," 
Quar.  Jour,  of  Math.,  xx.,  p.  54). 
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A  =  18.  Then  a  =  -2*x 7*, 

obtained  from  Hermite's  liquations  Modulavres^  p.  51. 
Tlien  cob1i2^  =  7,    8inb2^=4^/3,    oosli^  =  2; 

v^=V  =  5^2-7  =  (^/2-l)» ; 
ic  =  (>/2-l)»(2-^/3)S  K7K  =  3^/2; 

\  =  (v'2-l)»(2+  ^/3)«,  A7A=  >v/2-^3. 

A  =  22.  JBVom  the  equation  of  the  11^  order,  we  obtain 

v^+  v2  yi^+2^/2  ya  =  1, 


or 


Then 


y  =  -1=  +  v^icX  =  20  ; 

Ax 

cosh^  =  3\/li,    8inh^  =  7v'2; 
a  =  -i3*=-2*x3*xll*. 

c  =  (3^/^-7^/2)(10-3^/ll),     for    K7K  =  y22; 

X  =  (3yii  +  7y2)(10-3vll),    for    A'/A  =  ^/(2^11). 


A  =  26.  Taking  Mr.  Bnsseirs  form  of  the  modular  equation  of 
the  13***  order, 

F-2»2iJ  (105P*-2^  X  11P»Q+2"Q«)  +2"^PE*  =  0, 
where  P  =  icX+kX'— 1, 

Q  =  KXitX' — icX  — ic'X', 
E  =  -cX«'X'; 

and  patting  k\  =  aj',     ic'X'  =  2«, 

then  P=    »»+2jb-1    =-»(/3-2), 

Q  =  2a5«-.a!^-2a>  =  -»*  (2/3  +  1), 

JB  =  — 2a5», 
VOL.  XEL.— NO.  327.  2  a 
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putting  /J  = z ; 

X 

and  then  snbstitating,  and  dividing  out  by  z', 

(/3-2)'-64  {106  (/3-2)*+2^xll  (/3-2)«  (2/3  +  l)+2**  (2i3+l)«} 

+2"  03-2)  =  0. 

Putting  /3-2  =  4t, 

then  ^  =  sinh'  0, 

and  ^-105^*-704^-1464?-1216i-400  =  0, 

or  (*«-h^+4)(^-h4^+25)(^-5f«-8^-.4)  =  0. 

Taking  the  cubic  ^— St* -8/— 4  =  0, 

the  other  factors  giving  imaginary  roots,  then  if  ^  =  y',  the  equation 
in  y  becomes 

or  (y+l)»  =  y— 1, 
where  y  =  sinh  ^. 

Putting  y+1  =  V,  then  y— 1  =  v— 2, 
and  t;*— v  +  2  =  0; 

which,  compared  with  4t;'— ^,«  — ^,  =  0, 

has  5'j  =  4,    sr,  =  — 8, 

.    ^|-27^J  =  -. 64x26, 
so  that  the  cubic  has  only  one  real  root. 

The  absolute  invariant  of  this  cubic 

^-27s/;  26 ' 

BO  that,  putting  cosech  3a  =  v^26,  then 

2  oosh  a 

(Proc.  Land.  Math.  8oc,,  Vol.  xvii.,  p.  263). 

A  =  30.  Taking  Fiedler's  modular  equation  of  the  15*^  order, 

P*-4PG+4fi  =  0, 
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where 


and  putting 
then 


putting 
and  then 


k\  =  aJ^     /y  =  2  \/i^  =  2a*, 
Q  =  y2aj»+a?+4/2aj  =  a?(t/2<+l), 


0+  4/2)«-4  0+  y2)(t/2 ^+1)  +4 1/2  =  0, 
^-  y2  ^-  y2  (2^2+1)  ^+  y/2 1/2  =  0, 
factorizing  into 

{«~y2(v^2+l)}(?+y2y2^-2+y2)  =  0, 
so  that,  if  ^  =  </2(-/2  +  l), 

/3  =  -L-aj*  =  2^3  (4^2+6), 


»' 


co8h20  =  -v/3(4-/2+5), 

Binh2^  =  yi0  (3+2^2), 
e^*  =  C5Osh24>4-Binh20 

=  (y6+y5)(4+vl5), 

e-»*  =  (y6-y5)(4-yi6) ; 

y  =  !.+»*  =  20  +  12^2, 

=  (2-y3)(5-2y6). 
Therefore 

IT  =  m;^^  =  (2-  v/3)(5  -2  v^6)(y6-  yr)(4-.  ^15), 

for  K'IK^'y¥^\ 

\^v?^   =  (2-.y3)(5-2y6)(y6+y5)(4+yi5), 
for  A7A  =  v/(2^15). 

Similarly,    ic  =  (2  +  ^3)  (5  -  2  v^G)  (  ^ 6  -  ^ 5)  (4  +  ^\h\ 

2  A  2 
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fop  jr/JS:=  y(6-r6); 

X=:  (2+y3)(6-2v/6)(y6+y5)(4-yi5), 
fop  A7A=:V(10-^3). 

A  =  84.  Taking  Mr.  Bnflsell*s  form  of  the  modular  equation  of  the 
17^  order,  and  putting 

icX  =  aj«,        icV  =  2», 
then  P=    aj«+2«-l    =-aj(/3-2), 

Q  =  2aj»- a* -2a>  =  -  «*  (2/3  + 1), 
E  =  -  2x\ 

and  the  modular  equation 

1* + 2*B  (  -  287P«  4- 2»  X  261P*Q  -  2"  X  15P»G* + 2"e«) 

+  2i«E«  (7309P»-2»  X 117 PQ)  +  2*^  x  3«E«  =  0 

becomes,  on  putting  /3— 2  =  4^,  and  dividing  out  af, 

^«574i«-.8352^-35940^-63859t»-58464^-29040^-6272  =  0, 

which  can  be  footorized  into 

G+l)0+4)»(t»-ll^-8)  {(^+<-6)*+24(2^+l)n. 

Taking  the  quadratic       ^—11^-8  =  0, 

then  <  =  i  (11  +  3^17); 

and  i3  =  4^+2  =  6(^17+4). 

If  we  had  taken   Sohnoke's  modular  equation  of  the  17^  order 
(OrelU,  XVI.), 

(t,-w)"-16i«t;(l-ti»)(l-t/»){l7ttv(v-tt)«-(v*-t**)*+16(l-uV)*} 

=  0, 

connecting  u  =:  i^/x    and    v  =  yX ; 

and  put  v/u  =  e*, 

then,  if  cY  =  2  %/ a  =  2u V, 

(l-t*«)(l-t;»)=4uV, 

(l-t*V)*  =  (t;*+t**)*  =  4uVoo8h»  2f. 

Putting  8  =  cosh  0—1  =  2  sinh*  |0, 

the  equation  becomes 

2V-64  (17  X  2*«»-4sinh*  2^+64  cosh*  20)  =  0, 
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or,  since  cosh  ^  =  « -f  1,    cosh  2^  =  2«'+45+ 1, 

8inh2^  =  2  (8+1)  VW+2s), 
?-17«»+2  («+!)«  (^+25)-8  (2^+4»+l)*  =  0, 
or  «»-.30**-1375»-160««-60ff-8  =  0. 

But,  siDce  /3  =  2  oosh  2^,    ^  =:  sinh'  0, 

this  equation  in  a  will  be  found  not  in  agreement  with  the  preyions 
equation  for  t. 

There  is  consequently  a  misprint  in  Sohncke's  equation;  it  should  be 

=  0, 
and  now  the  equation  for  a  becomes 

2V-64  {17  x2V-4sinh«  20+64  (cosh«  20  +  1)  j  =  0, 
or  5»-17«»+2  (8-hiy  («»+2*)-8  (2««+45+l)^8  =  0, 

or  5*-.80^-137««-150««-60«-16  =  0  ; 

factorizing  into 

(5+l)(5»-«-4)(«»+2*+4)  {(«»-5-l)«+fo*}  =  0, 
the  factor  «'— «— 4  =  0, 

giving  5  =  |^(v/l7+l), 

the  required  solution  ;  and  thus 

cosh0  =  i(^^^+3), 
cosh  20  =  3(^17+4). 

A  ==  38.  Taking  Fiedler's  or  Russell's  form  of  the  modular  equa- 
tion of  the  19**"  order, 

P*-112P»E+256QE  =  0, 
where  P  =  VcX+  \/i?A'— 1, 

Q  =  v/cXicX—  V  rX—  vicX, 


R  =  — V  kXic'X'; 
and  putting  icX  =  x\    k\'  =  2x^ ; 

also  X =  ^, 

X 


358  Mr.  A.  G.  Greenhill  on  Complex  [March  8, 

then  "         P=      aj*+y2»-l     =x(t+^2), 

E  =  -y2a>»; 
and  therefore 

(t+  y2)»+16y2  {7  (t+  y2)»-16  (^2  <-l)}  =  0 ; 

or,  putting  t+  v^2  =  \/2y, 

4^/2  y»+224  ^2  y»-256  ^2  (22/-3)  =  0, 

j^+56ya-64(2y-3)  =  0; 

or,  putting  y  =  2t;, 

a  Haupigleichung  quintio  for  t;,  haying  only  one  real  root  between 
2  and  -3. 

This  equation  can  be  factorized  into 

'  (»»-»+3)(r»+»«-2t>+2)=0; 
the  factor  ©*— 1>+3  =  0 

giving  i;  =  i(l+tVli); 

while  »"-ft>«-2»+2  =  0 

has  only  one  real  root 

t^  =  -i[l  +  y{37+3y(114)}  +  y{37-3y(114)]]. 
Otherwise,  the  equation  in  t  factorizes  into 

(^+22X^+5^2  i»-2i+22-/2)  =0; 
in  which  equation  t  :=:  ^13, 

A  =  42.  Taking  Fiedler's  form   of  the  modular  equation  of  the 
21'*  order, 

^r-2^o°''^=o, 

where        Zi  =  icX+ic'X'-l, 

and  putting         rX  =  «;*,     ic'X'  =  2ti;*,     ^  =  -- — to' ; 

an  equation  can  be  found  for  the  determination  of  w  and  j3,  and  thence 
of  K  and  X. 
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A  =  46.  Taking  Fiedler's  or  Russell's  form  of  the  modular  equa- 
tion of  the  23'*  order, 

1*-4B  =  0, 


where 

P  =  yitX+y/X'-l, 

E  =  -  VkXhX, 

and  putting 

icX  =  a?,      kX'=2x\ 

then 

P  =  a?+y2aj-l  =  -aj(^-y2), 

E  =  -y2aJ», 

putting 

X 

and  thdh 

(t-i/2)*-4,i/'2  =  0. 

^-x=i/2  (^2+1), 

X  % 

!-+»'  =  3^/2(^2+1), 
■i--iB'  =  v^(50+36v'2), 

/?  =  A  -»*  =  (v/2+1)  y(4v'2+3), 
=  3^2^/(294+208^2) 
=  6^(147  +  104^2), 

y  =  52+36^2  =  4  (13+9^/2). 

A  =  58.  According  to  Hermite  (liquations  Modulaires,  p.  51),  this 
is  a  determinant  A  for  which  the  number  a  is  integral,  and  by 
approximate  numerical  calculation  from  the  formula 

16a  S  -e"^^  +  104, 
we  find  a  =  -2*x3*xll*,    /3  =  198,     y  =  26\/58. 

If  we  put  kX  =  x\     kX!  =  2aj?, 


and  then 


^  = Xf 

X 


and  substitute  in  Mr.  Russell's  modular  equation  of  the  29^  order, 
we  shall  obtain  an  equation  of  the  15^  order  for  ^,  haying  a  factor 
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corresponding  to  the  value  j3  =  198,  and  thns  affording  an  indepen- 
dent verification  of  the  numerical  coefficients  in  this  modular  equa- 
tion. 

^  =  62.  Taking  Schroter's,  Fiedler's,  or  Bussell's  modular  equa- 
tion of  the  31"^  order, 

(P«-4Q)*-4iPE  =  0, 

and  putting  k\  =  d^,      rX  =  2x\ 

then  P=       ySf+^iTv+l       =aj(<+t/2), 

B  =  i/lix7\'  =  4/2  aj», 

1  • 

where  ^  = h^P, 

X 

then  {(t+ 1/2)«-4 1/2  <-4}«-4 1/2  (<+  y2)  =  0, 

factorizing  into  . 

{^-(2- y2)t/2 ^-6+3^/2]  {<»-(2+y2)t/2<-2+v/2}  =0, 
of  which  the  second  factor  will  give  the  required  numerical  results. 

A  =  78.  Taking  Fiedler's  form  of  the  modular  equation  of  the  39^ 
order,  and  putting 

KX  =  af,     k'X'  =  2»*,     ^  =  «-— , 

X 

then  ^1=      aj'+VSaJ-l      =x(t+i/2), 

Z^  =  y2  aj»-a?-  t/2  »  =  »»  (  y2  ^-1), 
^,=  -  y2aj», 
^„  =  ai»{^-y2)«+4}; 
and  then  the  modular  equation  becomes,  dividing  out  x^, 
(t+  i/2y  {0- 1/2)'+4}  +4 1/2  {(/-  t/2y +4}« 

+  20  y2  (<+  t/2)*  {(t- 1/2)*+4}  -8  */2  (<+  ^2)* 
-144^2  (e+V2)=0, 
an  equation  of  the  7^  degree  for  t, 

A  =  94.  Taking  Fiedler's  or  Russell's  modular  equation  of  the  47*'' 
order,  and  putting 

ya'=a>*,     yi?X'  =  t/2»,     ^+aj  =  <, 

x 
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tlien 


Q  =  y2aj»+«*4- t/2aj  =  aj«(y2<+l), 


and 


P»-4G  =  aj*  (<»-2  V2  t+  ^2-4) 
=  »»{(^-t/2)»-4}. 

Tlien  Busseirs  modular  equation  of  the  47^  order  (Proe.  Lond 
Math,  Boc,f  Nov.,  1887)  becomes,  dividing  out  sf^ 

{(^-  y2)"-4}»-28t/2  (^+  y2)«-96 1^2  (t+  y2)(y2  ^+1) 

-128^2  =  0, 
a  sextio  equation  for  t. 

But,   if  we  take  Hurwitz's  modular  equation  of  tlie  47^  order 
{Math,  Ann.f  xiv.), 

{2  (yiX-f  y/X'-l)-  {/4  v^5uX}» 

=  8  (v^+  v7V+l)-7yl6  y«x7V, 
and  put  rX  =  x\        k\'  =  2»*, 

tlien        (2»" + 2  */2  aj-2  -  ^2  y2  »)« 

=  &B*4-8>/2aj«+8-14y2»* 

=  8aj*~6^/2aj«+8, 

or  {2aj«+  t/2  (2->/2) a?-2}»  =  8aj*-6>/2  a*+8, 

4B*+4y2  (2-  ^/2)  »»+  ^/2  (6-4^/2)  aj«-8a? 

-4y2  (2- ^/2)  aj+4  =  8«*-6^/2aj*+8, 

or  4ar*-4y2  (2-  ^/2)  a5»-4^/2(3-2^/2)»*+4y2(2-  V'2)»+y  =  0, 
«*- 1/2  (2-  >/2)  a^-  ^/2  (3-2 v/2)  ««+  </2  (2-^2)  »+l  =  0. 


X  =  V, 

X 


Puttiog 

this  equation  becomes 

»«-  y2  (2-  ^2)  1^-3^2+6  =  0, 


/       v^2-l\«     9-8v/2 

r--y2-)=-y2"- 


But  putting 


X 
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then     <»-2+  i/2  (2-  ^2)  y(<»-4)-  ^2  (3-2  >/2)  =  0, 

i»-3y2+2+  t/2  (2-  ^2)  ^(^-4)  =  0, 

f*-(6v^2-4)  ^+22-12^/2  =  (6v'2-8)(^-4), 

<*-(12y2-12)  ^-10+12^2  =  0, 

a  qnadratio  for  f^  from  which  the  eqnations  for  /3  and  y  can  be 
derived. 

Appendix, 

[  The  current  number  of  the  Acta  Mathematical  xi.  4,  contains  an  article 
by  H.  Weber,  "  Znr  Theorie  der  elliptischen  Functionen "  (zweite 
Abhandlnng),  which  gives  a  number  of  numerical  results  for  the 
modular  functions  in  Complex  Multiplication,  agreeing  in  many  re- 
spects with  the  results  given  in  this  paper.  By  the  aid  of  Weber's 
calculations,  it  is  possible  in  some  instances  to  add  to  and  simplify 
some  of  the  cases  considered  above,  examples  of  which  are  given 
herewith,  as  well  as  developments  of  cases  not  treated  completely 
before. 

Glass  A. 

This  is  the  case  of  A  =  3,  mod.  8 ;  it  was  convenient  to  put 

"*  ^      "       256««*      ' 

so  that  ^  =  256«»*  =  16r'ic'« ; 

and  then  8  ^  q^. 

With  this  notation,    then,  for  A  =  35   (Weber,  Acta  Math.^  xt.. 


p.  388), 
A  =  51 
A  =91 

A  =  99 


2^-(V'5+l)(««-5)~l=0. 

^+i«+(-v/l74-4)^-l  =  0    [p.  385]. 
2«»+(-/i3-hl)fi»+25-l  =  0    [p.  385]. 

?+(v/33+4)  ^+(13+2^33)^-1  =  0    [p.  384], 
leading  to  the  value  of  a,  namely 

a  =  2»  (4591804316  +  799330532  ^33)     [p.  384] . 

Glass  G. 
A  =  17.  Weber's  equation  gives 

1 


y(2icc') 


r,  +  y(2icO  =  H^/l7  +  l). 
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A  =  29.  Weber's  equation  for 

_        1 

is  2«»-ftB*-8{B-5  =  \/29  (x+iy ; 

wluoh  wlien  rationalised  becomes  tbe  reciprocal  sextio 

Tbe  corresponding  equation  in  0  =  — |-  agrees  with  the  one  given 
in  this  paper,  p.  328, 

/+588;B»-979«*+1960i8»+979«»+588«-l  =  0, 
whicb  therefore  can  be  reduced  to  the  cubic 

2» + 294b» + 155« + 70  =  ^29  (55»» + 28;5 + 13) . 

A  =  41.  The  equation  for 

«  =  »H , 

X 

where  —  =  y(2ittc') 

X 

is,  according  to  Weber  [Acta  Math,^  xi.,  p.  388], 

iB*-i  (^41  +  6)  i5+|  (7+  v^)  =  0; 
so  that  z  is  the  root  of  the  biquadratic 

«*-5«»+3««+3«+2  =  0; 

and  then  the  equation  for    y  =  r — ^  -f  2«' 

is  easily  calculated,  and  also  the  equations  for  a  and  fl, 

A  =  73.  Since  p  =  2  for  this  number,  as  well  as  for  A  =  17,  we 
can  anticipate  that  a,  /3,  y  will  each  be  of  the  form  M>/7S+N;  and, 
in  fact,  by  approximate  numerical  calculation,  we  shall  find 

-^  +  2kk'  =  y  =  4930  \/73 + 42120, 

Zkk 

equivalent  to        jy^,  +  5/(2«cO  =  ^  (  ^?3 + 5). 

A  =  193.  This  is  another  number  for  which  2>  =  2,  according  to 
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Ghkuss  (WerJc^,  t.  ii.,  p.  288) ;   and  from  the  approximate  values  of 
-y—^,  namely,  Jv'2eA'^^  we  End 

whence  a,  /3,  y  can  be  inferred. 

Similarly,  for  A  =  97,  we  shall  find 

leading  to  y  =  33210  ^97 + 327080, 

instead  of  the  value  given  above,  p.  338. 

These  values  lead  to  the  approximate  equations 

e*'^»^s9v^  +  86, 
ei»^i»»s52'/l93-f720. 
lOth  Oct,  1888.] 
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Lame's   Differential  Equation ;  and  Stability  of  Orbits :  Prof. 

Greenhill,  F.R.S. 

The  following  presents  were  received: — 

Cabinet  Likeness  of  Dr.  Glaisher,  F.R.S.,  for  the  Society's  Album. 
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On  the  Flexure  and  the  Vibrations  of  a  Curved  Bar. 
By  Professor  Horace  Lamb^  M.A.^  F.B.S. 

IBead  May  lOth,  1888.] 

The  flexure  of  a  cnryed  bar  has  been  treated  in  a  general  manner 
by  Kirchhoff,  Glebsch,  and  Thomson  and  Tait,  but  the  special  appli- 
cations which  have  been  made  of  the  theory  are  very  few.  In  this 
paper  I  propose  to  discuss  the  flexure  in  its  own  plane  of  a  uniform 
bar  whose  axis  forms  in  the  unstrained  state  an  arc  of  a  circle.  After 
establishing  the  general  equations  and  the  terminal  conditions,  some 
simple  statical  problems  are  solved,  and  I  then  proceed  to  discuss  the 
vibrations  of  a  ^'  free-free ''  bar,  with  special  reference  to  the  case 
where  the  total  curvature  is  slight.  This  latter  problem  is  interest- 
ing as  bearing  on  some  observations  by  Ghladni,  referred  to  by 
Tyndall  in  his  book  on  "  Sound,"  Chap.  iv. 

Taking  the  centre  of  the  circle  as  origin,  and  denoting  the  radins 
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by  a,  let  tbe  polar  coordinates  of  any  point  of  tbe  bar  be  changed  by 
the  flexure  from  (a,  0)  to  (a+E,  O+O),  where  E,  9  are  small.  If  we 
neglect  the  extensibility  of  the  bar,  these  quantities  are  not  indepen- 
dent, bnt  are  connected  by  the  relation 

E  =  -a^.» 
dd 

The  rotation  experienced  by  any  element  adO  is  easily  found  to  be  * 

e  +  0", 

the  accents  denoting  differentiations  with  respect  to  0,  whence,  for 
the  change  of  curvature*  we  have 

Ap-»  =  (e'+0''O/a.t 
The  formula  for  the  potential  energy  is  therefore 

V^^B{(Ap-yadd 

=  i  —  {{o'+e'yde. 

a  i 

The  applied  forces  at  any  point  of  the  bar  may  be  specified  by  the 
radial  component  P  and  the  tangential  component  Q,  both  estimated 
per  unit  length.  We  may  also  include  the  case  where  finite  forces 
are  concentrated  in  an  infinitely  short  element  of  the  length ;  these 
may  be  denoted  by  P^,  Q^.  The  force  on  either  end  may  be  analysed 
into  a  radial  component  P,  a  tangential  component  Qj  and  a 
couple  27. 

The  variational  equation  of  motion  is  then 

j  (EaE+a'03e)<ra£2O  +  3F=  |  (P3E+Qa3e)  add 

+2  {Po5E+Qoa20}-|-[P^E-f  Gaae+FS(e+0'O], 

where  a  is  the  mass  per  unit  length,  and  the  square  brackets   [   1 
refer  to  the  extremities. 

If  we  substitute  E  =  —  a0',  and  integrate  by  parts  in  the  usual 

*  Bayldgh,  Sound,  §  233. 

Ill    dh" 
t  Or  from  the  approximate  formula,    —  = -—. 
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I 


•  •  •* 


way,  we  find 

""  {<ra*  (e-e")-  —  (e"+2e'*+e^)]  se  de 

+S  r(To«e'+-?  (e'+2e'"+e^)]  Se 
-2  [e"+e"]  ae'+S  [e'+e'"]  se" 

» 

=  1  (g+  ^)  a«30£W+SQoa30-SPoage' 

where  the  integrated  terms  on  the  left-hand  side  refer  as  well  to  the 
points  of  discontinuity  (as  regards  the  form  of  0)  at  which  the  forces 
Po9  Qo  ^^f  AS  ^  ^^6  extremities  of  the  bar.  The  differential  equation 
to  be  satisfied  at  each  point  of  the  bar  is  therefore 

era«(0-0")-—  (e"4-20^^H-0^)  =a»(G+^). 

The  terminal  conditions  are 

era»0'+  ^(0'  +  20'"+0^)  =  ^Pa'-\^'Qa+l^, ' 
a 

—  (e"+e")  =  Ta, 

a 

^(e'+e"')  =  F; 

a 
whilst  at  a  point  of  discontinuity  we  have 

[«ra«e'+  ^  (e'+2e"'+e'')]  =  0,0, 
^[e"+e"']  =  P,a, 

[0'+0'"]=O, 

the  sqnare  brackets  indicating  that  the  differences  of  the  valnes  of 
the  enclosed  quantities  on  the  two  sides  of  the  point  in  question  are 
to  be  taken.     These  latter  conditions  may  be  simplified  with  the  help 
of  the  obvious  geometrical  condition  that  the  values  of  0,  0',  0' 
must  be  continuous. 

As  a  first  example,  consider  the  equilibrium  of  the  bar  subject  to 
applied  force  at  its  extremities  only.    The  general  equation  becomes 

0"+20*^+0^=O, 
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wUle  the  terminal  oonditions  reduce  to 


r(e"'+&')  =  Q, 


a 

^(e"+G^) 

a 

—  (e'+e'") 

a 


=  P, 


=  y. 


The  differential  eqaation  giyes 

e  =  0+De  +  (^+^)  cos  e-f  (O+ffO)  sin  0, 

from  which  the  terms  in  0,  E,  and  0  may,  for  the  present  purpoBO,  be 
discarded  as  expressing  a  mere  displacement  of  the  bar  as  a  whole. 
There  remain  three  simple  types  of  solution,  from  which  the  most 
general  case  can  be  derived  by  superposition.  In  the  first  place,  if 
the  applied  forces  reduce  to  two  equal  and  opposite  couples  :h^  at 
the  extremities,  we  find 

e-  —  e,  B  —  _, 

i.6.,  the  bar  remains  circular  in  form,  but  its  radius  is  altered  by  the 

fraction  Na/B,  Next,  taking  the  origin  of  0  at  the  middle  of  the 
bar,  consider  the  case  where  O  is  an  odd  function,  vis., 

e^zDd+FecoBB. 

If  there  be  no  couples  at  the  ends  (0  =  ±  a),  we  have 

.      D=2JPcosa, 


whence 


or  or 


The  resultant  force  at  either  extremity  is  along  the  chord, 
noting  it  by  X,  we  have 

0  =  -?^(cosa+icosa)  e, 

jD 

22  =  2^  (cos  o  +  i  COS  0-ia  sin  0). 

In  particular,  if  a  =i7r, 

-B.  =  -  Jir  a*X/B ; 

whilst,  if  a  =  IT,  a0.  =  \^a*XJB. 


De- 
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Finally,  we  hare  the  solution 

0  =  J5resin0, 


which  gives 


B 


B 


Q  =  2H^ama,     ±^=2fl^^cosa,     2^  =  2-ff— sina. 
a'  a'  a 

If  we  write 

Y=2H.B/a\ 

we  have  the  case  of  a  bar  bent  by  eqnal 
and  opposite  forces  Y  applied  at  the 
extremities  of  rigid  pieces  attached  to 
the  ends,  in  the  manner  shown  in  the 
figure.  The  case  of  a  nearly  complete 
circle  (a  —  tt)  is  worth  notice. 

As  an  example  of  points  of  discontinuity,  take  the  case  of  a  circular 
hoop  deformed  by  a  pair  of  equal  and  opposite  forces  at  the  extremi- 
ties of  a  diameter.     The  differential  equation  is,  as  before, 

whilst  the  dynamical  conditions  to  be  satisfied  at  the  points  of  dis- 
continuity are 

[0'+20'"-f  0^]  =  0, 

-^[0"+0^^]=Poa, 
a    ^  J 

[0'+0"']  =  0. 

Combined  with  the  geometrical  conditions,  these  show  that  0,  0',  0", 
0'",  0^  are  to  be  continuous,  whilst 


Taking  the  diameter  in  question  as  initial   line,  we  may  assume, 
from  6  =  0  to  0  =  tt, 

0  =  O+2)0-f  (^+^)cos0  +  ((?+Hesin0), 
and  from  0  =  0  to  0  =  —  w, 

0  =  ai+A^+(^i"f^i0)cose+(Gi+-ffiOBine). 

The  foregoing  conditions  then  lead  to* 

*■  lOct.  1888. — A  numorical  error  has  been  corrected  here.] 
VOL.  XIX. — NO.  328.  2  B 
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2),  =  D  =  lff,    F  =  Fi  =  0,    0^=0, 

TT 

where  n=P^a*/4iB. 

Hence  we  may  write,  from  fl  =  0  to  0  =  x, 

e  =  ^  ( -1-f  ?^ +COB0+ jOsinO), 

wliilst,  from  6  =  0to0  =  —  t, 

e  =  ^'  (l+??-coB0-i0siiie). 

We  have  liere  omitted  certain  terms  of  tlie  form 

K+ L  COB  d+M  Bind, 

which  are  common  to  both  expressions,  and  represent  a  mere  dis- 
placement without  deformation.     The  corresponding  values  of  B  are 

E  =  -^(|--jsine+iecose). 

and  ^  =  -§^f~  +isine-i0cos0). 

We  thence  ascertain  that  the  diameter  0  =  0  is  increased  by  the 
amount  (ir*— 8)/4rtr.  P^a'/JB,  whilst  the  perpendicular  diameter  is 
shortened  by  (4-ir)/27r . F^a^lB* 

As  a  final  statical  example,  we  may  calculate  the  deformation,  due 
to  its  own  weight,  of  a  hoop  suspended  from  a  point  of  the  circum- 
ference.   Taking  the  radius  through  this  point  as  initial  line,  we  have 

P  =  —  gror  cos  6,     Qz:z  ga  sin  6, 
so  that  the  differential  equation  is 

0"^.20^^-|-e^^  =  -  ?^  sin  d. 

We  therefore  write,  omitting  unnecessary  terms, 

0  =  I>6+P0  cos  0  +  He  sin  Q+K9  sin  6, 

where  X  =  —  2?^ . 

AB 


*  ^OeU  1888. — This  agrees  with  the  result  quoted  by  Pearson  from  son;  le  un- 
published lectures  of  Saint  Tenant,  S%9tory  qf  Elasticity,  §  1675.] 
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The  dynamical  conditions  to  be  satisfied  at  the  point  of  enspension 
are 

-^  re'+2e"'+G'l''=o, 

■f-[e"+e'']['=P,a, 


[e'+e"']''=o. 


To  these  we  must  add  the  geometrical  oonditionB  that  O,  6',  d"  are 
to  be  continuoDB.    We  thence  find 


In  order  that  £',  (=  —  aO"),  may  be  zero  at  the  point  of  saepenaion, 
we  mnst  add  to  6  the  terms  4ir£(l— coa  6).    We  thus  obtain 

e=E{  (9-t)'  sin  9+4  (e-ir)  cos  9-4  (fi-ir)-»'8in  fl}. 

It  eosOy  follows  that  the  vertical  diameter  is  increased  by 
(jt"— 8)3<Ta*/4B,  whilst  the  horizontal  diameter  is  shortened  by 
(i—<r)g>ra*/2B.* 

Let  as  next  examine  the  flexnral  vibrations  of  the  bar,  supposed 
free  from  external  force  except  at  the  extremities.     If  we  asaame 


that  Got 


,  and  write 


the  differential  equation  is 

ei+20"+(I-ft*ffl*)  e"+i*o*9  = 
At  a/ree  end  we  have  the  conditions 

e'+2e"'+(i-fcV)e'  =  o, 
e"+e"  =  o, 
0"'+e'  =  0, 


eadh  h^f  irhat  thej'  would  have  been  it  the  wei^t  ol  Uie  hoop  had  tieen  conoen- 
tmted  in  its  lowest  point.] 

2  I  2 
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the  first  of  whicli  may,  in  virtue  of  the  difEerential  eqaation,  be  re- 
placed by 

The  conditions  to  be  satisfied  at  a  clamped  end  are,  of  course, 

9  =  0,    0'  =  0,    0"  =  0. 
Assuming  that  0  =  2  il  e^,  we  find 

The  roots  of  this  are  functions  of  ka^  and  the  elimination  of  the 
arbitrary  constants  from  the  six  boundary  conditions  (three  for  each 
end)  gives  an  equation  to  determine  ka,  and  thence  the  frequency 
p/2w. 

The  interpretation  of  the  solution  in  the  general  case  would  be 
difficult,  but  we  may  obtain  some  results  of  interest  by  proceeding  to 
a  first  approximation  in  the  case  where  the  total  curvature  of  the  bar 
is  slight.  Fixing  our  attention  more  particularly  on  the  case  of  a 
"  free-free  "  bar,  we  see,  by  comparison  with  the  known  theory  for 
the  case  where  the  bar  is  straight,  that  trp^/B  =  m*/l^  nearly,  where 
Z,  =  2aa,  is  the  length,  and  m  is  a  root  of  a  certain  transcendental 
equation.  Hence  k^a*=  (m/2aa)\  nearly,  and  is  therefore  large. 
One  root  of  the  cubic  in  \*  is  therefore  nearly  equal  to  unity ;  and 
the  remaining  roots  are  given  by 

X'  + 1  =  ±  A; V  nearly. 
Continuing  the  approximations  by  ordinary  methods,  we  find 

Where  ^.  =  **„»_.  _|  _^,  _  ^^ , 

If  we  take  the  origin  of  6  at  the  middle  of  the  bar,  the  fundamental 
modes  will  fall  into  two  classes,  according  as  0  is  an  odd  or  an  even 
function  of  0,  The  former  class  is  the  more  important  as  including 
the  gravest  mode,  and  is  therefore  taken  first.     We  therefore  assume 

0  =  -Psinh  /Lian-  Osin  ^6  + JSTsinh  md. 


1888.]       Flexure  and  the  Vibrations  of  a  Curved  Bar. 


378 


The  conditions  at  the  extremities  (0  =  ±  a)  then  give 

XT  OS 

—  cosh  fta cos  ya  +  —  cosh  iira  =  0 

/M  y  vr 

/**  C/*'  +  l)  ^sinh/Ma  +  v*(i'»—l)  (3^ sin va  +  iir'(tir'  +  l)  jffsinh lira 

/I  (fi'+l)  J^'cosh/ia— V  (v*— 1)  Ocos  va  +  nr  (nr'  +  l)  Hcoshtra 


=  0/ 


whence,  by  elimination  of  Fy  (?,  fl, 


—  cosh  aa, 


cos  va, 


/I*  (/jf  + 1)  sinh  fwi,      v*  (y*— 1)  sin  va, 
/I  (/i*  +  l)cosh/jia,  —V  (v*  — l)cosva, 


—  cosh  Ufa 
nr 

iir'(«r'+l)  sinh  lira 
iir  (flr*-f  1)  cosh  iira 


=  0. 


If  we  expand  this  according  to  the  constituents  of  the  last  colnmn, 
we  find  that  the  parts  corresponding  to  the  three  constitnents  are  of 
the  orders  J^a^,  Va^,  1<^a\  respectively.  Hence,  subject  to  an  error  of 
order  l/k*a\  we  may  retain  only  the  first  of  these,  which  gives 

fia  tanh  ^a  =  •—  va  tan  ra. 

To  solve  this  by  approximation,  put 

kaa  =  ^  +  aj, 

where  m  is  a  root  of         tanh  im  =  —  tan  iw. 


and  X  is  small.     This  makes 


''"  =  ^''"-^;Si 


and  similarly 


ya  =  |m+«  +  f  —  • 


a 
m 


Substituting  in  the  equation,  and  retaining  only  the  first  powers  of 
X  and  a',  we  find,  after  a  little  reduction, 

a' 
aj  =  —  3  — J-  (1  +^  tan  |t»)  tan  ^m. 
m 

The  values  of  m  are  approximately  3ir/2,  7ff/2,  llir/2,  &o.,  so  that  x 
is  always  negative.     For  the  lowest  root  we  have  m  =  4*7300,  whence 

a?  =  -  •17438a«. 
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To  find  the  alteration  of  pitch  dne  to  the  cnrrature,  we  haye 

.^/«=..=(a)'(,^i)'. 

Hence,  if  pj^v  be  the  frequency  of  the  corresponding  mode  for  a 
straight  bar 

^=(l  +  22)*=i  +  ^,    nearly,* 

BO  that  the  pitch  is  lowered.     For  the  gravest  mode 

^  =  1-14747  o*. 

The  position  of  the  nodes  (22  =  0)  is  determined  by 
fA  cosh  /aO,  V  cos  y^i  nr  cosh  latQ 


—  cosh  ua,  cos  yay  —  cosh  isfa 

fl  V  AT 

/A  (^'  + 1)  cosh  /la,      —  1/(1^—1)  cos  va,    «r  (tr* + 1)  cosh  «ro 


=  0, 


or     (.•+,«)(.»_„«-l)^«?2?t£e  +(  ,_^)(  .+^^.1)  ^cosvfl 

cosn  ffa  cos  va 

+  (/i'+v')C,i'-v'+ 1)25^^  =  0. 

cosh  ^a 

Recalling  the  approximate  values  of  fi*,  f',  tr*,  we  find  that,  subject  to 
an  error  of  the  same  order  (l/ZcV)  as  before,  this  reduces  to 

(y* — 1)  cos  va  cosh  /i0  +  (fi*  4- 1)  cosh  \xa  cos  fO  =  0, 

or  cos  ya.  cosh  fiO + cosh  /la  cos  v0  =  rj-^  cos  v0  cosh  fia, 

approximately.     To  solve  this,  write  6/a  =  is-f  e,  where  «  is  a  root  of 

cos  \m  cosh  I^TTW  +  cosh  |m  cos  \'mz  =  O.f 


*  This  calculation  may  be  verified  by  the  method  explained  in  Lord  Rayleigh's 
Sound,  §  89 ;  assuming  as  a  hypothetical  type  that  R  has  the  same  form  as  for  a 
straight  bar,  viz., 

^  «  cos  ^m  cosh  —  +  cosh  \m  cos  — -. 

2a  2a 

t  In  comparing  with  the  ordinary  theory  for  a  straight  bar,  it  must  be-  borne  in 
mind  that  the  origin  is  now  at  the  middle  point.  Cf.  Qreenhill,  Messenger  of  Maihe^ 
maticty  Dec.  1886. 
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We  have  already  found 

va  =  Jw+fjB  +  l  —  j, 
whence  fxd  =  fia  (z+e) 

=  ^z+  («-|  -^)  z+ime, 

Substituting  in  the  above  equation,  expanding,  and  retaining  only 
the  first  powers  of  x,  a',  e,  we  find,  after  effecting  some  redactions  by 
means  of  the  equation 

tanh  \m  =  —  tan  |w, 

^m  (tanh  ^mz + tan  ^mz)  e 
=  —  (»— f  —  )  «tanh|»ii5— f  aj  +  f  —  )  zt&n^me 


+3—  tan^— 4-^ 


In  the  gravest  mode 


whence 


m  =  4-7300  =  27r(y40^ 
z  =  •66164, 
^z  =  1-3046  =  74^  45' 20", 
tan  ^mz  =  3*6694,    tanh  |m»  =  -86296, 


tan  im  =  -  '98251. 
Using  the  value  already  found  for  Xy  we  obtain  finally 

€  =  -  -07969  a\ 
BO  that  the  position  of  the  nodes  is  given  by 

±0/a  =  -55164--O7959a*. 

The  conclusions  that  the  effect  of  curvature  is  to  lower  the  pitch, 
and  at  the  same  time  to  make  the  nodes  approach  the  middle  of  the 
bar,  are  in  agreement  with  the  observations  of  Chladni.* 

The    asymmetrical    fundamental    modes    may    be   treated    more 
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briefly.     Assaming 

e  =  F  cosh  fid  +  0  COS  yd -{-H  coah  vrOy 
the  terminal  conditions  lead  to 


=  0, 


—  sinh  aa,  —  sin  va,  —  sinh  «ra 

fi  y  V 

/i'  (fi*  + 1)  cosh  /la,     v'  (>''— 1)  COB  ya,     vr^  (tir'-f  1)  cosli  wa 

fi  (/i*  + 1)  Binb  fxa,     y  (t^-^l)  Bin  ya,     w  (tnr'  + 1)  sinh  wa 

whence,  to  the  same  degree  of  approximation  as  before, 

fia  coth  fia  ^  va  cot  ya. 

Writing  kaa  =  ^m+t/, 

where  m  is  a  root  of  coth  ^  =  cot  |w, 

and  ^  is  small,  we  find 

y  =  —  3  — •-  (|m  cot  |m— 1)  cot  |m. 
m 

The  effect  of  the  carvatnre  is  to  alter  the  frequency  in  the  ratio 

-^  =  1+-^,    nearly. 
Po  ^ 

It  is  easily  seen  that  y  is  always  negative,  so  that  the  pitch  is  in  all 

cases  lowered. 

[^o^e  added  Oct,  1888.— It  has  been  assumed  thronghont  that 
the  elongation  of  the  elements  of  the  bar  may  be  neglected.  It  may 
be  shown  that  the  amount  of  elongation  which  actually  occurs  is  of 
no  importance  in  the  problems  above  considered,  except  in  one  very 
special  case.  Take,  for  example,  the  problem  discussed  near  the 
foot  of  p.  368.  The  stretching  (or  compressing)  force  will  be  greatest 
at  the  middle  of  the  bar,  where  its  value  is  X,  and  the  energy  per 
unit  length  due  to  the  stretching  will  there  be  Z'/2gw,  where  q  is 
Young's  modulus,  and  w  the  sectional  area.  Again,  the  bending 
moment  is  also  greatest  at  the  middle,  where  it  is  X(l  — cosa)a,  so 
that  the  energy  due  to  the  bending  is,  per  unit  length, 

=  2  -IT"  (1-cos  ay  =  I  -^  (1-C08a)«, 

where  ic  is  the  proper  radius  of  gyration  of  the  section.  The  ratio  of 
the  former  energy  to  the  latter  is  ic^/a' (1  — cos  a)^  which  in  any 
practical  case  is  small,  unless  indeed  a  be  small.  In  the  problem  to 
which  the  figure  near  the  top  of  p.  369  refers,  the  corresponding  ratio 
is  readily  found  to  be  ic^/a^,  which  is  always  small.] 
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§§  6 — 8.  Proof  of  Persistence  of  Pure  Cyclicants  in  all  cases  of 
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Results  of  Sylvester,  Halphen,  and  others. 

1.  It  has  become  almost  necessary  to  depart  from  the  nomenclature 
which  I  have  hitherto  adopted  in  my  papers  on  this  subject  {Pro- 
ceedings,  Vol.  xvii.,  pp.  172 — 196  ;  Vol.  xvin.,  pp.  142 — 164  ;  Vol.  xix., 
pp.  6 — 23).  The  name  ternary  reciprocant  was  employed  for  reasons 
of  analogy  with  Professor  Sylvester's  theory  of  reciprocants  in  two 
variables.  As,  however,  the  subject  has  grown,  the  advantages  of 
this  designation  have  become  less  marked  and  the  danger  of  confu- 
sion in  expression  has  been  found  to  outweigh  the  convenience  of 
keeping  the  analogy  in  prominence.  I  propose  henceforward  to  use 
the  name  cycUcant  in  place  of  ternary  reciprocant,  and,  in  particular, 
pure  cyclicant  in  place  of  pure  ternary  reciprocant.  The  leading 
idea  of  the  cyclical  interchange  of  three  variables  «,  y,  z  is  thus  given 
the  controlling  influence  in  nomenclature  which  it  probably  should 
have  had  originally. 

A  pure  cyclicant'  is  then  a  function  B  (z,  x,  y)  of  the  second  and 
higher  partial  differential  coefficients  of  z  with  regard  to  x  and  y, 

which,  if  Zr,  denote  — — :  - — -- ,  is  homogeneous  (of  degree  i)  in  the 

ri  81  dx^'dif 

derivatives  Zy,  and  isobaric  in  both  first  and  second  suffixes,  the  two 

partial  weights  being  equal  (each  \vi),  and  which  persists  in  form, 

but  for  a  first  derivative  factor,  when  the  variables  are  cyclically 
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interchanged.  The  identities  expressive  of  this  persistenoe  are 
(Vol.  XYiii.,  pp.  157, 158) 

Pure  cjclioants  have,  as  was  seen  in  the  paper  now  referred  to,  four 
annihilators — 

0,  =  s[(t»+l)«.„...,  A.|  =  ,|(4-_^{_^,) (2), 

n,  =  S  {  (n+1)  «,.,..♦. ^}  =  {  - (f-««{-««l) (3), 

F.  =  S { S («„«.., .) ^J  =  II  {(^-"..{-'wn)'} ...(4), 

F,  =  S  {  5  K.»-,.,„..)  5^ }  =  yI,  {(f-^wi-^f)*}  ...(5), 

of  which  the  first  two  express  that  it  is  a  full  invariant  of  the 
qnantics  (the  emanants  of  z  with  regard  to  x  and  y), 

&c.  &c. 

For  the  limits  of  the  summations  in  Q^,  O,,  Fi,  F„  see  Vol.  xix.,  p.  6, 
and  for  the  symbolical  notation  in  the  second  expressions  for  those 
annihilators,  see  Vol.  xviii.,  pp.  150,  &c. 

The  functions 

-^8  =  (2ao>  %»  »u,  ^085  (-%.  ^lo)*  I    (^)» 

&c.  Ac.  ' 

obtained  from  the  emanants  (6)  by  giving  n,  v  the  values  — 8Joi,  «io,  I 
propose  to  call  the  quadratic  cubic,  <fcc.  cyclico- genitive  formSf  for 
reasons  partly  indicated  in  my  last  paper  and  to  be  made  more 
apparent  presently. 

A  seminvariant  of  the  cyclico-genitive  forms  which  has  the  further 
property  of  being  annihilated  by  Vi  I  shall  designate  a  semicycUcantj 
and  the  covariant  of  the  cyclico-genitive  forms  which  has  for  leading 
coefl&cient  a  semicyclicant  I  shall  call  a  cocydicant  The  definition 
of  a  semicyclicant  may  be  expressed  without  direct  reference  to  the 
cyclico-genitive  forms.    It  is   a  homogeneous   and  doubly  isobario 
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fnnction  of  the  derivatives  z^,  which  is  annihilated  by  O^  and  by  F, . 
Gall  its  degree  i.  Its  two  partial  weights  are  different.  Gall  them 
Wi,  W7„  and  let  w^— Wj  =  w. 

One  cyclical  interchange  of  the  variables  in  a  semicyclicant  pro- 
duces from  it,  but  for  a  first  derivative  factor,  the  result  of  inter- 
changing first  and  second  suffixes  in  its  expression,  and  a  second 
cyclical  interchange  produces  the  corresponding  cocyclicant.  If,  in 
fact,  8q  bo  a  semicyclicant,  and  (So,  Sn  ...  fi^«i)(— %»  ^lo)*"  ^^o  co- 
cyclicant of  which  it  is  the  leading  coefficient,  we  have 

8,^ _  (_i)-,S,=i^  =  (-1)'*-(S„ S.. ...  «„)(-»„,  ^,)- 

''"  (8). 

the  notation  (jx,  yz)  denoting  that  x  is  taken  as  dependent  and  y  and 
z  as  independent  variables  in  order,  and  the  absence  of  any  explicit 
reference  to  the  variables  indicating  that  z  is  dependent. 

The  equivalences  (8),  which  include  (1)  as  particular  cases,  were 
proved  in  my  last  paper  (Vol.  xtx.,  p.  21),*  whore,  however,  only  the 
restricted  class  of  semicyclicants  of  which  F„  as  well  as  V^  and  O^,  is 
an  annihilator,  were  being  considered.  The  proof  in  question  will  be 
found  to  have  made  no  use  of  the  supposed  annihilation  by  F^.  It 
applied  then  equally  to  all  semicyclicants,  and  need  not  be  repeated. 
(It  should  be  noticed  that  the  same  remark  does  not  apply  to  the 
proofs  of  Props,  ix.  and  x.  on  p.  15  of  the  paper  in  question.  Those 
propositions  distinctly  depend  on  the  annihilation  by  F,  of  the 
particular  class  of  semicyclicants  there  studied.  I  see  no  reason  for 
retaining  the  names  reciprocantive  covariant  and  reciprocantive  semin- 
variant.) 

It  will  be  sometimes  useful  when  speaking  of  cyclicants,  semi- 
cyclicants and  cocyclicants  collectively,  or  without  discrimination  be- 
tween them,  to  group  them  under  the  common  designation  cyclic  con^ 
comitants, 

2.  The  method  of  the  last  article  of  my  last  paper  (Vol.  xix., 
pp.  22,  23)  for  the  determination  of  all  the  linearly  independent  pure 
cyclicants  of  a  given  type  i,  ^^,  ^w,  is  applicable  equally  for  the 
determination  of  all  the  linearly  independent  semicyclicants  of  type 

iy  Wly  w^. 

Of  the  cyclico-genitive  forms  (7)  E^  alone  is  a  cocyclicant. 

*  There  was  there,  however,  an  error  in  sign  which  is  here  corrected.  The 
mistake  was  first  made  in  tho  last  line  hut  eight  of  page  20,  where  JPm-r  should  he 
(—  l)"'a  P,„_,.,  and  repeated  in  the  seventh  line  of  page  21,  where  (— 1)<+»»  should  he 
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3.  To  the  important  alternant  equivalences  given  and  used  in  my 
last  paper  [Vol.  xix.,  p.  9  (5)  to  (8)]  may  be  added  the  following,  tlie 
operation  being  on  a  homogeneous  and  doubly  isobario  function  of 
the  derivatives  z^. 


(9). 


(10), 


(11). 


n  -^  -^  n  =0 


(12). 


(13), 


dy     dy 


(14). 


The  remaining  alternants  of  the  series, 

appear  to  introduce  new  operators  which  I  have  not  found  time  to 
study.*     All  are  readily  obtained,  by  means  of  (2)  to  (5),  and 


ax 


dij 


*  =  \*t<i 


W^i  =  Sr+.Ha 


Wj  =  Sr4t<2 


(r  +  l)2?,,i,,— ]  =  ~(C-£?io5-%'?)-2^8o5-«ii1 


(15), 


(«+l)«r,.*i  ^]  =  ^  (f-«io£-«oi';)-^i5-22f„<i 


'r« 


'A 

dz, 


)  =f-^io£— %»; 


(16), 
(17), 

(18), 


^-£)  =''|(f-^io«-%i;)    (19), 

either  as  in  my  last  paper  (Vol.  xix.,  pp.  9 — 12),  or  from  the  sym- 
bolical forms  in  the  manner  illustrated  by  Mr.  Leudesdorf  (Vol.  xvin., 
pp.  244,  &c.). 

*  rOet,  1888.— They  are  merely  ^  and  ~."| 
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For  instance,  the  parts  of  V^  —-  and  — -  Fj  which  involve  symbols 

ax  ax 

of  second  differentiation  are  identical;    and   the   other  parts  are 

symbolically 


and 


(I  '•) = 


1    (2 


(2 


= -^^ -2^io  (f-«iof-%'?) -(2^jo£  +  «ii'?)  ^  (f-%{-«^oi'?) 

Consequently, 

To  save  space  I  do  not  write  ont  the  other  proofs.     The  first  steps 
of  all  of  them  are  included  in 

and  (*  f  )  =  S,.. <,  (a.  sS'i-')  =  f-  -a„{-20„,, 


dri 
d    . 


where  (7^,  is  the  coefficient  of  S'v*  or  of  -^  in  .^. 

dz. 


'r» 


4.  From  (13)  alone,  we  draw  the  conclusion  that,  if  Oi  annihilates 

a  pure  function  J,  it  also  annihilates  -j-  ;   in  other  words,  that  the 

d  .         . 

operator  ~  generates  semin variants  of  the  system  of  quantics 
dx 

from  other  seminvariants.    This  can  hardly  be  new. 
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From  (9)  and  (13)  together,  we  derive  a  theorem  of  eduction  of 
semicyclicants  from  semicyclicants.  They  tell  us  that,  if  a  homo- 
geneons  doubly  isobaric  function  8  be  annihilated  by  Vi  and  by  Oj, 
and  if  i+w^  the  sum  of  the  degree  and  first  partial  weight  of /S, 

JO 

vanishes,  then  ^r-  is  also  annihilated  both  by  Fi  and  by  CI. 

ax 

Now,  if  8q  be  any  pure  cyclicant  or  semicyclicant  of  type  ♦,  Wj,  Wf, 
-Yfi^)  is  such  a  function  S,  for  2?,g  is  another  semicyclicant,  its  type 

being  1,  2, 0.    Consequently,  if  8q  is  a  pure  cyclicant  or  semicyclicant, 


t.^.,  ^J^-(i+^i)^^S,  (20), 

is  another  semicyclicant.     Its  type  is  t+1,  w^+S,  w,. 

This  formula  of  eduction  of  semicyclicants  from  semicyclicants  is 
the  same  in  form  as,  and  includes,  the  formula  for  educing  one 
Sylvesterian  pure  reciprocant  from  another.  Analogy  might  lead  us 
to  speak  of  iSo-r-a^g^**"'*^  as  an  absolute  pure  semicyclicant.  In  the  ex- 
pression of  the  fundamental  property  of  such  semicyclicants  by  (8), 
the  first  derivative  factors  do  not  appear. 

Undoubtedly  the  same  theorem  of  eduction  might  have  been  other- 
wise developed  by  means  of  (8)  and  the  equivalence  of  operators, 

Id  \     d  d    .        d  /oi  X 

«oi  dy  yio  dx  dx         dy 

in  the  first,  second,  and  third  members  of  which  y  and  z^  z  and  a;,  and 
a?  and  y,  respectively,  are  regarded  as  independent  variables. 

5.  The  chief  object  of  the  present  paper  is  to  give  an  introduction 
to  the  study  of  the  geometrical  usefulness  of  pure  cyclicants  and 
semicyclicants.  With  this  object  in  view,  it  is  necessary  first  to 
establish  theorems  of  persistence  in  form,  in  case  of  linear  transfor- 
mation of  the  variables  «,  y,  «,  in  close  analogy  to  that  of  Professor 
Sylvester's  ninth  lecture  (American  Journal,  Vol.  viii.,  p.  248)  with 
regard  to  pure  reciprocants. 

The  two  theorems  to  be  proved  are : — 

I.  A  pure  cyclicant  reproduces  itself ^  hut  for  a  factor  involving  first 
derivatives  and  the  constants  of  transformation  only,  when  the  variables 
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(22).  - 


X,  y,  z  are  transformed  by  any  scheme  of  linear  transformation 

x  =  lX  +mY  +nZ  +jp 
y^VX+m'YWZ-^p 
z  =  rX+m'^Y+WZ+p' 


II.  A  pwre  semicycUcant  inx  as  dependent  variable,  or  a  cocyclicant  in 
z  dependent,  reproduces  itself  but  for  a  factor  involving  first  derivcctives 
and  the  constants  of  transformation  only,  when  the  variables  are  subjected 
to  a  restricted  transformation,  such  as 


»  =  IX  -{-mY  +nZ  ^p 
y  =  tX+m'Y+n'Z+p' 

n''Z+f} 


»  = 


(28). 


6.  To  prove  the  first  of  these  two  propositions. 

It  is  readily  seen  that  first  derivatives  transform  by  (22)  into  func- 
tions of  first  derivatives  and  the  constants  of  transformation.  In  fact, 
the  f  ormnlsB  are 


Z 


ifi = 


z 


01 


-1 


foio+Z'%— r      nu^^+mz^—m"      nzjm+n'z^—n" 


(24), 


which  at  once  reverse  into 


«io 

^1. 

•^01 

-1 

r 

m' 

n 

r 

m" 

n" 

««n 

I 

m 

n 

^10 

^01 

-1 

r 

m 

n 

-1 

I 

m 

n 

r 

m' 

ri 

^:. 

z^ 

-1 

(25). 


It  is  important  to  ascertain  at  once  whether  there  is  any  exception 
to  the  fact  that  the  substitution  (22)  may  be  replaced  by  successive 
partial  substitutions,  each  changing  only  one  variable  at  a  time, 
such  as 


y  =  y 

z=X:x  +  fJL''y  +  y"Z+fj 
X  =  XX+fiy  +  yZ+g 

y  =  y 
z^z 


(26), 


(27), 
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X  =  X 

y  =  VX+m'Y+n'Z+p'  ■ 
Z=Z  J 


(28). 


The  complete  substitution  effected  by  these  successive  substitutions  is 
y  =  rX+m'Y-^-nZ-hp', 

For  this  scheme  to  be  identical  with  (22)  eight  linear  equations  in 
X",  /a",  y\  q",  X,  fjL^  V,  q  have  to  be  satisfied.  These  are  readily  solved, 
the  results  being 


/i  A        y 


\" 


t9 


Z  w  —  Zfw        foil  —  Z  t)i 


V 

z 

W*     71 

r 

Wl      W 

r 

= £ 


z 

m 

V 

r 

w 

r 

m 

/' 

Im—Vm 


(29). 


Thus  suitable  values  of  the  coefficients  in  the  successive  substitutions 
are  uniquely  determinate  unless  either 


m' =  0     or     lm-'tm  =  0 


(30). 


Even  in  these  excepted  cases,  however,  it  is  still  possible  that  the 
substitution  (22)  may  be  produced  by  a  succession  of  three  partial 
substitutions  by  adopting  a  different  order  from  that  chosen  above. 
Calling  tttat  order  zxy^  there  are  five  other  possible  orders — zyx,  xyz^ 
oszt/y  yzXy  yxz.  Each  of  these  orders  is  applicable  to  all  but  classes  of 
cases  for  which  particular  conditions  hold  analogous  to  (30).  In 
fact  we  have,  if 


L,  M,  N 
L\  M\  N' 
r\  if',  JV" 


is  the  determinant  reciprocal  to 


Z,    m,    71 

Z,    m,   n 

,  m  ,  n 


so  that,  for  instance,  N''  is  Im-'l'm,  that  of  the  six  orders  of  partial 
substitutions  all  can  produce  the  resultant  substitutions  (22),  except 
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that 

the  first    fails 

when    m'  =  0    or 

2r'  =  o, 

„    second 

Z  =0    or 

N"  =  0, 

„     third 

„           n"  =  0     or 

L  =0, 

„     fourth 

„           tn  =  0    or 

i  =0, 

„     fifth 

„             I   =  0    or 

af  =  0, 

,y    sixth 

„           w"  =  0    OP 

If' =  0. 

Thus  all  fail  if,  and  only 

if,  simnltaneoTiBly 

either 

(a)    1  =  0, 

m'  =  0,     n"=  0, 

or 

m  i=0, 

Jf  =  0,    N"=0, 

or 

(y)   m'=0. 

n'rso,  ir  =  o, 

jr=o, 

or 

(i)  n"  =  0, 

I  =0,    JV"  =  0, 

L  =  0, 

or 

(e)    I  =  0, 

m'=0,    L  =0, 

M'=0. 

Of  these  ()3)  is  a  state  of  things  with  regard  to  the  inverse  sub- 
stitution from  X,  Y,  Z  to  x,  y,  z,  exactly  corresponding  to  (a)  with 
regard  to  the  direct  substitution.  Again,  (y),  (^),  (c)  are  one  class  of 
conditions,  each  being  obtained  by  cyclical  interchange  of  symbols 
from  the  former.  In  supplement,  then,  to  the  general  case  of  a  sub- 
stitution resulting  from  three  successive  partial  substitutions,  as  in 
(26),  (27),  (28),  the  sets  of  exceptional  conditions  (a)  and  (y)  need 
alone  be  considered.     Of  these  (a)  is  the  case  of  the  substitution 


X  =  mT+nZ  +p 

y  =  I'X  -^nZ+p 

z  =  rX+m'Y  +p 

and  (y),  i.e.,  the  case  of 

m'  =  0,    n"=0,    nr-w'7  =  0,     lm'-rm=0, 
i.e.,  of  m  =  0,     w"=  0,  nV  =  0, 

subdivides  into  four  cases,  viz., 

(a)     m'=  0,     n"=  0,     n  =  0,     Z'  =  0, 


(31), 


rw  =  o. 


(h)     m'=  0,     w'=  0,     «  =  0,    m  =  0, 

(c)  m'=o,  w"=o,   r=o,   r  =  o, 

(cZ)     m'=0,     n'=0,     1"=  0,    m  =  0, 
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// 


the  four  classes  of  substitutions  corresponding  to  which  are 

X  =  IX+mY  -{-p  ~ 

y =  nZ+p 

y  ^tX  +nZ+p     ' 

z  =  rx+fn:'Y       +p\ 

x  =  lX  +mY  +nZ  +|? 
y  =  nZ+p' 

z  =  m^Y  +p' 


(32), 


(33) 


(34). 


.// 


x  =  lX 

y  =  rx 

z  = 


-{-nZ+p  " 
-{-nZ+p 
wTY  +/' 


(35), 


The  number  of  exceptional  classes  of  substitutions  to  be  considered 
may  be  still  further  reduced.  For  the  pair  (32)  and  (35)  are  similar 
to  one  another ;  and  the  result  of  inverting  (33)  is  of  the  form  (34). 
Again,  (31)  may  be  replaced  by  a  sequence  of  (34)  with  a  different  j>, 
followed  by 

IX  =  mT  -{-nZ'--  f  ^V^')  X\ 

n'Z  =  VX  +nZ\ 

a  transformation  in  which  neither  of  the  conditions  (30)  is  satisfied. 
Once  more,  (35)  may  be  replaced  by  a  sequence  of  (34)  followed  by 

Y=  r, 

n'Z  =  VX'  +n'Z\ 

which  again  is  not  special. 

It  will  suffice,  then,  to  prove  the  prerogative  of  persistence,  first,  for 
the  general  sequence  of  transformations  (26),  (27),  (28),  and  secondly, 
for  the  special  excepted  transformation  (34). 
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7.  Apply,  then,  the  first  substitntion  (26)  of  the  general  sequence 
to  the  first  of  the  three  equivalent  expressions  for  a  pure  cjclicant  R 
in  (1).    It  becomes 

v"  B(Zf  xy). 
Thus 

(36). 

Again,  apply  the  second  substitution  (27)  to  the  second  of  these 
three  forms  of  JB.     It  becomes,  since  by  (26) 

dZ 

dx -1 

dZ"  _._  dz; 

dX  ""  dX 


//»\» 


V    A 


dz  y**"* 

dX         ^ ,,«.     «v 
^l-    B{X,yZ). 


^^"dX 


Hence,  by  the  laws  expressed  in  (1),  we  have  three  forms 

dX 


E  =  (/'X)'J 


A-f  I' 

dX) 


{*\to 


.     B  (Z.  Xy)  =  (v"X)  ^ 


.  ,     dZ 


B  (X,  yZ) 


=  (v"\)' 


dZ   1  «♦»" 


_dZ   1 
— ^  •  B(y,ZX)  (37). 


Lastly,  apply  the  third  partial  substitution  (28).     By  (25)  we  see 
that  ■—  and  —  have  to  be  replaced  respectively  by 

•7 


,  dZ      J,  dZ 
m+n  - 


and 


dZ 
dY 


ri  > 


,dZ^ 
dY 


and  consequently  that  the  last  form  of  E  in  (37)  becomes 

_dZ^ 
dY 


(y'Xm'y 


2c2 


E  (Y,  ZX). 
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Bat,  as  in  (1), 


(  -  If)"  'b  (r,  ZX)  =  B  (Z,  XT). 


Thus  we  have 


B,  i.e.,  B  (a,  xy), 


i.e.,  by  (29), 


vm 


dX 


+  (Xn'-rr)^+Xm'}'"*"E(Z,  XT) ; 


dY 
I,    my    n     ^ 

rf  ft  n 


X  i  W-rm-(wn'-m'n)  g-(nr-n7)  ||}  ""*"e  (^,  Xr)...(38). 

Thus  for  the  general  case,  when  the  linear  transformation  may  be 
replaced  by  a  sequence  of  partial  substitutions  (26),  (27),  (28),  the 
prerogative  of  persistence  of  a  pure  cyclicant  is  proved.  Moreover, 
the  form  of  the  extraneous  factor  introduced  is  determined. 

As  a  verification  it  may  be  noticed  that,  since 
(n"— n»,o— n  %)  { Im'^  Z  w— (wn'— w'n)  Z^^ — (nZ'— n7)  -Zoi  = 


I, 

m, 

n 

r, 

m, 

r 

n 

I". 

m", 

n" 

(39), 


the  same  result  is  obtained  by  applying  the  reversed  transformation 
to  B  (Z,  XT). 

8.  It  remains  to  ascertain  that  the  persistence  holds  also  in  case  of 
the  excepted  transformation  (34).  Now,  by  this  transformation,  any 
pure  derivative  of  a>  (r-}-8  ^e) 

becomes 


dy'ds/* 


n'^m"'  dZ'dY' 


Thus,  B  being  doubly  isobaric  and  symmetrical  in  first  and  second 
suffixes, 

B(x,yz)=.^^£;^B(X,ZT) 


_       Z* 


(nmy 


B  (X,  YZ), 
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t.e„ 


B  (g,  xy)  _       V"        B  (Z,  XY) 


«10 


(nmy^     z!;*" 


'10 


There  is,  then,  no  exception  to  Theorem  I.  of  §  5,  as  to  the  per- 
sistence in  form  of  a  pure  cyclicant. 

9.  The  proof  of  Theorem  11.  of  §  5  is  similar,  but  less  cmn- 
brons.  The  transformation  (23)  may  be  replaced  by  the  successive 
partial  sabstitntions 


x^  X 


z  =  n'Z-i-p" 


(40), 


z- 


y 


z 


(41), 


Z=    X 

y  =  VX+m'Y+nZ-^p 

z=  z 

which  together  are  equivalent  to 

X  =  (\+/iO  X-{-fimY+(y-{-fin) Z-^v-^-fip, 
y=  rZ+  mY-{-  n'Z^-p', 

z  =  n"Z+/', 

upon  taking 


(42), 


\  = 


Ityi  —  Zi?i 


m 


m 


/*  =  i:t»    "  = 


fWU  — fHll> 


tar  s 


m 


w 


...(43); 


the  only  failing  case  being  when  m'  =  0. 


If  m'  =  0,  we  may  instead  proceed  with  successive  partial  substitu- 
tions in  the  order  z,  y,  x,  and  produce  the  resultant  transformation 
(23),  except  when  Z  =  0. 

We  must  then  consider  separately  the  general  case  of  a  sequence  of 
substitutions  and  the  special  one  when  both  Z  =  0  and  m*  =  0. 

10.  Take,  first,  the  general  case.  Applying  the  first  partial  substi- 
tution (40)  to  the  third  of  the  identical  expressions  in  (8),  we  obtain 
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the  same  form    multiplied   by   n*      •     Thus  three  eqniyalents  of 


^#-2L)  are 

^01 


0fi*m 


1  /7     /7  dx     dy     dZ    dZ 

where  jCoi,  yio»  ^io»  ^w  ^^ow  mean  _,  ^,  _,  —  . 

Next,  apply  the  second  partial  substitution  (41)  to  the  first  mem- 
ber of  (44).     It  becomes 

XV^^M;-      g,(X.yZ) 

-1     yio      yoi ' 


I.e., 


since 


XT     v  ^  •       dX    dX    dy     dy 

i..,  X,„  y^  y„  now  meaning  -^  ,  ^.  ^.  ^. 

And  from  this  form  of  the  original     ^  i^^^    we  have,  by  identities 


»01 


like  (8)  in  the  present  variables,  the  two  other  forms 


= <-')'"••»■-  !"v'-.  (*-  *'•■■•  s.)(-2".  ^J"  -c**)- 


The  last  partial  substitution  (42)  may  now  be  applied  to  the  last 
but  one  of  these  equivalent  forms.     At  once 

Sm  (y>  ZX)  becomes  m^Sn^  (7,  ZX)^ 
Via  >»  m'Yio+»', 

Vol  »  m'Yoi  +  ^'» 

and  consequently  we  obtain  as  the  new  form  required 

(-1)    7 ^^^^^^-^^^ c 8^{Y,ZX), 
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i.e.,  by  nse  of  (43), 

t:-l'm)Y,^+imn'-m'n)Y„-(nl'-n'l)y""        '         r},*"' 


{(W 


,(46). 


The  result  of  the  sequence  of  transformations  equivalent  to  (23)  is, 
then,  to  reprodace  from  the  eqaivalent  forms  in  (8)  the  same  forms 
in  the  new  variables  multiplied  by  the  factor 

or,  which  is  the  same  thing,  by  the  factor 


11.  The  temporarily  excepted  case  of  the  transformation 

y  =  VX      -i-nZ-^-p 

n"Z-^p" 


(47). 


(48) 


s  = 

is  readily  seen  to  be  not  really  exceptional.     This  transformation 
may  be  replaced  by  the  sequence  of 

X  =  mX'  +  nZ+p 
y=  VT+  nZ-^p 
z=z  n'Z^-p'\ 

and  Z'  =  r 

r 


Of  these  partial  transformations,  the  first  is  not  special,  and 
the  second  produces  (-l)'^-ig^(r,  ZX)  from  8^{X\  TZ),  and 
(  - 1)"^  8o  (r,  ZX)  from  8^  (X\  TZ).  In  other  words,  it  produces 
the  second  of  the  equivalent  forms  in  (8)  from  the  first,  which  is  the 
same  thing  as  reproducing  the  first. 

Thus  Theorem  II.  of  §  5  is  also  established  for  all  cases. 

12.  It  is  proposed  now  to  consider  the  integration  of  a  number  of 
cyclicant,  semicyclicant,  and  cocyclicant  equations,  and  the  converse 
passage  from  proper  equations  in  aj,  y,  »  involving  arbitrary  functions 
to  cyclicant,  semicyclicant,  and  cocyclicant  equations  by  eliminatiou 
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of  the  arbitrary  functions,  as  also  of  tlie  variables  and  first  deriva- 
tives. In  other  words,  regarding  the  matter  geometrioallj,  it  is 
proposed  to  deal  with  some  classes  of  families  of  surfaces  whose 
differential  equations  are  the  results  of  equating  to  zero  pure  cj- 
clicants  or  semicyclicants  or  cocyclicants.  A  family  of  sorEaoes 
whose  criterion  is  a  pure  cyclicant  will  have  for  its  functional  equa- 
tion, if  such  can  be  found  at  all,  one  that  is  unaltered  in  character 
by  any  linear  transformation  of  the  variables.  A  family  whose 
criterion  is  a  semicyclicant  in  x  as  dependent  variable,  or  a  cocyclicant 
in  z  dependent,  will,  by  the  lawfulness  of  the  transformation  (23), 
have  no  special  respect  to  any  planes  except  those  parallel  to  s;  =  0. 
A  family  of  surfaces  having  properties  which  a  single  cyclicant 
equation  is  insufficient  to  express,  but  which  are  independent  of  any 
particular  coordinate  planes,  will  often  at  least  have  for  the  fall  ex- 
pression of  those  properties  the  vanishing  of  all  the  coefficients  of  a 
cocyclicant.     Examples  of  this  will  be  given. 

The  propositions  of  §  5  indicate  that,  in  determining  pure  cyclicant 
and  semicyclicant  equations,  much  use  may,  with  advantage,  be  made 
of  canonical  forms  of  functional  equations.     Thus,  i| 

satisfy  an  equation,        "  pure  cyclicant "  =  0. 
The  same  is  also  satisfied  by 

F^lx-^my-j-nz -f p,  Vx  +  my + nz •j-p'y  V'x + m'y -f  n'z ■\-jp')  =  0  ; 
and,  if  0  (aj,  y,  «)  =  0 

satisfy  an  equation,     "  semicyclicant  in  a  **  =  0, 
or  "  cocyclicant  in  «  "  =  0, 

so  also  does 

0  (Za5+my-fna?H-2>,  raj+m'y  +  n'js-f  jp',  n*z-\-p")  =  0. 

13.  Of  pure  cyclic  concomitants  the  lowest  is  z^^  the  semicyclicant 
which  is  the  leading  coefficient  of  the  quadratic  cyclico-genitive  form 
JS7j.     Wo  have,  in  fact, 

Now  the  integral  of  x^  =  0,  t.e.,  — -i  =  0,  is  at  once 

ay 

«=2//W+^W  (49), 
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which  is  quite  as  general  as  its  apparent  transformation  by  (23), 

lx'\-my-\-nz-\-p  =  (tx-^- my + nz -\-p')  f  {n'z  +2?") -h 0  {n"z  +jp") . 

This,  then,  is  the  equation  of  the  family  of  surfaces  whose  differential 
equation  is  either 

ir„  =  0,    or    yw  =  0,    or    ^,  =  0 (50). 

It  is  the  family  of  surfaces  generated  by  straight  lines  always  parallel 
to  the  plane  2;  =  0. 

The  differential  equation  of  surfaces  cutting  planes  parallel  to  any 
other  plane  Xa;-f  ^^^  +  2  =  0  than  i?  =  0  in  straight  lines  is  the  one 
which  would  take  either  of  the  forms  (50)  upon  putting  in  it  z  for 
XajH-/Lcy +«  =  0,  keeping  x  and  y  unaltered.  The  third  form  is  the 
one  which  gives  at  once  the  forms  of  equation  of  the  family,  viz., 

or,  say,  e^(d/iteio)+^(dd«oi)^^  =  0    (51). 

If  all  planes  whatever  are  cut  by  the  surfaces  in  straight  lines,  this 
equation  must  b$  satisfied  for  all  values  of  X  and  /i,  and  conversely. 
Now,  this  necessitates  that  separately 

z^  =  0,     2?ii  =  0,     »oa  =  <^» 

which  are  the  differential  equations  of  planes. 

The  results  of  this  article,  as  no  doubt  also  some  of  those  which 
follow,  are  very  familiar.  They  are  given,  however,  as  a  first  and 
instructive  example  of  the  method  under  consideration. 

14.  The  later  results  of  the  last  article  exemplify  facts  which  may 
at  once  be  stated  generally. 

(i.)  If  (So,  S„  ...  SJ(-  %,  ^.o)"*  =  0 

be  an  equation  of  the  form  '*  cocyclicant  =  0,"  obtained  as  the  differ- 
ential equation  of  a  family  of  surfaces  having  an  assigned  property 
with  regard  to  planes  in  the  direction  of  «  =  0,  then 

^Hdidz^)^^{di6^,)  ^g^^  g^^  _  iSJ(-%,  z,^^^0 (61), 

or  (5o,  iSi,  ...  8J(^z,,-fi,  «rio+X)-  =  0  (51a), 

is  that  of  the  family  having  that  property  with  regard  to  plaTies 
parallel  to  the  plane  Xa;-f /icy-f  js  =  0 ;  and 

(ii.)  If  surfaces  have  the  property  with  regard  to  planes  in  an  in- 
finity  of  independent    directions,    they  satisfy   simultaneously  the 
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differential  equations 

So=0,    i8fx  =  0,  ...  iS^  =  0; 
equations  which  are  not  to  be  expeoted  to  be  all  independent. 

15.  The  next  simplest  oyolic  concomitant  to  g^  is  the  pnre  oyolicani 

«»«^M-H (52), 

which  is  known  to  be  the  criterion  of  developable  snrfaoeSy  and  need 
not  be  further  dwelt  upon. 

16.  Vi  and  O^  both  annihilate 

3«io»ii-2«,o«ii • (53), 

which  is  accordingly  a  semicyclicant.    By  (8),  therefore, 

=  —  (34f»«„-2»«%,  6«„«oi+%«ii— 4«jo«ii>  4«?n«„— «^ii»u— 6«^«b» 

2«i,«oi-8«o,«n5  (-%>«io)'  (54). 

Now,  the  first  of  these  three  identical  expressions  equated  to  zero 
gives 

3iC8o  -  2aj„      .       jLi.a,    -J^Afl. 

Therefore  x^  =  aJn/  (^)> 

I.e.,  «io  =  «oi-^(«)  +  0(«); 

which,  integrated  by  means  of  the  auxiliary  system 

dx    _  ^  _      dz 

t.e.,  aj+w  =  ^(y  +  v) (55), 

u  and  t?  being  arbitrary  functions  of  z,  and  \j/  an  arbitrary  functional 
symbol. 

Thus  either  member   of    (54)   equated   to    zero  is    the   partial 
differential  equation  of  the  family  of  surfaces 

iaf+mt/+/i(2r)  =  i//{raj+wV+/,(«)} (56), 

the  generalisation  of  (55)  by  the  transformation  (23). 
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The  property  of  the  family  in  question  is  that  any  given  member 
of  it  cuts  all  planes  parallel  to  the  fixed  plane  z=^0  in  identical  and 
similarly  situated  curves.  In  particular,  cylindrical  surfaces  are  of 
the  family,  the  loci  of  corresponding  points  of  the  sections — ^in  general, 
curves  of  the  type  lx-^my-\-fi  (^)  =  ^>  ^«-f  w'y-f/,  (z)  =  0 — ^being  in 
this  case  straight  lines.  Again,  any  paraboloid  whose  axis  is  parallel 
to  the  plane  «  =  0  is  of  the  family. 

Surfaces  which  have  the  property  with  regard  to  the  plane 
^■f  ft2/+«  =  0  instead  of  «  =  0,  have  their  differential  equation 
written  down  upon  inserting  —  %  — /i,  ^io  +  ^  ^or  —  %  and  Zy^  in  the 
third  of  the  identical  expressions  in  (54),  and  equating  to  zero. 

Again,  any  surface  which  cuts  every  system  of  parallel  planes  in  a 
system  of  identical  and  similarly  situated  curves — or  which  cuts  an 
infinite  number  of  parallel  systems  in  such  a  manner — ^must  satisfy 
separately  the  equations 


8^80^11 

-  2z^Zi^ 

= 

0 

62?80^0I 

+  ^81%"- 

•4a^z^ 

= 

0 

4^si^os" 

■"^12%"" 

■6%«jo 

= 

0 

2%  2^12 

— 3%5?ii 

:= 

0 

(57). 


This  is  the  case  with  cylindrical  surfaces. 

17.  An  equation  involving  one  more  arbitrary  function  than  (56)  is 

w (lx-\'my)-\'U  =  xf/  ^w (l'x-\-niy)-^v]   (58), 

where  w,  v,  w  are  arbitrary  functions  of  z.  This  is  the  functional 
equation  of  the  family  of  surfaces  of  which  any  one  cuts  all  planes 
parallel  to  z  =  0  in  similar  and  similarly  situated  curves.  All  sur- 
faces of  revolution  belong  to  the  family,  the  plane  z  =:0  being  in 
their  case  at  right  angles  to  the  axis  of  revolution.  Another  very 
particular  included  family  is  that  of  quadric  surfaces,  which  retain 
the  property  in  question  whatever  be  the  plane  z=:  0, 

From  the  canonical  form 

wx-^u  =  \l/(wyi-v) (58a), 

of  the  equation  (58),  it  is  easy  to  obtain,  by  actual  differentiation  and 
elimination,  the  differential  equation 

=  0   (59), 


2«80 

4b« 


«81 


2«80 
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of  the  family,  with  x  for  dependent  variable.  This  equation  may  be 
written 

j.p^^i-^^]=:0  (5ft»), 

dyi  a^  ) 

so  that,  by  (20)  and  (53),  or  from  the  &ct  that  0|  and  F^  (in  a;  de* 
pendent)  annihilate  the  left-hand  member  of  (59),  that  leffc-hand 
member  is  a  semicyclicant  (in  x). 

The  converse  passage  from  (59)  to  the  functional  equation  may  be 
performed  as  follows.    We  may  write  (59)  in  the  form 


(•»|-^£)S=«- 


of  which,  by  Lagrange's  method,  the  first  integral  is 

^=/(«Ho), 


1.6., 


whence  log  x^s^F  (x^^)  +  ^  («), 

t.e.,  «io  =  *i(«)/i(«io)> 

which  gives  F^  («io)  =yfi  («) + h  («)> 

and,  again  integrating, 

»*i  («)+♦•(«)=  ^  {y^i  W+0, («)}, 
which  is  the  canonical  form  (58a). 
The  equation  in  z  dependent  equivalent  to  (59)  is,  by  (8), 

(Qo,  \^tQi.  e^^ICt,,  ...  li^lQo)  (-%,i^io)'  =  o  ...(60), 


where  Qo  denotes 

2«»  ^11 

> 

3^^  % 

«» 

4a?4o  «si 

2^ 

and                        0,  =  2r>«. 

«.h*+J 

L)i^.- 

d 

'« 


}• 


If  an  infinite  number  of  ^different  sets  of  parallel  planes  cut  a  sur- 
face in  sets  of  similar  and  similarly  situated  curves,  the  equation  of 
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that  surface  aatisfies  all  the  differential  equations 


(61). 


18.  In  accordance  with  tlie  remark  at  the  end  of  the  first  paragraph 
of  the  last  article,  these  last  equations  (61)  must  be  satisfied  by  all 
quadric  surfaces.  But  (Proceedings^Yoh  xix.,  p.  15)  we  know  already 
the  conditions  of  lower  weight  which  such  surfaces  must  satisfy,  viz., 
the  fpur  conditions  (two  independent) 

«ao    ^  =0 (62). 


^01 


^Oi      ^1 


z. 


08 


Our  attention  is  then  directed  to  the  family  of  surfaces  represented 
by  the  semicyclicant  in  a;, 

««)    ««  =0 (63), 

asii    Xii    Xa 


'M 


«u     «oi     «ll 

or,  as  is  the  same  thing,  by  the  cocyclicant  in  «, 

=  0 


% 

«» 

8 

Ho 

Hi 

«ii 

^so 

3a?io% 

Hi 

^M 

Hi 

3«io«oi 

^OJ 

^OJ 

8 
Zqi 

(64). 


It  does  not  appear  that  any  single  equation  involving  arbitrary 
functions  can  be  found  which  is  the  complete  primitive  of  (63),  so  as 
to  be  the  functional  equation  of  the  entire  family  of  surfaces.  We 
may  write  (14),  however. 


dyl       li        i      "' 


dy  .        a?' 

JO 

so  that  a  first  integral  is 


(65). 


In  particular,  then,  the  family  includes  all  developable  surfaces,  for 
(52)  is  a  particular  case  of  (65). 

In  accordance  with  the  known  satisfaction  of  (62)  by  all  quadrics, 
we  notice  that  the  reason  is,  that  a  central  quadric  cuts  all  planes  of 
any  parallel  system,  and  a  paraboloid  all.  of  any  of  a  triply  infinite 
number  of   parallel    systems,   in    similar   and    similarly  situated 
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conies  haying  their  centres  collinear.  Now,  it  is  readily  seen  that  the 
canonical  form  xy^f(z) (66) 

represents  a  family  of  surfaces  having  that  property  with  regard  to 
planes  parallel  to  r  =  0,  and  also  is  included  in  the  more  general 
family  satisfying  (63). 

19.  Enough  isolated  examples  have  been  taken  in  the  last  six 
articles  to  indicate  the  importance  of  the  study  of  cyclic  concomitants 
in  connection  with  the  theory  of  families  of  surfaces.  The  remainder 
of  the  present  paper  will  be  devoted  to  the  study  of  a  very  important 
particular  class  of  concomitants,  viz.,  to  the  class  of  cocyclicants  whose 
semiqyclicant  sources  are  of  second  partial  weight  zero.  The  first 
of  these  is  the  quadratic  cyclicogenitive  form  E^,  These  have  the 
very  closest  connection  with  pure  reciprocants.  (Having  discarded 
the  term  ternary  reciprocant^  I  henceforth  use  the  word  reciprocants 
to  denote  always  the  functions  of  the  derivatives  of  one  variable  with 
regard  to  another,  studied  under  that  name  by  Professor  Sylvester.) 

It  is  useful  to  have  a  notation  companion  to  that  of  (7)  for  the 
fttnctions  obtained  by  writing  in  the  cyclicogenitive  forms  E^  B^  ... 
*-»oi  ""/*  ^^^  «io+X  for  — %  and  z^^^.  Let  us  use  ^„  jP,,  ...  to  denote 
these  altered  forms,  so  that,  for  all  values  greater  than  unity  of 
the  number  r, 

,.  (67). 

20.  Let  0(a,  6,  c,  ...), 

or  say,  taking  x  for  dependent  variable  instead  of  y, 

be  any  Sylvesterian  pure  reciprocant.  Let  its  degree  be  i  and  its 
weight  w;  a,  b,c,  ,,.  being  regarded  as  of  weights  2,  3,  4.  The  same 
function  of  the  partial  differential  coeflEicients  of  x  with  regard  to  y, 
X  being  now  regarded  as  a  function  both  of  y  and  2,  is  in  our  notation 

and  satisfies  the  definition  of  a  semicyclicant  in  x  dependent,  being 
homogeneous  (of  degree  t),  doubly  isobaric  (of  weights  w,  0),  annihi- 
lated by  Vi  (the  same  fact  as  that  the  reciprocant  ^  is  by  V) 
and  also  by  Oj  (having  no  constituent  of  second  suflSx  different  from 
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zero).    Hence,  by  (3), 

1>(Xw  g^aoi  g^4oi  "')  =  /'_l'\«»  *(yoi*  .Vm*  yo4>  '") 

=  (— 1)'  {that  covariant  of  E^  JE?„  JE?^,  ...  whose  leading  term  is 

^  («»>  ^^aoj  <^4o>  •••)  (— %)**} 
=  (-iy^(^„:E?„^„...) (68). 

It  is  clear,  then,  that  the  stndy  of  cocyclicants  of  this  class  amounts 
to  little  more  than  a  carefal  adaptation  of  results  obtained  by 
Sylvester  and  others  with  regard  to  pare  reciprocants.  They  are  the 
same  functions  of  the  cyclicogenitive  forms  J57„  JJ„  ...  as  pure  re- 
ciprocants are  of  the  prepared  derivatives  a,  h,  ....  Thus  they  are 
homogeneous  and  isobaric  functions  of  JJ„  E^y  ...  which  have  the 
annihilator 

(69), 

and  one  may  be  educed  from  any  other  by  operation  with  the  generator 

4,(E,E,-E\)  ^+5(E,E,-E,E;^  ^ +6(S.B,-i?.B,)  ^  +  ... 

"(70). 

21.  The  semicyclicants  and  cocyclicants  obtained  as  in  the  last 
article  are  of  immediately  obvioujs  geometrical  interest.  In  fact,  any 
pure  x^iprocant  ^  (a,  6,  c, ...)  is  known  to  be  the  criterion,  i.e., 
^  (a,  &,  c, ...)  =  0  to  be  the  differential  equation,  of  a  class  of  plane 
curves  whose  equations  are  unaltered  in  form  by  any  linear  transfor- 
mation of  X  and  y ;  and  moreover  it  is  known,  conversely,  that  the 
criterion  of  any  such  class  of  curves  is  a  pure  reciprocant.  Now,  the 
process  of  elimination,  by  aid  of  differentiation,  of  any  number  of 
constants  from  an  equation  in  z  and  y,  is  exactly  the  same  as  that  of 
elimination,  by  aid  of  partial  differentiations  treating  z  as  constant,  of 
the  same  number  of  arbitrary  functions  of  e  from  an  equation 
involving  those  functions,  just  as  the  first  equation  involved  the 
constants  which  they  replace.    In  other  words, 

♦  (»fOi  «80l  «40»  .-)  =  0    (71), 

or  either  of  its  equivalents,  by  (68), 

0  (ywi  yoi»  yo4,  ...)  =  o (7ia), 

or  t  (JE?„  JE?„  E^  ...)  =  0 (716), 
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is  the  differential  equation  of  the  family  of  carves  which  out  aD 
planes  parallel  to  j?  =  0  in  carves  of  the  type  of  which  ^(a^b^  c,  ...) 
is  the  reciprocant  criterion. 

The  same  three  equations  may,  in  our  ordinary  notation  of  semi- 
cyclicants  and  cocyclicants,  be  written 

00  («,  y«)  =  0, 
fw  (y,  ssx)  =  0, 

(0o»0i>««»  .-  0-)(--%»«io)"  =  O  (71c). 

By  §  14,  it  follows  that  the  family  of  surfaces  of  which  any  cuts  all 
parallels  to  any  other  given  plane  Aa;+/iy+i(;=Oin  corves  of  the  &mily 
of  which  0  (a,  &,  c, ...)  is  the  criterion,  has  for  its  differential  equation 

(00,  01,  0s, ...  0j(-%--/',  »io+^)"  =  0  (72), 

or  eA(d/d^«,)+M(<i/<tepi)  .  0  (E^^  E^,  E^,  ...)  =  0, 

or  again,  in  the  notation  of  (67), 

0  (F,,  F.,  F„  ...)  =  0 (72a). 

22.  The  first  pure  reciprocant  a  leads  in  this  manner  to  the 
differential  equation  of  surfaces  generated  by  straight  lines  parallel 
to  a  fixed  plane.     It  produces  the  cocyclicant,  &c.,  discussed  in  §  13. 

The  second  pure  reciprocant 

is  the  criterion  of  parabolas.     Hence  either 

M^(x,yz)=  as,o««o-f4>  =  0 (73), 

or  M^(y,zx)=  yoiyo«-fyJa=  0  (73a), 

or  fi  =  E,E^''iIJl  =  0  (735), 

is  the  differential  equation  of  the  family  of  surfaces  all  sections  of 
which  by  planes  parallel  to  z  =  0  are  parabolas. 

The  family  of  which  all  sections  by  parallels  to  Xx-j-fxy-j-v  z=  0  are 
parabolas,  is  represented  by 

VfJL  =  e^ i^/dtio)  +  f^  id/dzio)  fji  =  0 (74)  . 

i^e.^hj  F.F.'-i^.^O (74a). 
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Again,  if  a  surface  cat  all  planes  in  parabolas,  it  mnst  satisfy  all 
the  equations 

•Ml  =  i"j.Mo  =  i  (2:n«40  +  ^>0%-|«80«2l)  =  0, 


M,  =  in,M,^ 


6.5.4 


(^^02«n— 15%%  +  6«ii^M  — 15««0«08  +  6^O  =  ^> 


(7^), 

which,  last  results  are  probably  rather  matters  of  curiosity  than 
value. 

23.  Again,  J[  =  ay— 3a6c-f  25' 
is  the  criterion  of  a  conic  (Monge). 

Thus  either  of  the  three  equivalent  differential  equations 

A  («)  =i4o«8o— Saj^^M^^o+^ajJo  =  ^    C'^)* 

or  A(i/)=2/My(»-"%wyosyM+2t/Jj  =  0 (76a), 

or  a  =  JE7jjE75-3^,E,^4-f2^  =  0  (76h), 

is  the  differential  equation  of  the  family  of  surfaces  denoted  by 

i^«*  +  Viy*-f  i£;i  +  2w,y-f  2t?,aj  +  2t(?,ajy  =0, 
where  Wj,  Vj,  m?i,  w,,  Vj,  r^j  are  arbitrary  functions  of  z. 
Again,  Va  =  l?^Jj?'5-3-P,^,J?\+ 21^=0 (77) 

represents  the  family  of  surfaces  which  cut  parallels  to  Xaj+fti/-fj5=0 
in  conies ;  and,  if  a  surface  cut  all  planes  in  conies,  it  satisfies  all  the 

equations  -4©  =  0,    Q^A^^O^ ...  ^lA^^O (78). 

24.  Professor  Sylvester  {American  Journal,  ix.,  p.  16)  has  proved 
that  16  (\  +  l)^JH»+25  (\-2)(2X-l)il»  =  0 

is  the  differential  equation  of  curves  of  the  class 

aaj  +  62/-f  c  =  (a'x-^-Vy+cy (79), 

a,  &,  c,  a ,  h\  c  being  arbitrary  constants. 
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It  follows  that,  in  the  notation  of  the  last  two  articles, 

16(X  +  l)V»+25(X-2)(2X-l)tf«  =  0 (80) 

and  16(X  +  l)»(V/i)»+25(X-2)(2\-l)(Va)«  =  0   (81) 

represent  respectively  the  families  of  surfaces  catting  planes  parallel 
to  «  =  0  and  XiC-f /4y+«  =  0  in  curves  of  the  same  type. 

The  results  of  the  last  two  articles  are  included,  as  also  are  that 

4*(V,i)»+5»(Va)«  =  0 (82), 

given  by  X  =  3  or  J,  and 

4  (V/ti)»-a*  =  0 (83), 

given  by  X  =.  f  or  f,  represent  surfaces  cutting  parallels  to 
Aar-f  fty-f «  =  0  in  cubical  and  semicubical  parabolas  respectively. 

25.  The  interpretation  of  Sylvester's  J?,  C,  D, ...  (American  Journal, 
IX.,  p.  818)  leads  in  like  manner  to  those  of  the  cocyclicants 

/3  =  J&',JS7,-2JB^JS;",-}J?JJS7,^5+V^j;,^JJS7,-4JBl   (84), 

y  =  i;jE7-5^JS7,E5 -4E7j^,Jg7,+13^i7,^ 

-\-^ElElE,--^^E,IJlE,'\^^El (85), 

^  =  ElE,^3^ElEy6E\E,E,-j-7ElEi-{-E,  (...) (86), 

<&c.,  <&c., 

and  more  generally  to  the  interpretations  of  V/J,  Vy,  V^, ... ,  the 
results  of  replacing  every  E  in  /3,  y,  S  by  the  corresponding  F. 

Halphen's  d  (''  These  sur  les  Invariants  difFerentiels,"  pp.  12,  &c)j 
or  Sylvester's  AO—ff  {American  Journal^  ix.,  pp.  332,  &c.),  is  the 
criterion  of 

log  (oaj  +  6y  +  c)  +  w  log  {a'x  4-  Vy  +  c)  +  «'  log  {ax  +  Vy  +  c")  =  k, 

where  w  is  an  imaginaiy  cube  root  of  unity,  and  c,  6,  c,  a',  h\  c\ 
a\  V\  c",  h  are  arbitrary  constants.  The  differential  equation  of  which 
the  complete  integral  is 

log(t*iiB-fi;iy+M?i)+wlog(tt,aj+t;,y-fM;,)-hwMog(t*a»  +  v,y+u?5)  =  JJ 

(87), 

in  which  u^,  Vj,  Wj,  tt,,  Vj,  t(;„  w„  v,,  w?„  17  are  arbitrary  functions  of  Z, 
is  then 

^(«,  y«)  Oo(«,  y«)-{-Bo(«,  y«)}*  =  0. (88) 
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or,  again, 
ay-/?  = 


A  (y> ««)  Ci6  (y.  «*)—  {-Bij  (y.  ««)}'  =  o 
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(88a), 


=  0 


^. 

E, 

^. 

E, 

E, 

=s 

^, 

E, 

J?, 

^V 

A 

^: 

0 

^: 

2E^Bt 

2EtE^  +  El 

0 

K 

2E,E, 

2^,E«+^ 

2EtE^+2EtEt 

0 

0 

K 

BE.E, 

ZEl+2E,E, 

•  •!« 

(886). 


A  result  inclnding  this,  and  also  the  a  =  0  of  §  23,  obtained  in  like 
manner  from  a  result  of  Sylvester's  (American  Journcd,  ix.,  pp.  337 
338),  is  that,  if  X  be  any  constant, 

2*7»  (X  +  1)*  (X-2)' (2\-l)'' (ay-/3^)»  =  3» .  5H\*-X-M)»a«  ...(89) 

is  the  differential  equation  of  surfaces  whose  equations  are  of  the  type 

(Mjaj  +  t;it/  +  w?i)(waa;  +  t;j2/  +  trj)"''(ttja;+i»jy+«7j)*"^  =  TV...  (90) 

with  certain  special  cases  corresponding  to  the  values  0,  oo ,  and  1  of  X. 
For  these  the  differential  equation  is 


and  alternative  complete  integrals  are 


u^x  +  v^y  +  w^  =  log  (wjaj  +  Vj^  +  M^j) 


(91), 


(92) 


and  «iaj+v,2/  +  w?i  =  (w,aj+Vjy+w?s)log(t*,aj+v,y+M?a)  (93). 

In  all  these  results  Ui,  Vj,  «;„  Wj,  ...,  «,,  ...,  W  denote  arbitrary  func- 
tions oi  z.     A  particular  result  of  (89)  is  that 


28(ay-/3')»=3V 


(94) 


represents  surfaces  where  sections  by  parallels  to  «  =  0  are  cuspidal 
cubics. 

The  generalisations  of  these  results,  obtained  by  inserting  Va,  V/3, 
Vy  for  a,  /3,  y,  i.e.  i^„  &c.,  for  E^,  &c.,  need  not  be  sjbated  at  length. 

26.  A  few  more  results  may  be  stated  without  development. 
The  result  of  replacing  X  in  (90)  by  an  arbitrary  function  of  z 

2d2 
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leads  to  a  cocyclicaut  derived  from  Halphen's  T  (These,  p.  42),  or 
Sylvester's  AW^SABG +2'B^.  The  comprehensive  conclusion  de- 
rived from  this  is  that 


24Fr*  {(Va)«(Vr)-3  (Va)(Vi3)(Vy)+2  (V/J)'} (95), 


I.e., 


6J!', 

8F, 


0 
Ft 


Ft    0 
F»    F, 


0 
2Fl 


2Fi    Ft    2Ff    5F,F, 

4>F,    Ft    4F,    7J',f,+  7f,F, 

5f,    F,    5F.    8F,F,+8J!',P,+4J1 


0 

0 

3f,F, 
4F,JP4+2^ 


(95a), 


is  the  criterion  of  surfaces  cutting  planes  parallel  to  Xx-^fAy-^-g  =  0 
in  carves  whose  equations  referred  to  axes  in  their  own  plane  are 
of  the  form 

(aaj+6y+c)-^(a'aj  +  6'y  +  cT(a"«  +  2>'y+0'"^  =  ^ (96), 

where  \  as  well  as  the  other  constants  is  arbitrary. 

Again,  Roberts's  reciprocant  expression  for  the  criterion  of  a 
genei*al  cubic  curve  (Educational  Times  Reprint,  x.,  p.  47)  leads  us 
to  the  conclusion  that 


F, 

Ft 

Ft 

F'. 

0 

0 

i\ 

F, 

Ft 

2F,Ft 

F] 

0 

Fi 

Ft 

Ft 

2FtFt+F't 

2FtFt 

^ 

F, 

Ft 

F, 

2FtFt+2FtFt 

2FtFt+I^t 

SFlFt 

Ft 

F, 

Ft 

2F,Ft  +  2FtFt+Fl 

2F,Ft+2FtFt 

3FiFt+3F,Fl 

F, 

Ft 

Ft 

2F,Fj+2FtFt+2FtFt 

2F,Ft+2FtFt+ Fi 

3FlFi+eF,FtFt 

is  the  criterion  of  surfaces  whose  sections  by  parallels  to  Aaj-f /xy  +5=0 
are  cubic  curves. 

And  lastly,  from  Sylvester's  criterion  (American  Journal,  ix.,  p.  349) 
of  curves  of  the  »"*  order,  we  deduce  the  criterion  of  surfaces  cutting 
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planes  parallel  toXx+/'J/+2  =  0iii  enrfes  of  that  order,  viz., 


(2.1 
(3.1 
(3.2 
(4.1 
(4.2 
(4.3 
(5.1 
(5.2 
(5.3 
(5 . 4 


(3.1)  (4.1)  (5.1)  (6.1)  (7.1) 

(4.1)  (5.1)  (6.1)  (7.1)  (8.1) 

(4.2)  (5.2)  (6.2)  (7.2)  (8.2) 

(5.1)  (6.1)  (7.1)  (8.1)  (9.1) 

(5.2)  (6.2)  (7.2)  (8.2)  (9.2) 

(5.3)  (6.3)  (7.3)  (8.3)  (9.3) 

(6.1)  (7.1)  (8.1)  (9.1)  (10.1) 

(6.2)  (7.2)  (8.2)  (9.2)  (10.2) 

(6.3)  (7.3)  (8.3)  (9.3)  (10.3) 

(6.4)  (7.4)  (8.4)  (9.4)  (10.4) 


(8.1)  (9.1)     (10.1) 
(0.1)     (10.1)  (11.1) 

(9.2)  (10.2)  (11.2) 

(10.1)  (11.1)  (12.1) 

(10.2)  (11.2)  (12.2) 

(10.3)  (11.3)  (12.3) 

(11.1)  (12.1)  (13.1) 

(11.2)  (12.2)  (13.2) 

(11.3)  (12.3)  (13.3) 

(11.4)  (12.4)  (13.4) 


(11.1)  . 

(12.1)  . 

(12.2)  . 

(13.1)  . 

(13.2)  . 

(13.3)  . 

(14.1)  . 

(14.2)  . 

(14.3)  . 

(14.4)  . 


(98), 


to  \n  (n+ 1)  rows  and  colnmns,  where  (m .  /i)  denotes  the  multiplier 
of  A;*"  in  the  expansion  of 


On  the  Figures  fm'med  by  the  Intercepts  of  a  System  of  Straight 
Lines  in  a  Planey  and  on  analogous  relations  in  Space  of  Three 
Dimensions,     By  Samuel  Roberts. 

[Read  May  lOM,  1888.] 

I.  Plane  Space, 

1.  In  studying  some  questions  relating  to  the  closed  branches  of 
curves,  I  was  led  to  consider  the  clear  spaces  enclosed  by  the  finite 
segments  determined  by  the  intersections  of  straight  lines  in  a  plane. 
By  "  clear  spaces  **  I  mean  those  not  cut  by  any  of  the  lines,  and  it 
will  be  convenient  to  call  them  simply  **  spaces.''  I  have  since  found 
that,  long  ago,  Steiner  treated  of  the  subject,  in  consequence  of  his 
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finding  formnlated  in  certain  geometrical  text-books  connected  witb  the 
Pestalozzian  system  the  following  proposition,  viz. : — "  To  determine 
how  many  parts  of  the  plane  can  be  marked  off  by  means  of  a  given 
number  of  straight  lines  and  circles  altogether  finite."  Accordingly 
in  an  early  paper  entitled,  "  Einige  Gesetze  dber  die  Theilnng  der 
Ebene  und  des  Banmcs  **  (Grelle^s  Journal^  B.  i.,  §  349 — 364),  Steiner 
determines  the  nnmber  of  parts  in  various  cases,  taking  systems  of 
straight  lines  with  parallel  groups,  and  of  circles  with  concentric 
groups,  afterwards  proceeding  to  the  solution  of  similar  qnestions  re- 
lating to  planes  and  spheres.  He  assumes  that  no  more  than  two 
lines  intersect  in  the  same  point  finitely  situate,  and  imposes  similar 
conditions  on  the  circles,  planes,  and  spheres,  so  that  the  final  f  ormnlse 
exhibit  the  number  of  parts  "  at  most." 

In  the  present  paper,  I  study  in  somewhat  more  detail  the  nature 
of  these  figures.  The  determination  of  the  number  of  parts  cut  off 
is  plainly  only  one  of  many  problems  which  arise  in  connection  with 
such  systems.  For  the  figures  formed  by  a  system  of  straight  lines 
in  a  plane  are  not  only  finite  in  number,  but  definite  in  form.  Thus 
three  straight  lines  not  meeting  in  the  same  point  finitely  situate  form 
by  their  finite  segments  a  triangle  ;  four  straight  lines,  of  which  no 
three  meet  in  the  same  point,  make  by  their  finite  segments  two  tri- 
angles and  a  quadrilateral,  and,  although  for  higher  numbers  the 
general  configuration  is  variable,  it  is  so  within  limits. 

I  shall  confine  myself  in  what  follows  to  the  consideration  of  sys- 
tems of  straight  lines  and  planes. 

2.  Let  n  straight  lines  in  one  plane  intersect  in  points  finitely 
situate,  no  three  of  the  lines  meeting  in  the  same  point.  SevenJ 
numerical  relations  are  matter  of  immediate  inference. 

The  number  of  points  of  intersection  is  ^'^"    ;  that  of  the  finite 

segments  (which  form  the  sides  of  the  finite  spaces)  is  n  (n— 2)  ;  that 
of  the  segments  unlimited  in  one  direction  (which  I  shall  call  "  pro- 
longations ")  is  2w,  the  sum  of  the  two  sets  being  n'. 

If  now  an  additional  transversal  be  applied  to  the  system,  n— 1  new 
finite  spaces  will  be  added,  and,  corresponding  to  the  numbers  of  lines 

3,  4  ...  7^,  the  numbers  of  the  finite  spaces  are  1,  3,  6  ...  ^"^    '^~    . 

The  number  of  open  spaces  is  2n.  Relatively  to  the  finite  figure  the 
intersections  may  be  distributed  in  four  classes — (1)  apices,  (2)  neutral 
or  level  points,  (3)  reentrant  points,  (4)  interior  points,  altogether 
surrounded  by  the  external  contour. 
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Let  the  numbers  of  each  class  in  the  same  order  be  a^^  a,,  a,,  a^^  then 

I       I       I  n(n — 1) 

If  we  take  into  account  for  a  moment  the  prolongations,  it  appears 
that  to  an  apex  belong  two  prolongations,  to  a  neutral  point  belongs 
one,  the  reentrant  and  interior  points  are  not  immediately  connec- 
ted with  any  prolongation.     Hence 

2ai+a^  =  2n. 

Further  an  apex  terminates  two  finite  segments ;  a  neutral  point, 
three ;  a  reentrant  or  interior  point,  four  ;  therefore 

2ai+3a,-f  4a,-f  4a4  =  2n  (n-2) 
or  a,+2aj+2a4  =  n  (n— 3) 

— 2a,  +  2a8+2a4  =  n  (n— 6) 

If  K,  Lj  M  denote  respectively  the  numbers  of  interior  segments,  of 
finite  contour  segments,  and  the  sum  of  the  numbers  of  the  sides 
bounding  the  finite  spaces,  then 

J,      n(n— 3)   ,           T       n(n— 1)               ,r      3n'— 7n  . 
K  =  -^ — ^  -ha^,     Ir  =     ^  ^     ^  -a^,     M  = —  +04. 

For  the  number  of  contour  sides  is 

ai  +  aa+ttj,   and  L+Af  =  2n(n— 2). 

The  maximum  and  minimum  values  of  a^  determine  therefore  the 
maximum  and  minimum  values  of  K^  If,  and  the  minimum  and 
maximum  values  of  L. 

If  N  is  the  number  of  right  angles  which  make  up  the  sum  of  the 
angles  of  the  finite  spaces, 

JV  =  w(n-l)  +  2a4— 4 

Let  Aj,  denote  the  number  of  ^-agons  contained  among  the  finite 
spaces,  then 

nA„+  (n-l)  An.i+ .,.  +SA^  =.  Jf  =    ^  "       +04 
Taking  account  only  of  the  sides  of  the  open  spaces,  and  denoting  by 
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Bp  the  number  of  such  spaces  having  p  sides,  we  have 


n2?.+(n-l)27,.,+  ...+22?,      '"»-^"  '      ^^' 

The  value  of  jB,  is  Oj.     Bat  the  possible  forms  fall  short  of  the  integer 
and  positive  solutions  of  these  equations  except  when  n  =  3  or  4. 

8.  Still  considering  the  finite  figure,  the  maximum  value  of  Oi  is  i», 
if  n  is  odd.  For  no  line  can  contain  more  than  two  apices.  If  n  be 
odd  and  the  lines  be  numbered  consecutively,  we  can  arrange  the 
cycle  (1,  2),  (2,  3)  ...  (n— 1,  w)(n,  1),  so  that  each  line  contains  two 
apices. 

When  n  is  even,  we  cannot  form  a  figure  having  n  apices,  since,  if 
the  lines  be  numbered  as  before  and  arranged  in  cjcle,  an  evenly 
numbered  line  must,  when  we  set  out  from  an  apex  on  it,  cut  all  the 
oddly  numbered  lines  previous  to  it  in  order,  before  the  second  apex 
is  arrived  at.     Hence  we  cannot  form  the  apex  (»,  1)  in  the  cycle. 

The  maximum  number  of  apices  is  consequently  n— 1.  The  mini- 
mum number  of  apices  is  in  both  cases  3,  and  any  intermediate  num- 
ber can  be  given  to  the  figure  so  that,  for  n  odd,  a^  ranges  from  3  to  n, 
for  n  even,  fi'om  3  to  n  — 1.  It  follows  that  a,  (always  even)  ranges 
from  0  to  2w— 6  when  n  is  odd,  from  2  to  2?* --6  when  n  is  even. 

4.  There  must  be  at  least  one  reentrant  point  between  each  pair  of 
apices,  except  when  a  contour  line  contains  no  reentrant  point. 
When  n  =  3,  there  are  three  such  contour  lines,  and  when  n  =  4 
there  are  two  ;  but  when  n  is  greater  than  4  we  can  only  have  one 
such  line,  except  in  the  case  of  aj  =  3,  when  we  may  have  two.  For 
it  will  bo  observed  that,  given  a  figure  for  4  lines,  we  can  add  as 
many  transversals  as  we  please,  terminated  at  both  ends  by  neutral 
points,  that  is  to  say,  not  containing  apices.  Hence,  except  in  the 
case  of  Oj  =  3,  we  must  have  at  least  a,  =  «!  or  Oi  — 1. 

We  reduce  the  reentrant  points  between  a  pair  of  apices  to  a  single 
one  by  aggregating  them  thus 
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On  the  other  hand,  by  segregating  them  thus 


we  get  two  reentrant  points  between  the  pair  of  apices  ;  and  we  shall 
get  the  maximum  value  of  a,  by  providing  as  many  as  possible  of  such 
pairs  together,  with  as  many  as  possible  of  reentrant  points  not  im- 
mediately depending  on  apices. 

We  may  set  out  with  two  lines,  viz.,   the  contour  line  without 
reentrants,  and  another  beyond  which  we  can,  at  most,  place,  if  n  is 


odd, 


n-1 


aggregated  apices.    Add  to  these  the  two  apices  at  the  ex- 


tremities of  the  contour  line  free  from  reentrants,  and  the  number  is 
— — .     If  n  is  even,  we  can  make  at  most,  — — —  such  apices,  and,  add- 

ing  the  two  apices  on  the  contour  line  free  from  reentrants,  we  have 
~-f  1.  It  follows  that,  up  to  and  inclusive  of  a^  =  — jr—  (n  odd),  and 
up  to  and  inclusive  of  ai  =  —  + 1  (n  even),  we  have  (except  in  the 

special  case  of  ai  =  3)  a,  =  aj  —  1  for  a  minimum ;  for  higher  values 
the  minimum  value  of  a^  is  tti. 

5.  In  order  to  get  the  maximum  value  of  a,,  we  place,  if  a^  is  even, 

-i~ —  apices  beyond  one  of  two  fundamental  lines,  say  AB^  and  ^"" 
2i  2 

beyond  -40,  the  other  fundamental  line.     There  are  thus  (34—3  apices, 

each  accompanied  by  two  reentrant  points,  and  we  can  get 


71--3  — 


0,-2 


other  reentrant  points  at  most.     The  following  figure  is  a  typical  form 
for  8  apices  and  9  lines : 
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The  maximnm  value  of  a,  is  for  Oi  even, 

n-3-  ^+2  (0,-3)  =  n+  ^-8, 

If  Oi  is  odd,  the  maximum  of  a,  is 

„_3-«i=3+2(«,_3)  =  n+^-^. 

The  typical  figure  for  7  apices  and  7  lines  is 


We  can  have  any  number  of  reentrant  points  between  these  lii 
and  unity  inclusive.  Certain  classes  of  figures  (finite)  can  no^ 
indicated  in  a  tabular  form  (Table  I.).  The  numbers  under 
respective  letters  at  the  heads  of  the  column  denote  their  correspc 
ing  values,  the  system  in  each  row  belonging  to  the  same  class. 

To  obtain  the  number  of  classes  for  each  value  of  n>4,  we  obs< 
that  for  n  odd,  and  assuming  in  the  first  instance  a^  =  a^  for 
lowest  value  of  a,,  we  have 


2  J(n-6)  +  (n-4)-h...  +  ??^|  + 


3n-13 


and  for  n  even 

2{(n-5)  +  («-4)  +  ...+  3«=i6j+3n-l_4 

But  for  the  exceptional  cases  in  which  the  minimum  value 

n  +  1 
is  <  a,,  we  must  add  in  the  first  case  — ?— ,  and  in  the  second 

Therefore  the  number  of  classes  is  J  (5»'— 32n-f51)  forn  odd, 
i  (5n'-38n+76)  for  n  even. 

The  minimum  value  of  a^  (interior  points)  obtains  when  Oz—Oi 

,  .    n'— 8n-fl5  .            ,,        ,  n'— 8n+16  . 
maximum,  and  is tor  n  odd,  and for  n  e 

The  maximum  value  is  ^     Z     +2  (n  >  3). 
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6.  As  I  have  aarid,  the  equations  (_A)  and  (B)  which  moet  be  satisfied 
give  also  inadmiBsible  solutions.  Some  of  the  limitations  on  these 
general  expressions  can  be  immediately  inferred.  Thus,  relative  to 
the  equations  {A),  the  first  nnmber  A,  mnst  be  nnity  or  zero,  since  n 
lines  can  at  most  make  one  n-agon.  It  is  moreover  foond,  bj  octaal 
inspection  of  the  figure,  when  n  ^  5,  that  we  cannot  by  an  additional 
transversal  create  a  hexagon  and  a  pentagon.  It  follows  that,  for 
valnw  of  »  >  5,  ^,.,  =  0  if  J,  =  1. 
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Again,  A^  cannot  be  less  than  n— 2.  Snppose  this  is  so  np  to  n— 1. 
In  sach  a  system,  the  removal  of  a  line  diminishes  the  nnmber  of 
triangles  by  one.  Now  take  an  n^  transversal  not  forming  a  divided 
triangle  with  at  least  one  of  the  triangles  of  the  (n— 1)  system.  Thai 
triangle  is  lost  and  not  replaced  by  the  removal  of  an  orig^al  line. 
If  the  transversal  makes  divided  triangles  with  all  the  triangles  of 
the  (n— 1)  system,  a  triangle  is  still  lost  by  the  removal  of  an  ex- 
treme line.  The  transversal  mast  therefore  make  an  additional  tri- 
angle, and  the  (n)  system  has  (n— 2)  triangles,  since  three  lines  give 
one  triangle,  four  lines  give  two  triangles,  &o.  By  *'  divided  triangle*' 
I  mean  a  triangle  divided  by  a  line  into  a  triangle  and  quadrilateral. 
The  number  of  triangles  cannot  be  diminished  by  adding  transversely. 

We  can  determine  various  general  solutions.     Thus  a  figure  can  be 

♦1  —  9     n.      *\ 

obtained  ^ quadrilaterals  and  n —2  triangles.     By  adjusting 

the  angle  of  intersection  we  can  draw  a  line  through  a  point  on  an 
interior  segment  so  as  to  add  two  triangles,  n— 3  quadrilaterals,  and 
two  sides,  one  to  each  of  two  spaces,  and  one  of  them  may  be  a  tri- 
angle, in  which  case  the  transversal  must  make  two  triangles. 
Through  a  point  on  a  contour  segment  we  can  draw  a  line  adding  two 
triangles,  n  —  3  quadrilaterals,  and  one  side  to  a  space.  Through  a 
point  on  a  prolongation  we  can  draw  a  line  adding  one  triangle  and 
n— 2  quadrilaterals.  Any  one  of  the  numbers  -4^,  -4„_,,  ...  -4^  may 
vanish.  Similarly  other  results  applicable  to  the  general  number  n 
can  be  obtained.  But  I  have  not  succeeded  in  finding  an  exhaustive 
method  of  determining  all  the  admissible  solutions  of  the  equations. 

The  accompanying  scheme  shows  the  admissible  forms  for  n  =  5,  6. 
I  denote  as  before  by  F^  a  g-agon  (Table  II.).  The  forms  marked 
with  an  asterisk  are  inadmissible.  All  but  six  of  these  are  excluded 
by  the  preceding  considerations. 

7.  The  general  expressions  of  §  2  may  be  extended  to  the  case  in 
which  the  system  contains  groups  of  lines  passing  through  one  point. 
If  jp  lines  cointersect  in  one  point,  it  has  absorbed  all  the  spaces,  the 
finite  edges,  and  all  the  points  due  to  the  intersection  of  p  lines.  If 
therefore,  in  a  system  of  n  lines,  p  pass  through  one  point,  q  through 
another,  r  through  another,  and  so  on,  the  number  of  spaces  is 
71—1  .n-— 2  j?— 1  .^3-- 2  __  g— 1  .g  — 2_r— 1  .r— 2  _  « 
2  2  2  2  ' 

and  the  number  of  finite  edges  is 

n  (n-2)  "jp  (p-2)  -q  (^-2) -r  (r- 2) -&c. 
In  the  latter  case  we  must  take  j>,  g,  r,  &c.  =  or  >  2. 

The  points,  on  this  general  supposition,  may  be  described  as  termi- 


1888.]   Intercepts  of  a  System  of  Straight  Lines  in  a  Plane,     413 

natiog  a  certain  number  of  finite  segments  and  a  certain  number  of 
prolongations.  If  a  point  terminates  20^  segments  in  all,  of  which  a, 
are  prolongations,  this  is,  in  fact,  an  apex  ;  if  Oi  — 1  are  prolongations, 
it  is  a  level  point ;  if  there  are  no  prolongations,  it  is  an  interior 
point.  If  there  are  a^  prolongations  where  a^  is  <  o^— 1,  it  is  a  re- 
entrant point.  Including  these  in  one  class,  let  there  be  p  points  of 
the  orders  Oj,  a, ...  ap  terminating  respectively  aj,  a, ...  ap  prolonga- 
tions ;  then  the  sum  of  the  sides  of  the  faces  is 

Sjap-S^ap-O, 

where  C  is  the  number  of  contour  points,  and  SJap  =  2». 


II. 


n 


=  5 


^5 

P. 

P» 

1 

2 

3 

1 

1 

4 

1 

5 

3 

3 

^ 

4 

2 

^ 

2 

4 

n 


=  6 


^ 

1 

P. 

1 

P, 

6 

2 

^ 

1 

3 

5 

1 

6 

4 

^ 

1 

2 

6 

^ 

1 

7 

1 

4 

5 

^ 

1 

1 

7 

1 

3 

6 

^ 

1 

8 

^ 

1 

2 

7 

^ 

6 

3 

2 

4 

4 

^ 

3 

2 

5 

1 

6 

4 

2 

3 

5 

^ 

3 

1 

6 

1 

4 

5 

2 

2 

6 

3 

7 

1 

3 

6 

^ 

2 

1 

7 

^ 

8 

2 

^ 

7 
6 

3 
4 

^ 

6 

5 

414     Mr.  Samaol  Roberts  on  the  Figures  formed  by  the  [May  10, 

8.  If  a  gronp  of  p  lines  is  a  parallel  one,  we  most  further  deduct 
p  from  the  number  of  the  edges,  and  p—l  from  the  namber  of  spaces, 
and  so  for  other  groups  of  parallels.  In  his  paper,  Steiner  does  not 
consider  intersections  finitely  situate  of  a  higher  order  than  2,  but 
only  pai'allel  groups.     He  gives  the  number  of  spaces  in  the  form 

where  a  is  the  number  of  single  lines,  U  is  the  sum  of  tho  orders  of 
the  groups,  and  A  is  tho  sum  of  their  products  in  pairs.  This  form 
gives  a  very  symmetrical  expression  when  circles  also  are  involved. 
Putting  aside  for  a  moment  the  case  of  single  lines,  we  may  write  U 
for  n,  and  our  expression  becomes 

(p-fg-hr-f&c.-l)(p+g-hr+&c.~2) 

2 

p^l.p^2      g-1.7-2       r~l.r-2      ^ 
2  2  2  '^•' 

or  5pg— A;+l,  where  k  is  the  number  of  groups  ;  but,  since  the  groups 
are  parallel,  we  must  deduct 

(p— 1)  +  (5  — l)-|-(r— l)  +  &c.    or   jp+e|r  +  r+&c.— A;, 

giving  22?5— Sjp  +  1. 

If  now  wo  suppose  one  of  the  groups,  say  the  p  group,  to  consist  of 
single  lines  difEerentlj  dii*ected,  we  have  deducted  too  much  by 

^-=^+p-l    or  £^1. 
so  that  Steincr*s  formula  results. 

9.  If  we  take  generally  a  system  of  points  at  which  respectively 
a,,  cij ...  Qp  finite  segnncnts  terminate,    the    number  of  segments    is 

Qi-f  ...-l-ap^  ^^^  ^^^  number  of  spaces  is  ?l±^!l±:ii±ft-|)  +  l.  For, 

assuming  the  formula,  if  we  add  a  point  a^.iv  we  increase  the  number 
of  segments  by  a,»i,  and  the  number  of  spaces  by  a^^i  — 1,  and  we 
have 

which  is  the  simo  form,  since  tho  orisrinal  system  of  |H>int5  contains 
a^^i  points  to  which  a  segment  has  lH>en  added,  Tho  fomiola  is  true 
for  />  =  3,  4,  «&:c.     Let  fi  be  the  numlvr  of  contour  i^nnts.  then  the 
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sum  of  the  sides  of  the  corresponding  spacea  is  a,-|-a,4-...-f  a,— ^, 
The  sum  of  the  angles  is  eqnivalent  to  2^— 4+4(p— ^)  or  4p—2ft—i 
riglit  angles. 

The  formalea  of  §  2  are,  in  fact,  independent  of  the  linear  relatione 
which  rednce  the  number  of  admissible  figures  in  the  case  of  sfBtems 
of  lines.  Disregarding  linear  relations,  we  can  with  10  points  and 
15  Begmenta,  no  more  than  4  segmenta  meeting  in  a  point,  constroct 
4  quadrilaterals  and  2  triangles,  or  with  15  points  and  24  segments, 
no  more  than  4  meeting  in  a  point,  we  can  constract  3  pentagons,  1 
quadrilateral,  and  6  triangles.  These  are  inadmissible  forms  when 
the  parta  and  segments  are  those  due  to  a  system  of  straight  lines. 

II.  Space  of  Three  Dimensions. 

10.  Let  us  now  take  a  system  of  n  planes,  of  which  no  more  than 
three  meet  in  one  point,  and  no  more  than  two  haye  a  common  line, 
and  no  two  are  parallel.  Moreover  the  points  of  interBSction  (triple 
points)  are  supposed  to  be  finitely  situate. 

If  we  add  one  more  plane  te  the  system,  it  is  cnt  in  n  lines  which 

give  "~  9"~  ''^^  finite  spaces,  to  each  of  which  belongs  an  addi- 
tional clear  space  or  volume. 

If  u  is  the  number  of  finite  Tolnmes  of  the  syBtem  of  n  planes,  we 
may  write 


■i_»(»-l)(— 2)      "(«-l)  |.,..i_(»-l)('»-2)(»-3) 
2.3  2  2.3  ■ 

because  u  most  vaniali  for  n  =  1. 

When  we  include  the  opea  Tolames,  and  write  u  for  the  cones- 
pondug  namber,  we  hare  ' 


Ai>  = 


'("-I)  4 


because  n  =  3  gives  two  spaces. 

*  This  and  Bomo  other  particul&r  caaes  will  bo  found  giren  an  examplea  in  ths 
text-books,  t.f.,  in  Hr.  C.  Smith's  Tmtitt  «n  A^ttra,  recently  pnbljihed, 
EzunploB  zxiu. 
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The  number  of  finite  faces  is  *!^-^2 — ^  ^^  ^  since  each  plane  is 

cut  by  n— 1  planes,  giving  ^ plane  spaces.     Including  open 

2 

spaces,  the  number  is 

n[(7t-l)«-f(n-l)  +  2]  nfn«-n-f2) 

2  ^^  2  ' 

The  number  of  finite  edges  is  ^^  ~  ^^  ""  ^ ,  or,  the  prolonga- 
tions being  included,     ^     — ^. 

When  p  planes  meet  in  one  and  the  same  point,  but  no  more  than 
two  have  a  common  line,  the  volumes,  faces,  and  edges,  due  to  a 
system  of  p  planes,  are  absorbed  in  the  common  point.  If,  therefore, 
such  groups  of  p„|7s,  ...  jp^  planes  exist  in  the  system  of  n  planes, 
the  number  of  finite  volumes  is 

(n-l)(n-2)(n~3)  J^ (p,-l)(p,-2)(p,-3) 
2.3  I'l  2.3 

that  of  the  finite  faces  is 

n(n~2)(n~3)     %"  ;>i  (yi-2)(pi-3) 
2  1.1  2  ' 

and  that  of  the  finite  edges  is 

2  i.1  2  ' 

11.  Wo  will  next  suppose  that  the  system  of  n  planes  contains  certain 
groups  of  planes  having  a  common  line,  but  that  the  several  multiple 
lines  do  not  intersect. 

Let  there  be  one  such  group  of  Oj  planes.  If  w  is  the  number  of 
finite  volumes,  we  have 

A«  -  (n-l)(n-2)*    («,-!)  (a,-2) 

2  2  ' 

and 

^^(n-l)(n-2)(n-3)  .x  fa~l)(a.-2)      a,  fa~l)(a,-2) 

2.3  ^"^    ^'^  2  3 

for  w  must  be  zero,  for  n  =  a^. 

If  now  we  cut  the  system  by  another  group  of  a^  planes  having  a 
common  line,  the  increment  of  volumes  is 

(n-l)(n-2)     (a,-l)(g.-2)     .        ,.  fn(«-l)    .(a,-l)(a,-2) ) 
2  2  ^^^''(2  2  J* 
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and,  changing  n  into  »— a,,  we  get 

„._(»-l)(»-2)f«-3)     ^^^     tjffa.-l)fa.-2)^(.i,-I)(a.-2)| 

,  tt,(a,-l)(a,-2)  ,  a,K-l)fa.-2>. 
3  3' 

and  the  resnit  will  be  of  similar  form  when  we  include  gronps  of 
Oj,    Of. ..a,  planes  having   common   lines.     In    fact,    aaanming  the 
general  expression  to  be 
(«-l)(u-2)(u-3)      ^,^     ^j  (  (a,~l)(a,-2)  ,        ,  la.-l)(a.-m 


.,(^-l)(a,-2)  a.K-l)(a,-2) 

3  3 

add  another  group  of  a,,,  planes  having  a  common  line.     The  incre- 
ment  of  finite  volumes  is 


Writing  now  n— o,,i  for  n,  and  observing  that 
(.--i...i-lK«-»...-2)(— -..,-3)  I  (.- 


p.,-lH.,-2)   ,        ,  (..-l)(..-2m 


-2) 


-K...,-l)'-°'->'--°'"""' 

is  rcdncible  to 

-1-  {(„-l)(„_2)(„-3)-3a;..n+2a;., 

+9o,,in-3aJ,i-6o,.,— 6»+6}, 
we  have  finally, 

(n-l)(n-2)(n~S)      ^^     ^j   fK-lKa,-2)   ,     __ 

K-l)(a.-2)      (a,.,-l)(a,.,-2)j       a,  fa,-l)fa-2)  , 

2  2  i^  a  "^■" 

+  °,K-l)K-2)  .  a,.iK.,-l)('-...-2) 
3  ^  3 

which  verifies  the  form  generally. 

We  can  deal  similarly  with  the  open  spaces.  For  if  we  snppoee 
the  finite  figure  constituted  hy  »  planes  to  be  surrounded  by  a  super- 
ficies,  say,  a  sphere,  the  number  of  spaces  will  be  the  same  as  that  of 
the  parts  into  which  the  superficies  is  divided  by  the  planes.  Let 
groups  of  O],  a,...a^  planes  have  common  lines  respectively.     The 

VOL.   XIX. — KO.  331,  2  E 
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effect  of  the  multiple  lines  is  to  prodnoe  pairs  of  multiple  pointB 
among  the  intersections  of  the  arcs  determined  bj  the  planes  on  the 
sphere,  and  each  of  these  absorbs  the  same  number  of  superficial 
spaces  as  if  the  arcs  were  straight  lines.  Hence  the  number  of  open 
spaces  or  regions  is 

„«_„+2-(a,-l)(a,-2)-(a,-l)(a.-2)-(a,-l)(ap-2); 

and,  if  n  =  Sa^,  this  result  is 

22aiO,+2Sai-(p-l)  2. 

For  brevity's  sake,  and  because  the  finite  figure  possesses  more 
interest,  I  concern  myself  chiefly  with  the  finite  volumes,  &o. 

12.  If,  however,  some  of  the  multiple  lines  intersect,  the  above  deter- 
minations become  incorrect.  Suppose  that  a  number  of  multiple 
lines  of  various  orders  meet  in  one  point.  The  intersection  has 
absorbed  the  volumes,  faces,  and  edges  due  to  a  system  made  up  of 
the  same  number  of  multiple  lines  of  the  same  orders,  and  constituted 
by  the  same  number  of  planes,  but  not  co-intersecting.  Hence,  the 
foregoing  expression  gives  us  the  form  of  the  correction. 

Let  the  system  of  n  planes  contain  multiple  lines  of  the  orders 
k^,h^  ...k,  meeting  at  a  multiple  point  of  the  order  m^  of  the  orders 
li,  2,  ...It  meeting  at  a  multiple  point  of  the  order  tt^,  of  the  orders 
iCi,  K, ...  K^,  meeting  at  a  multiple  point  of  the  order  w,,  of  the  orders 
Xj,  X, . . .  X,,  meeting  at  a  multiple  point  of  the  order  m^^  and  so  on. 

The  expression  for  the  number  of  finite  volumes  is 

(„-l)(n-2)(»-3)     ^,^     i)f(».-l)(a.-2)|        ,   (a,-l)(a,-2)) 

a.(a.-l)(a.-2)  a.(a.-l)(a.-2) 

+  2  3 

_K-1)K-2)K-3)^(^_1)  C(fe,-l)(fe,-2)^ 

,   (k,-l)(k.-2)  j       p,  (^-l)(fe.-2)  ,        ,  A;.(fc.-l)(fe.-2)-| 

_  (m,-l)(m.-2)(m.-3)  ^  ^^^^^_j^   C  ^,-l)(t,-2)  ^ 

^  (/,-l)(^-2))       Ua,-l)(;.-2)  ,       ,  k(h-l)(l,-2)-i 

—  &c., 

or  as  wo  may  write  it 

F(n,  a, ...  a,)— F(wi,  k^ ...  A;,)— ^(m^,  Z, ...  It) 

~-F(m^,  ic, ...  jc.)  —F{m^  X^ ...  XJ— 4o., 
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where  the  BTmbo)  F  denotes  similar  Cnnctiona,  except  as  to  the 
number  of  the  letters  involved.  It  is  to  be  remembered  also  that  the 
letters  ft,,  &c.,  ?„  Ac,  and  so  on,  really  represent  orders  comprised  in 
a,,  &c.,  and  may  be  repeated  in  different  faoctions.  In  this  way  we 
inclade  cases  in  which  the  same  mnltiple  line  intorseote  several  othera. 
If  no  multiple  line  meets  another  more  than  once  (excepting  at  the 
nsual  triple  points),  the  expression  is  simplified  and  becomes 

("-i'(»-|)("-3)    („   „,j  (ft-i)ft-2)  I     I  (i,,-ixt,-a)i 

(^-l)(m.-2)(„,-3) 
2.3 

_(„_^)  J  a=lMi^  + ...  +  (i=lfflz:«  I 

(M.-l)(^.-2)(»,-3)     j,,^ 

The  general  formula  inclndes  the  case  of  mnltiple  points  finitely 
sitnate,  sioce  we  may  consider  these  as  constitnted  by  double  linea 
meeting  together. 

13.  If  we  add  to  the  system  p  parallel  planes,  the  increment  ia 
(»,-l)(<^-2)      (,..-l)(a.-2) 


p[^-ir 


(«.-l)(..-2)-1 


A  further  addition  o(  q  parallel  planea  of  different  direction  gives 
an  increment 

r(7t+p-l)(n+p-2)  _  (a,~l)(a,~2)  _  fo.-l)(a,-2) 
''12  2  2  ■■■ 

(a,~l)(a,-2)-i  _p-l.p~2 

2  J  2  ^ 

and  so  on. 

If  in  the  resulting  expression  we  pat  n  =  0,  and  therefore  diamiaa 
a,,  a,...  a„  we  have 

or  —l+p—^pq  +  Spqr  —  &c., 

T^hioh  ia  the  form  in  which  Steiner  gives  the  result.     It  includes  the 

case  in  which  single  planes  differently  directed  enter,  for  it  ia  per- 

2e2 


i- 


420     Mr.  Samuel  Roberts  on  the  Figures  formed  by  the  [May 

missible  to  suppose  the  yalne  of  any  of  the  letters  p,  9,  r,  Ac, 
be  unity. 

14.  Similar  considerations  enable  us  to  determine  the  nnmbei 
faces  and  edges. 

In  the  first  instance,  we  take  a  system  of  n  planes  contaii] 
multiple  lines  not  co-intersecting,  and  of  the  orders  Oj,  a, ...  a^. 

There  are  n— aj-l-rt,  — ...— a,  planes  containing  n— 1  lines  ei 
Oi  planes  containing  n— 0^  + 1  lines,  and  so  on ;  but  it  must  be  rem< 
bered  that  in  this  way  we  count  the  multiple  lines  Oi^  a^,.,  a^  ti: 
respectively,  whereas  the  other  lines  are  counted  only  twice.  H® 
for  edges,  we  have  to  make  a  final  deduction  of 

(a,-2)(n-ai-l)  +  ...  +  (a,-2)(n-a,-l). 
Thus  the  formula  for  the  number  of  edges  will  be 

'  (n—(ii—a^'~,..'-a,)  {(»— l)(n— 3)— Oj  (oi— 2) — ... 

-f-ttj  {(n— ai  +  l)(n— Oj-l)— a, (a,— 2)— ... 

...-a,  (a,— 2)} 

+  ...+a,  {(n  — a,-M)(n  — a,— 1)— 01(0,— 2)—  ... 

...— Off.i(Oa-i— 2)} 

-(a,-2)(n-ai-l)-...-(a,-2)(n-a,— 1) 

=  i^i(n,  a„  rt, ...  a,). 

And  if  a  certain  number  of  those  multiple  lines  intersect  in  one  pG 
let  these  lines  bo  of  the  orders  A;,,  /.*,  ..  k,.  We  must  deduct  for 
edges  lost  according  to  the  number  of  planes  constituting  the  in 
section.  Form,  planes  the  deduction  will  be  JP,  (m,,  /pj.  A', ...  A?,), 
so  for  any  number  of  such  intersections ;  i.e.,  the  general  forn 
will  be 

Fi  (n,  a^,  a,  ...  a,)  — JPj  (m,,  A^,  A^, ...  1c,)—F^  (w„  Z,,  Z, ...  Z<)— <fcc., 

the  symbol  P,  being  interpreted  in  the  same  way  as  JP.  In  ! 
manner,  we  get,  for  the  number  of  faces  when  the  multiple  linei 
not  intersect, 

(M-t^-a,...-a^)[(n-2)(n-3)-(fl4-l)(a,-2)-... 

...-(a,-l)(a,-2)] 

H-ttj  [(n— Oi)(n— a,  — 1)  — (a,— l)(a,— 2)  — ... 

...-K-l)(a,-2)] 

+  ...+a,  [(n— a,)(n  — a,— l)--(ai— l)(rt,— 2)  — ... 

...-(a,.,-l)(a,.,-2)] 

=  ■^i(wtt,a,...o,). 


i 

2 
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and  the  correction  for  intersecting  lines  will  be  as  before 

—  [Ft  (mik^k^ ...  k,)-\-Fi  (""hhh  —  W  +  &C-]' 
a  similar  meaning  being  attached  to  the  symbol  JP,. 

If  certain  groups  of  planes  through  a  line  intersect  at  infinity  so 
that  the  multiple  lines  are  parallel,  the  multiple  point  is  the  limit  of 
an  apex. 

An  apex  subtends  the  same  number  of  superficial  spaces  bounded 
by  its  lines  as  it  would  do  if  cut  by  a  single  plane ;  so  that,  when  the 
apex  is  infinitely  distant,  we  must  deduct  the  number  of  volumes  due 
to  the  planes  through  it,  augmented  by  another  plane.  In  addition; 
therefore,  to  the  usual  deduction  of  F (mikik^ ...  k,),  where  m^  is  the 
number  of  planes,  and  k^,  k^..,kg  are  the  orders  of  the  lines,  we  have 
to  deduct 

(m,~l)K-~2)  _  (A;,-l)(fe,-2)  _     _  (A;,-l)(^,-2) 
2  2  •••  2  • 

It  will  be  observed  that  an  apex  may  subtend  more  faces  of  the  figure 
than  the  number  mentioned,  but  the  number  of  superficies  subtended 
will  be  as  stated,  by  the  principles  of  perspective. 

In  the  like  case,  we  can  determine  the  correction  for  the  numbers  of 
the  faces  and  edges  considered  as  finite,  and  the  foregoing  formulae 
can  be  adapted  to  other  cases  which  I  do  not  treat  of  at  length, — for 
example,  to  the  case  in  which  some  of  the  parallel  planes  pass 
through  a  multiple  point,  and  so  forth.  So  that  we  may  conclude 
that  the  numbers  of  the  volumes,  faces,  and  edges  can  be  generally 
determined  for  systems  of  planes,  consisting  partly  of  single  planes, 
of  groups  of  planes  having  a  common  line  finitely  situate,  or  on  the 
infinitely  distant  plane  and  multiple  points  formed  by  the  intersec- 
tion of  multiple  lines,  and  finitely  or  infinitely  distant. 

15.  The  numbers  which  occur  relative  to  systems  of  a  very  moderate 
number  of  planes  are  large.  Applying,  for  instance,  the  formula  to 
the  45  real  triple  tangent  planes  of  a  cubic  surface,  we  have  to  con- 
sider that  they  pass,  five  together,  through  27  lines,  and  these  inter- 
sect in  135  points  in  pairs,  each  point  being  constituted  by  9  planes, 
since  the  two  intersecting  lines  belong  to  a  common  plane  of  the 
system.  The  formulee  give  therefore,  for  the  numbers  of  the  volumes 
or  completely  enclosed  cells,  the  faces  and  the  edges  respectively 

44.43.42      ,Q.8.7.6     o^  ^^   4.3  .  ot  ^-4.3 

-O-'^^^-O--^^-^- T-+^^ -3- 

-1-135 . 8 . 2  .  i^  -135 . 2  .^4^  =  ^666, 
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((45-5.27)(43.42-27.4. 3) +  5.27(40.39-26.4.8)^ 
i  i  f  =  18765, 

H  -135  (9-10)(7.6-2.4.3)-2,5  (4.3-4.8)) 

r(45-5.27)(44.42-27.5.3)-5.27(41.89-26.5,3)'^ 
^ )         -27.3.39-136  [(9-10)(8.6-2.5.3)  [  =  17523, 

(         +6.2(5.3-5.3)-2.3.3]  ) 

and  by  the  formula  of  §  11  there  are  1658  open  regions. 

When  we  attempt  to  determine  more  particolarly  the  forms  of  the 
volumes  involved,  the  diffioultj  which  we  already  encountered  in  the 
analogous  plane  problem  is  much  intensified. 

The  edges  of  the  finite  figure  made  by  n  planes,  no  more  than  three 
meeting  in  one  point,  and  no  more  than  two  having  a  common  line, 
and  no  two  being  parallel,  may  be  divided  into  four  classes. 

The  edges  may  be  (1)  convex,  (2)  level,  (3)  re-entrant^  (4)  interior. 
Let  a„  a„  a,,  a^  be  the  numbers  of  the  four  kinds  respectively.  A 
convex  edge  belongs  to  two  faces  and  one  volume,  a  level  to  three 
faces  and  two  volumes,  a  re-entrant  to  four  faces  and  three  volumes, 
an  interior  to  four  faces  and  four  volumes.  Hence,  if  we  put  F  for 
the  number  of  all  the  edges  of  all  the  faces  taken  separately,  V  for 
the  number  of  all  the  edges  of  all  the  volumes  taken-  separately,  and 
E  for  the  number  of  edges  taken  once  only,  we  have 


(C), 


2a,  +  3a,-h4a8-f-4a4  =  F 

ai  +  2a,-|-3a,-f-4a4=  V 

I         I         L             TT      n(n— l)(n— 3) 
a,  +  a,  -h  a,  -h  ©4  =  ^  =  -^^ ^ ^ 

and  therefore  a^  =  J&+  V—F, 

These  relations  and  others  similarly  obtainable  are  quite  insufficient 
for  a  solution  of  the  main  question. 

If  we  refer  the  letters  a^  a,,  a,,  a^  back  to  the  plane  case,  so  that 
04  means  the  number  of  interior  points,  and  represent  by  F,  V,  E^  re- 
spectively, the  number  of  the  extremities  of  the  finite  edges  taken 
separately,  the  sum  of  the  number  of  the  sides  of  the  faces,  and  the 
number  of  intersections,  the  equations  (C)  hold  in  the  same  form,  so 
that  the  valne  of  a^  is  in  the  same  form. 
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XX.  Analogue  of  anharmonic  point  in  space  of  n  dimensions  and 
number  of  relations  among  the  ratios.  Homographic 
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XXVI.  Spherics  with  centre  on  a  face,  and  sections  by  that 
common  with  a  spheric,  centre  at  a  given  point. 
centre  of  the  orthogonal  spheric  is  the  isogonallj  < 
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XXXII.  Foci  of  quadrics  in  space  of  i»  dimensions.  Some  ot 
foci. 
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m 
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Addendum  to  Art.  IX.,  Vol.  XVIII.,  p,  343. 
If  2  =  S-(A^\+Atfi+Atv  ...)(\+ti  +  y  +  ...) 

_Q     k+fi  +  y^./.dS'        dS'       dS'  ,      \ 

be  the  equation  to  a  spheric  radias  p  and  centre  (\\  fi\  v\  ...), 

dSi d^ dX  .    niT  i 

and  if  (\",  fi",  v"...  )  be  any  other  point, 

where  d  is  the  length  of  the  connector  of  (\',  ^ ',>*'... )  and  (\",  ^",  v". . .)' 
If  2  =  0  be  the  equation  to  the  point  spheric  at  (X',  /i',  v'...) 

2"  =  -F«(P. 


The  articles  have  been  numbered  in  continuation  of  the  former  paper. 


XVIII.  The  equations 


X,      /I,       V,    ... 
,      fi,       V,   ... 

,       ^    ,        V   ,   ... 


=  0 


to  the  straight  line  which  joins  the  points  (X',  fi,  v'...)  and  (X",  fx\  v\..) 
may  be  put  in  the  form 


X-X' 


/i  —  /X      V  —  V     


X//        \  //  / 

—  X        /i    — ^ 


V    — V 


d 

1/  ) 


d 


where  d  and  d'  are  the  distances  of  (X,  /i,  v  ...)  and  (X",  /i",  v"...)  from 
(X',  /i',  v'...),  which  are  only  equivalent  to  n—1  independent  equations. 


These  equations  may  be  put  into  the  form 

X — X^ f*~"A*' ^ — *'' Y^ 

—      -     —  —  ... 

a  b  c 


where 


a  +  ft-hc-h...  =0, 


,  by  IX., 
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and  the  equations  to  the  paarallel  line  through  (X^,  f^,  t'l  ...)  are 


are 


Similarly,  the  equations  to  the  plane  through  the  lines 

X — X^ /I— ft^ V  —  v' 

a  b  0 

(a+6+c...  =0), 
a  6  c 


(a'+6'+c'-h...  =0), 
X— X',     f»— fi',     V— v'    ... 


a 


and 


a. 


o', 


a 


// 


6. 

c 

6', 

c 

b, 

c 

•  •  • 

b\ 

/ 

c 

■  ■  • 

b". 

c" 

•  •  • 

=  0 


=  0 


gives  the  conditions  that  the  line 


X-X' 


ft — fJL   y — V  


a 


•  ••» 


(a"+6"+c"-|-...  =0), 
should  lie  in  this  plane,  and 

X— X',     jw— fi',     V— v'  .. 


a 


V 


h. 


=  0 


'     ^p-lf         Op.],         Cp.i 

are  the  equations  to  the  linear  locus  (in  space  of  p  dimensions) 
through  thejp— 1  lines  whose  equations  are  obtained  by  giving  to  r 
all  values  from  1  to  ;?— 1  in 


X-X' 


|i"-/A  y— V  _ 


a. 


br 


Or 
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where 
and 


ar-hbr-^-Cr ...  =  0, 


a, 


a 


V 


a 


V 


b, 

K 

b„ 


c 


are  the  conditions  that  the  additional  line 

X — X^ fi — fi  y — y' 

a  b  c 

(a  +  b+c...  =0), 


=  0 


should  lie  in  this  locus. 
Again,  if 


X — X        u — /LL        y — y 

=  — ; —  = =  .,,  ^  mp, 

a  b  c 


dS      dS'  ,  _     d  a  /     1  \       dS       dS'  .         da,,  v    «_ 

and    therefore    the    line    represented    by    these    equations     when 
a  +  ft  +  c  ...  =  0  will  (XII.)  be  perpendicular  to  the  linear  locus 


if 


JiX+-<4j^+-4jV+...  =0, 

~/S(a,6,  c  ...),     37^(«»^>c  •••)>      -r  S  (a,  6,  c  ...)  ... 
da  do  ac 


A 


» 


1,  1. 

a  condition  which  is  easily  transformed  into 


1 


=  0, 


A,-A, 


A^-A, 


d       d  \ 


(l-il^^-'^'"-)    (|-£)«f«'^'-") 


=  &c. 


If  ABODE  be  a  simplicissimum  in  space  of  n  dimensions,  and 
Bij  Ci,  Di,  &c.  the  mid-points  of  the  connectors  of  P  with  B,  0,  D, 
&c.,  respectively  (all  the  vertices  except  -4),  and  if  parallels  to  ABi, 
AGi,  ADi,  &c,f  be  drawn  through  the  centroids  of  ODE ,,.,  BDE „.f 
BOE ,..y  &c.  respectively  (the  faces  of  BODE ...)  ;  these  will  all  meet 
in  the  same  point  Q,  and  AQ  will  pass  through-  the  centroid  of 
PBODE  ...,  where  it  will  be  divided  in  the  ratio  of  n-1  :  2.  (This 
is  generalized  from  a  Question  of  Mr.  J.  J.  Walker's,  Educational 
Times f  Quest.  6391.)      Take  ABODE ...  as  the  simplioissimnm  of 
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reference,  and  let  P  be  (\',  ^',  v' ...).     Then  J?i,  (7„  &c.  are 

\2'      2     '    2  •••/'     \2'    2  '      2      •••;'        • 
and  the  equations  to  ABy,  ACi,  &o.  are 


•••» 


X'-2F      Ai'-hF      v'        T 
X  —  F   /I    y       ir    

V32F'"  y  "  ttf*"  "7  "•••' 

&c,  &c.  &o, 

and  those  to    the    parallels    through    the    centroids  of  (^ODE  ,„), 
(BJDE  ...),  &c.,  I.e.,  through  the  points 


ai-e 


n—1     n—1         / 

V      n—1          n—1 

X       ^      M      ^''" 

F                   F 
n—1 _         n—1 

A'-2F      /4'+F 

V 
\           ^     n-1 

V 
V                   n—1 

X'-2F            m' 

v'-hF"^         ir' 

&c.  &c.  &c., 

which  all  meet  where 

V  V  V 


n—1  n  —  1 


X'-2F  ^'  v 

so  that,  if  (X",  /i",  v"...)  denote  the  point  Q, 

X    = r  -2 ,     ^    =  -^-  + ,     y  = + .  ,  &c., 

n  —  1         ?i— 1  n  —  1      n — 1  n—1       n  —  1 


and  the  equations  to  ^Q  are 


jJL^  V    IT    

"""      //  "~~  ~~ff  "~"   ~~fi  ~~  •  •  •  > 


r-  F    /I 

X — F  /I         V  IT         

*"■  X'-(n+l)  K~/+F~7+F~7+F~ 
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and  this  line  passes  throagb 

(„-?!■  fe' 1^' irn-' ■■•)•"  <*''^ '•■■'■ 

the  centroid  of  PBODE ..,,  and  since 

{«  +  l)X=(n-l)X"+2F,    (»+l);i  =  («-!) ^"  +  2x0,  Ac., 

the  centroid  divides  AQ  in  the  ratio  of  n  —  1 : 2  (and  therefore  equally 
if  »  =  3,  as  in  Mr.  Walker's  Qaestion). 

Again,  let  the  line 

where  o+h+c,  =  0 

meet  the  faces  of  the  simplioissimnm  of  reference  in  the  points 

A'  (0,  /(„  v„  IT, ...).    -B'  (\.  Oi  '■i.  'i  ■•■).  **■- 
and  let  the  corresponding  ralnes  of  j)  be  p„  p,,  Sus. ;  therefore 

Ac.,  Ac. ; 

and  hence,  if  (X,  ^,  »■ .,.)  be  tbe centroid  of  equal  weights  at  4',  B',Ao., 

(n  +  l)X  =  -o(^+-|^  +  ^  +  ...)+(»  +  !)  X', 
(«+l)^  =  - 6  (^+^  +  -^ +...)  +  («+!)/, 


therefore  —  +  -^+— +...  =0 

for  all  positions  of  (X',  fi',  v' ..,),  and  the  centroid  lies  on  a  linear 
locos.    The  envelope  of  all  such  loci  is 

X'+/it  +  .''+...  =  0. 
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For,  since  H  -^  + h ...  =  0, 

a        0        c 

and  a-h6  +  c  ...  =  0, 

if  a-^ha^  h-^-^h^  c-\-^c^  ...  be  the  values  of  a,  6,  6, ...  for  the  adjacent 
locus, 

■^aa+^«+  •^?c+...  =0, 
a'  6'  (T 

and  ^a+^&+^c+...  =  0, 

therefore  (^- JL)a6  +  (^  _^)  Jc  +  ...  =0. 

and  .  -^  =  ^  =  -^=..., 

a'        6'        (T 

and  therefore  X*+;i*H-K*+ ...  =  0, 

a  locus  of  order  2**'^  which  passes  through  the  middle  points  of  the 
edges. 

This  is  a  proof  and  a  generalization  of  a  property  of  tetrahedron 
enunciated  by  Mr.  McCay,  as  Question  8840  in  the  Educatianal  T%me$, 

Also,  if  parallels  be  drawn  through  the  vertices  of  the  simplicissi* 
mum  of  reference  to  the  line 


X-X' 


=  ^=^-^=...(S2>), 


a  h  c 

where  a-f  &H-c+...  =  0, 

and  these  meet  the  opposite  faces  in  the  points  (0,  fij,  f„  ir^  ...), 
(X„  0,  y„  0  ...),  (X„  ^j,  0,  TTj ...),  <fec.,  respectively  ;  then,  pi,  p„  p„  Ac. 
being  the  corresponding  values  of  j?, 

V  V  V 

2?i  =  —  — ,    l^j  =  —  -r-  >    Pa  =  —  "T*  *^-' 
a  0  c 

V  V                   V 
therefore       a  = ,     6  = ,    c  = ,  &c., 

Pi  Pi  Pz 

therefore  F  (—  +  —+  —  +...)=  0, 

^Pi       Pi       Pi  I 

and  1 1 h  . . .  =0, 

Pi       Pi       Pi 

and  jjj,  j^j,  jJj,  <fec.  are  proportional  to  the  intercepts  on  the  lines,  be- 
tween the  vertices  and  the  opposite  faces. 

This  property  was  set,  for  the  tetrahedron,  by  Mr.  F.  Morley 
(Educational  TimeSy  Quest.  6112). 
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Also 


/ii= 


Vb 
a 


\^-^ 


Va 
b   ' 


Vc 
a 

Vc 
b 


,     Vi  =  — — ,     >ri  = 


>'.  =  —  —,     ir,= 


a 
Vd 


i  •••> 


>  •••> 


&o. 


Ac, 


<fec., 


And  the  content  of  the  simplicissimum  whose  vertices  are  the  feet  of 
the  parallels  (VI.) 


yn 


0, 


b  ' 


c 


a 


0, 


-7A, 

c 


-F  — 
a 


0, 


=  F 


0,  1,     1,    ... 

1,  0,     1,    ... 
1,     1,    0,    ... 


=  nV  (disregarding  sign), 


a  proposition  set  for  the  tetrahedron,  by  Professor  Malet  {Educational 
Times,  Quest.  8047). 

The  same  result  would  follow  from  the  formula 

bj  supposing  P  at  an  infinite  distance,  so  that 

AF"  BF • 

XIX.  If  the  lines  joining  any  point  to  the  vertices  of  a  simplicissi- 
mam  be  similarly  divided,  the  lines  joining  the  points  of  division  to 
the  centroids  of  the  corresponding  faces  meet  in  a  point.  (A  generali- 
zation of  Quest.  7782,  Educational  Times,) 

Take  the  simpHcissimum  as  that  of  reference,  and  let  (X',  ^',  v  ...) 
be  the  point,  then 

\    p  +  q     '  p-^-q' p-Vq'   "'I'      \p  +  q'      p  +  q     '  p-\^q'   '" )'  ^' 
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are  the  points  of  division ;   and  the  equations  to  the  conneotor  of 

(0,  —  ,  — ,  ... ) ,  the  centroid  of  the  face  npon  X  =  0,  and  the  first 
\       n      n  / 

point  of  division,  are 

A,  /I,         v, 

JpF+gX',    qfi\    qv\   ...     =0, 
0,  1,       1,    ... 


or 


pF+gV,    pF+g/,    pF+g/,  ... 


0, 


1, 


1, 


=  0, 


m 

similarly  those  to  the  second  connector  are 


pV-^-qX,    pV+qfJL,     pV-\'qy\  ... 


1, 


0, 


1, 


=  0, 


and  so  on.     Therefore  all  pass  through  the  point 

/pV-i-qy  ^     JeZ±2<L,    ...\ 
\npH-p+g'     np-hp-fg'    "  /' 

a  point  on  the  line  joining  (X',  fx\  v,  ...)  to  the  centroid  of  the  simpli- 
cissimum.  The  centroid  of  the  derived  simplicissimum,  whose  ver- 
tices are  at  the  points  of  division,  lies  upon  this  lino  and  divides  it 
as  the  original  lines  are  divided.  The  two  simplicissima  are  similar 
and  similarly  situated,  and  the  point  (X',  /i',  v',  ...)  is  their  centre  of 
similitude,  and  heoce  that  of  the  corresponding  related  spherics. 
Therefore,  if  P  be  the  point  (X',  /i',  y\  ...),  0  and  0'  the  centres  of  the 
circumspherics,  0'  divides  FO  in  the  same  ratio  in  which  the  con- 
nectors of  P  with  the  vertices  are  divided  ;  and,  if  0  be  fixed,  P  and 
0'  describe  similar  loci.  If  P  lie  upon  the  circumspheric  of  the 
simplicissimum  of  reference,  the  two  circumspherics  touch  at  that 
point.  (This  is  generalized  from  Mr.  Tucker  s  questions  7141  and 
8169  in  the  Educational  Times.)  If  0  and  0'  be  any  other  corres- 
ponding points  on  the  two  simplicissima,  0'  will  divide  OF  in  the 
same  ratio,  and  0'  and  P  will  describe  similar  loci,  and,  if  P  lie  on 
any  other  spheric  connected  with  the  simplicissimum,  the  corres- 
ponding spheric  with  respect  to  the  derived  simplicissimum  will 
touch  it  at  P. 

XX.  If  a  pencil  of  2n  coterminous  lines  meet  a  linear  locus,  in  space 
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of  n  dimensions,  in  2n  points,  the  ratio  of  the  products  of  any  two 
pairs  of  {n  — l)-ary  simplicissima  (each  having  its  vertices  at  n  of  the 
points  of  intersection)  is  independent  of  the  position  of  the  transverse 
locus. 

For,  if  Aif  Af, ...  A2H  be  the  points  in  which  such  a  pencil  meets  a 
linear  locus,  and  a,.,  denote  the  angle  between  OAr  and  OA^y 
(A^ .  -4j ...  An)  the  content  of  the  simplicissimnm  of  which  the  ver- 
tices are  at  A^,  A^, ..,  An,  p  the  perpendicular  from  0  upon  the 
linear  locus  upon  which  ^1,  -4„  ...  A^  lie,  and  D(l  .2  ...  n),  the 
determinant 

1,         cosa^s,     cosa^,  ...    cosaj^ 
cosa^f         1,         cos  a,,,  ...   cosajn 


by  (IV.),         (O.A,.A, ...  AnYxiO.An.i.An., ...  A,^y 


—       4   K^l'A^  ,,,  An)    \An*i.An  +  i  ,,,  Aiff) 


=  ^'^^?^,y,'^^'j)(1.2...n)^^"-^'^ 

OA^  OA^       nA^ 
=     ^    A;        '"  ^  (1-2  ...  n)  D  (n+l.n-h2  ...  2n), 


therefore 


(^|.^]  ...  ^„}    {^An^l»An\i  '»»  A^n) 


_  OA^.OAl...OA,.  2j  (1  2  ...  n)  D(n+l.n+2  ...  2n), 

and  therefore  the  ratio  of  the  products  of  any  two  pairs  of  comple- 
mentary (74— l)-ary  simplicissima  depends  solely  upon  the  values  of 
the  determinants,  and  is  independent  of  the  position  of  the  transverse 
locus. 

It  also  follows  that  two  pencils  which  meet  a  linear  locus  in  the 
same  2n  points  will  have  the  ratios  of  the  products  of  the  correspond- 
ing pairs  of  complementary  (n--l)-ary  simplicissima  upon  any  trans- 
verse linear  loci  the  same. 

All  this  is  in  analogy  with  the  anharmonio  ratios  of  four  lines  in  a 
plane  ;  and,  as  in  that  case,  there  y^W  be  equations  among  the  ratios. 

If  the  pencil  consist  of  n  rays  coinciding  with  the  edges  of  the 
simplicissimnm  of  reference,  which  meet  at  (F,  0,  0,  ...),    and  the 
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following  n  lines  throngh  the  same  point, 


/x  =  — ^'  =  — T  =  ,.., 


f<  =  -T-v  =  -=-ir  =  ,,., 


each  of  the  ^  V-rrr  =   \  T""  /'.  expressions  for  the  prod  acts  of  pain 

(n\y       n!  (n  — 1)!  '^ 

of  complementary  (n— l)-ary  simplicissima,  the  vertices  of  which 
occupy  all  the  intersections  of  the  pencil  with  the  linear  locns  X  =  0, 
will  be  expressible  in  terms  of   the  n(n— 1)   qoantitieSy    AP|...Jk., 

li  ...In,  &c. ;  and  there  will  therefore  be  -Vt rri^^  (♦*—!)  rela- 

n!  (n— 1)! 

tions  among  them  ;  and  hence,  if  n=2,  one  relation,  as  is  well  known. 
It  also  follows  that,  if  3f  =  0,  ZV' =  0,  P  =  0,  Ac., 

if  =  -f  JV  =  -i--P  =  ..M 

•••  •••  •••  ••« 

'1        1 

be  another  system  of  2n  right  lines  meeting  in  a  point,  the  ratios  for 
these  will  be  the  same  as  for  the  system  above,  and  the  systems  will 
bo  homographic. 

Similarly,  if  there  be  two  systems  of  2n  points,  each  lying  on  a 
linear  locus,  viz., 

(^»/*l»  ^'l  •••)»    (^81  /^i  *'l  •••)»    (^r.»M»i>  >'n...)> 

\      ^  +  A-i  +  /,...      '         h,^-h,'^l^,..      '    ••'/' 


•ft  •  •  •  ••• 


1888.] 


Simplicissima  of  n-dimensions. 


435 


and  (XI,  fi{,  v[ ...),   (X2,  /i2,  V2 ...)  ...  (Kt  /n,  K  ...)> 

\       ^,  +  fe,  +  ^...      '         ^4-A;,  +  Z, ...       '    '"  /' 

these  systems  will  also  be  bomographic. 

The  anharmonic  rattos  of  a  pencil  of  the  2n  coterminous  lines 
represented  by  giving  to  r  the  values  1,  2  ...  2n,  in  the  equations 

——  =  ^^^  =—-  =  ...===  —. — -- — -Yi),  =  m^l)„  say, 

will  be  the  ratios  of  the  products  of  the  corresponding  complementary 
determinants  of  n  rows  and  columns, 

^i»     ^>     ^  ••• 


For,  if  (Xi,  f*i ...),  (Xj,  f<2 ...),  (fee.  be  any  points  on  the  first  n  lines, 
and  pi,  |?„  <fcc.  their  distances  from  (X',  /a'  ...),  the  content  of  the  sim- 
plicissimum  of  which  these  are  the  (n+1)  vertices  is  (F), 


X', 


X'-f77?^j?iai,      /i'+miPi&i,      v'  +  tniPiCi, 

^'+Wjp2a„      /i'  +  wi,p,&2,      Z  +  mj^jC,, 
...  •••  .tt  • 


yn 


X', 

/ 
V 

«1» 

2>i, 

Ci 

Oj» 

62, 

Cj 

... 

.  •  • 

a«» 

&., 

c« 

Tn^Tri^  ...  tW„  .PiPi  '»'Pn 


2f2 


i»>      ^m 


436 


Mr.  W.  J.  C.  Sharp  on 


[Apri 


Oil      C|,    ... 


0||»      c„, 


from  whicli  the  proposition  above  follows  at  once.  This  agrees 
the  known  results  in  Plane  Geometry ;  for,  the  anharmonic  rati 
pencils  of  parallel  lines  beinf^  equal,  take  (F,  0,  0),  as  (X',  fi\  v) 
the  lines 

Cj  Cj  C3  C4 

and  the  value  of  the  anharmonic  ratio  given  above  is 


h. 

Cl 

K 

<H 

^, 

1 

h, 

1 

b„ 

Cl 

X 

K 

c* 

h 

1 

X 

K 

1 

b„ 

Cl 

X 

K 

". 

K 

1 

X 

K 

1 

K 

Cs 

K, 

"« 

K 

1 

K 

1 

the  known  result.     (Salmon's  Cofiics,  p.  66). 

If  a  =  0,  A  =  0,  be  the  equations  to  two  complementary  1 
loci,  each  of  which  passes  through  n  out  of  2n  given  points,  ai 
8  and  S  bo  the  contents  of  the  (n— l)-ary  simplicissima,  upon  1 
loci,  whose  vertices  are  at  these  points,  and  Pj,  P,  any  two  pc 
the  perpendiculars  from  which  on  a  =  0,  A  =  0  are  Piy  qi't  2 
respectively,  by  XII. ,  therefore 

and  a  A  is  proportional  to  the  product  of  the  simplicissima  of  ti 
the  vertices  are  at  (\,  /i,  v  ...),  and  at  the  n  points  on  each  locus. 
If  then  a  =  0,  A  =  0  ;  /9  =  0,  B  =  0  ;  y  =  0,  T  =  0,  &c.,  be  the  f 
tions  to  pairs  of  complementary  linear  loci  through  nof  2n  g 
points,  of  which  not  more  than  n  lie  on  a  linear  locus,  the  equ 
to  any  quadratic  locus  through  the  2n  points  may  be  put  in  the  : 

aaA  +  b/3B  +  cyr+...  =  0, 

where  a,  b,  c,  &c.,  are  — ^  +1  in  number  j  for     ^     — ^    p 

dctemiiuo    the   quadratic,   and,     since   2n    of     these     ai-e    kn 
n  yn—       ^-jj  determine  the  locus. 
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This  equation  furnishes  a  relation  between  any    ^-^^^ ^  + 1  of 

*^®  "T"; rfi     products  aA,    )3B,   Ac.,    which    is    satisfied   when 

w!  (n— 1)!     ^ 

(\,  fx,  V ,..)  lies  on  the  locus:  that  is  to  say,  an  equation  between 
— ^  of  the  anharmonic  ratios  of  the  pencils  drawn  through  any 

point  on  the  quadric  to  the  2n  given  points  upon  it.  And  this 
generalizes  and  includes  the  anharmonic  property  of  conies. 

By  the  help  of  the  identical  relations  which  hold  among  the  an- 
harmonic ratios  of  the  same  pencil,  the  equivalent  forms  in  terms  of 
other  ratios  may  be  obtained. 

XXI.    If       (iC,,  yi,  Zi  ...),    (aj,,  y„  Z^  ...)  ...  («n+8j  Vn^Zy  «n+»  ...)> 

be  the  Cartesian  co-ordinates  of  the  centres  of  n+3  spherics,  the  radii 
of  which  are  rj,  r, ...  r„+si  and  if  (1 . 2)  be  the  length  of  an  external 
common  tangent  to  the  first  two  spherics, 

fe-«.)'+(yi~y,V+(^i-^,)'+ ...  =  (n-r,)'+(i  .2)», 

or  (1 .  2y  =  a^-f  2/J+2^-f  ...  -r^+aj;+y5+^^+  ...  -t^ 

[For  an  internal  common  tangent  this  becomes 

(ai-«,)'+  (y,-y,)'+  («!-».)•+  ...  =  (n+uY+  (1 . 2)', 
or  (1 . 2)»  =  x\+y\+z[+  ...  -r*^+a>+yl+g'^+  ...  -i» 

— 2(a!,a!,+yiy,+«,a,+  ...  +nr,)'\. 


therefore 


1, 


0,  0,  0,  0,        0 

-2a!,,      -2y„       -2«„      ...  2r„      1 

— 2a!„      — 2y„       — 2«„      ...  2r„      1 


'i.^+f.,3+'i*»■■■-^n,y  -2*«.>,  -2y.o,  -2«,.s,  ...  2r,.„  1 


0,  0,       0,       0, 

i->  ^»     yi>     ^> 


0, 


t> 


ll     i^H  J/lJ  «»  »■«. 


1 

-1 


1>    aJf.  +  8>    yn*3t    SSn+Z,   r«+8j    ^♦s^'^Ls^'^  +  s'*"  •'•  "^il 


H*Z 
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0,  1,  1,  1,  1 

1,  0,  (1.2)«,        (1.3)»,      (l.n+Sy 

1,     (2.1)',  0,  (2.3)» (2.n+3)' 

«••  •••  •••  •••  •••  •••  •••  ••• 

1,  (n  +  3.1)»,  (n+3.2)«,  (n+3.3)*,  0 

=  0, 

since  each  of  the  component  determinants  has  n+4  rows  and 
columns. 

By  suppressing  the  last  row  and  the  last  colximn,  a  relation  ^ 
ohtained  hetwcen  the  external  common  tangents  to  n  +  2  spl 
which  all  touch  the  same  spheric. 

This  is  adapted  from  a  proof,  by  Dr.  Casey,  for  the  case  oi 
circles,  given  in  Salmon's  Conic  Sections. 

Similarly,  by  suppressing  the  two  outer  rows  and  columns,  a 
tion  will  be  obtained  between  the  common  tangents  to  (n+ 1)  sph 
each  of  which  touches  two  spherics  which  also  touch  each  othei 
so  on. 

The  identity  of  form,  between  the  relation  above  and  the  cone 
that  the  content  of  the  simplicissimum  (of  n-f  3  vertices)  i 
edges  are  equal  to  the  common  tangents  should  vanish,  may  ' 
some  measure  accounted  for  as  follows.  If  all  the  spherics  be  c 
or  if  they  bo  point  spherics,  (p,  q)  the  common  tangent  to  an; 
of  them  is  equal  to  the  distance  of  their  centres,  and  the  conten 
bo  that  of  the  simplicissimum  whose  vertices  are  at  the  centres, 
this  vanishes  as  the  n+3  vertices  lie  in  the  same  space  of  n  di 
sions. 

In  the  same  way,  if  (n+2)  equal  spherics  touch  the  same  spl 
or  (71+2)  point  spherics  lie  on  the  same  spheric,  the  outer  row 
column  of  the  detormiuant  vanish,  and  the  determinant  (I.)  bee 
(— 2)"^^(n4-l)!  V^li\  where  F  is  the  content  of  the  simplicissi 
of  (n-f  2)  vertices,  whose  vertices  are  at  the  centres  of  the  eqn 
])oiiit  spherics,  and  which,  as  they  all  lie  in  the  same  space 
dimensions,  vanishes.  As  those  vertices  all  lie  upon  the  same  spl 
this  is  also  the  condition  that  (?*  +  2)  points  should  lie  on  the 
spheric. 

XXII.  If  there    be    two    lines   through    a  vertex    (say   X 
/I  =  V  =  ...  =  0)  of  the  simplicissimum  of  reference,  such  tha 
perpendiculars  from  any  point  of  the  one  to  the  faces  which  me< 
that  vertex  are  inversely  proportional  to  those  from  any  point  o 
other  upon  the  same  faces,  say  two  isogonally  conjugate  lines ;  : 
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if  the  equations  to  the  one  be 

those  to  the  other  are 

fA     y    y    __ 

^1^1  ^^8  ^4^* 

Now^  taking  the  system    of   concurrent  lines  from  the  vertices 
through  the  point  (X\  /^^  ^'  •••)>  ^^^  equations  to  those  lines  are 

fi   y  T  

fi  V  IT 

X  v   w   

7  7  ~"       7  — •••> 


^JL 


••> 


(fee.  &c., 

and  those  to  the  isogonally  conjugate  lines  are 

/  *  / 

fl/A     Vy    TIT     


&c. 


"7 


/ 

&C.y 


•  ••J 


which  all  meet  at  the  point  isogonally  conjugate  to  (X',  /x',  /  ...),  i.e., 
the  point  whose  co-ordinates  are  proportional  to 

F*     F"     F' 

J_l         J[j        _8 

X  ' 


/i        y 


Thas,  if  (X',  /x',  /  ...)  be  the  centroid,  the  lines  isogonally  conjugate 
to  its  connectors  with  the  vertices,  viz., 


!L  = 

y 

IT 

vi 

K 

r. 

\ 

y 

w 

y\ 

K 

vt 

\ 

=  JL 

IT 

VI 

vi 

Tl 

&0. 

&0.f 

•••> 


•••I 
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all  meet  where        X  :  /w  :  v...  ::  7f  :  Fj  :  7j :  ... 

(the  centroid  of  weights  proportional  to  TJ,  FJ,  FJ,  Ac.,  plac4 
the  opposite  vertices),  which  may  be  called  the  Syminediaxi  p 
Again,  the  equidistant  lines  (XIV.,  Note)  are  each  of  them,  its 
isogonal  conjugate,  and  so  are  their  intersections. 

Other  loci  besides  straight  lines  may  be  isogonally  conjugate, 
such  that  to  every  point  on  the  one  a  point  on  the  other  is  iflogoi 
conjugate.  If  the  one  locus  be  of  order  m,  the  other  will  be  at  i 
of  order  nm.  If  the  highest  powers  of  \,  /i,  v  ...  in  the  equation  t< 
first  locus  be  the  p^,  q^,  r*** ...  respectively,  the  order  of 
isogonally  conjugate  locus  will  be  |)+g+r+...— m,  and  the  c 
will  be  reduced  by  one  for  every  time  the  original  locus  pi 
through  a  vertex  of  the  simplicissimum  of  reference. 

To  a  linear  locus  there  corresponds  in  general  a  locus  of  ore 
which  passes  through  all  the  intersections  of  the  faces.  (In  p 
geometry,  a  circumscribed  conic.)  An  important  example  is 
isogonal  conjugate  of  infinity  noticed  below  (XXVI.)  Another 
portant  example,  in  plane  geometry,  is  the  conic  which  is  the  isog 
conjugate  of  a  unicursal  quartic  (Salmon's  Higher  Plane  Ca 
p.  244).  Every  such  correspondence  is  a  point  to  point  corres 
dence. 

As  all  spherics  intersect  in  a  common  locus  at  infinity  [or  i 
generally  all  loci  whose  equations  are  of  the  form 

[7-(X4-/i+...)(^X-fi?/i  +  ...)  =0] 

(see  XXV.  below),  the  isogonally  conjugate  loci  intersect  up 
common  locus  on 

XT*       y^       y^ 

V  +  -^  +  -^  +  ...=o, 

the  locus  isogonally  conjugate  to  infinity. 

XXIII.  Linear  loci  may  be  drawn  through  the  intersections  o\ 
two  faces  of  a  simplicissimum  and  a  particular  point ;  if  the  six 
cissimum  be  taken  as  that  of  reference,  and  (X',  fi\  v'  ...)  be 
point,  the  equations  to  these  loci  will  be 

X_u  X__v  U_  V         c 

\J  —      /»      T7 7>  /   —  ~T>    <*^'> 

A        t   fl  A  V  fl  V 


or 


K     h      ", 


... 


... 


=  0, 
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and  where  —  =  -^  meets  the  opposite  edge  (1.2), 

A  /i 


v>C»< 


V  =  0,     IT  =  0,    <kc., 


X' 


X  =  T-r^^F,   and  /x  = -^,  F,     v=:ir=...=  0, 


and  if  this  point  be  Pj,, 


X' 


and  therefore 

^P„ .  X' =  JBPi, . /,     PP»./i'  =  OP„.v',     OPu.v'  =  ilPu.X', 

and  therefore     ilP„  .  PP„ .  OPi.  =  PPj, .  (7P„ .  AP^,, 

and  the  points  Pis,  P^s*  -^i  are  the  feet  of  concurrent  lines  from  A,  P, 
and  0  in  their  plane,  and 

-4P„  :  PP„  ::  ^r  •  ^7>   *nd  so  on. 

X        fi 

If  (X',  /i',  v' ...)  be  the  centroid,  the  edges  are  all  bisected.  If  it 
bo  the  centre  of  the  in-spheric, 

-dPjj    :    i>Pll   '•    "y     •     y'i 

and  similarly  for  the  centres  of  the  ex-spherics  (compare  Euclid  vi., 
3  and  A.). 

If       AP^i  =  AP^  = ...  =  (ii,     BPn  =  PPm  = ...  =  <i„  <fcc., 

so  that  the  simplicissimum  is  one  in  which  (r  . «)  =  df,+d,  (XVI.), 
the  linear  loci  through  the  points  of  division  of  the  edges  (i.e.,  the 
points  of  contact  of  the  spheric  which  teaches  all  these)  and  the 
opposite  intersections  of  faces  will  all  pass  through  the  point 

X'  •  »/  •  v'  •        ».    1.1.1'. 

di      dj      d^ 

Again,  if  points  P^,  be  taken  on  each  edge  (r . «),  such  that  P„  and 
Pr,  are  harmonically  conjugate  with  respect  to  the  vertices  on  that 
edge,  and  if  (XJj,  /1I2,  0,  0,  ...)  be  the  co-ordinates  of  PJ,, 

>l  P'  —  ia'  ^    *  ^^       7?7>'  —  X'  (^  '^) 
^^1^12  —  Mia      y     >     -or'ia  —  Aj2  ^   ^  , 


and 


Xij  ^       X^i  ^_        A 


Mia 


Mil 
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and  P^  lies  on  the  linear  locus 

J^  +  Ji+  — +      =0 

A  /A  V 

the  locns  of  homology  of  the  simpliciBsimTim  of  reference  and  th< 
whose  vertices  are  the  feet  of  the  concarrent  lines  through  (k\  fji\ 
from  the  vertices  (VIII.). 

This  locos  is  also  the  linear  polar  of  the  oentroid  with  respei 
the  qnadric  with  regard  to  which  the  Bimplicissimnm  is  self-cc 
gate,  and  which  has  its  centre  at  (k\  /i',  v\..).  It  is,  too,  the  li 
polar  of  (X',  ^',  v' ...)  with  respect  to  the  (n+l)-io  loons  compose 
the  linear  loci  on  which  the  faces  lie. 

XXIY.  If  a  quadratic  locus  in  space  of  n  dimensions  cut  the  e 
of  a  simplicissimum  in  points  P,„  Q^ ;  P^t  Q» ;  -Pti*  Qti>  ^*  i^ 
tivelj,  and  points  j^n,  q^^ ;  Pf^f  q^ ;  pn,  qn,  Ac.  be  taken  in  the  i 
edges  harmonically  conjugate  to  these  points  and  the  vertices  ^ 
the  edges  ;  these  last  points  lie  upon  another  quadratic  locus. 

For  if  -4iiX«+^a/*'+...+2^i,V+.-=0 

be  the  equation  to  the  locus  referred  to  the  simplicissimum  as  th 
reference ;  the  points  Pn,  Q^  are  determined  bj  the  equation 

and  therefore  p^y  q^  by 

il„X'— 2i4i,X/A+ilj,ju'  =  0, 

and  therefore  all  the  points  j>,  q  lie  upon 

iliiX«-f-J5,/i«+...-2ii„X/i-...=  0. 

If  the  points  Pi„  P,,,  &c.  be  the  intersections  of  the  edges  and 

current  linear  loci  through  the  opposite  intersections  of  faces ;  al 

equations — 

AiX'  +  2^„X/i+^„/i«  =  0, 

Anfi^-^2A^fiy+Any^  =0, 

^„v«  +  2^,vX+il,,X»=0, 

&Q.  &C. 

which  can  be  formed,  must  hold  simultaneously,  and  therefore  al 
press  ions  of  the  form 


AqqArrA^f  —  2A^Ar,Agq  —  Aq^Art  — ArrAgq^-AggA 


2 
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must  vanish*  (Educational  Times,  Qnest.  6813 ;  Bepnnt,  Vol.  xxxvii., 
p.  31).  When  this  is  the  case,  the  qnadratic  locus  will  meet  the  edges 
in  another  set  of  points  upon  concurrent  linear  loci,  for 


&c. 


&c. 


and  the  equation  to  the  quadratic  locus  will  (XVI.)  be  of  the  form 

ZZ'V+mwy+...  — (Zm'  +  rm)\/i  +  ...  =0; 

or  if  (X',  ft',  v'...),  (X",  /i",  v"...)  be  the  points  of  concurrence  of  the 
linear  loci  through  the  points  on  the  edges,  and  the  opposite  inter- 
sections of  faces, 

X«       ji^  _/JL_.     1    \x    _      _A 

w'^fiV'^-    Uy'"^x'>y  '^    —  ' 

and  the  locus  of  the  harmonically  conjugate  points  is  the  pair  of 
linear  loci 


*  If  the  quadric  be  the  improper  one  composed  of  two  linear  loci,  say 


and 

all  the  equations 


^UA  +  ^^  +  4a„+...  =0, 


£ 


I 


Br. 


£. 


Jl\\  "=:"  +  •««  zr  =  2^ 


^11 


^1 

2 


'23 


^1 

B. 


ISi 


3  =  2A, 


X»9  -tf^ 


13) 


&0. 


&C. 


which  can  be  formed,  must  hold  ;  and  these  only  differ  from  the  above  in  the  sign  of 
the  terms  which  involve  two  different  sufiixes,  and  the  conditions  are  therefore  that 
all  the  expressions  of  the  form 


■^qq  •^rr  -^m  +  2ua«r  ^rt  •^tq — •Aqq  ^-.-^-^rr  "^-^ "~ -^ti  -4-, 


must  vanish. 
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All  this  is  in  exact  accordance  with  what  was  proved  for  PI 
Geometry  in  Question  7585,  EducaUonal  Times  {Beprtntf  Vol.  x 
p.  124). 

If  the  quadratic  locns  be  a  spheric  (X.), 

(1.2)>  -  (2.3)'  '       • 

and  if  the  simplicissimnm  be  of  the  special  class  in  which,  fiti,  m, . ..  n 
being  known  linear  magnitudes,  (r .«)'  =  mrm,  [a  class  which  inclm 
triangles  and  those  tetrahedra  for  which 

(1.2)  (3  .4)  =  (1.3)  (2. 4)  =  (1.4)  (2. 3)], 
i  +  i      i+±      1+i. 

A     fl        (A     V v_  

frii  m^  i7i| 

Now,  if  other  points  (»',  y\  /...)  («",  y",  /'...)  be  taken  such  that 

fftjA     tn^/i     !«,>> 


and  a":jr:a"... :: -V.:    ^     "    ^ 


//  ••• 


m^A     m^ft     m^K 

and  the  line  joining  («',  y', /...)  and  («",  y",  «"...)  passes  thron 
the  centroid. 

Now  in  sach  a  simplicissimnm 

TTSpj ^  as  4 

""2"  i(n!)«*^i^*s--'^*»' 

^^  ^-^J  ~  2«  f/^_l)Os  ^1  —  ^n.i,  Ac., 

therefore 

ra  ._.      .     .     ..1.1. 


w,  =  \/2n  (n— 1)  ^^r^  and  Wj :  w, :  ...  : : 


and  therefore 

*  •  y  •  * v/     •  — 7-  •  — 7*.  ... ; 

A  jU  K 

so  that,  in  space  of  two  dimensions,  (»',  y',  «'...),  («",  y",  «"...)  are  t 
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isogonal  conjugates  of 

(X',  /Lt',  v' ...)  and  (X",  /*",  /'...). 

XXY.  In  March  1881,  Mr.  S.  Roberts  gave  the  theorem,  analogous 
to  a  known  fact  in  Plane  Geometry,  that  "  if  an  arbitrary  point  be 
taken  on  each  edge  of  a  tetrahedron,  and  spheres  be  described  through 
each  vertex  and  the  assumed  points  on  the  edges  which  pass  through 
it,  these  spheres  intersect  in  a  common  point."  This  property  is  true 
if  we  read  simplicissimum  for  tetrahedron,  and  spheric  for  sphere. 

^^    (\ti  Huy  0,  0  ...),  (0,  ^»,  vn,  0  ...),  (Xu,  0,  v,»  0 ...),  Ac. 
be  the  arbitrarily  chosen  points.     Then  (X.),  if 

be  the  spheric  through  the  vertex  X=  F,  fi  =  y  =  ...=:0,  and  the 
points  (Xij,  /iia,  0  ...),  (X„,  0,  y^  ...)i  *«• 
It  follows  that 

^1  =  0,    il,=  L_L«Lxi„    ^  =  ^--|^  Xi,,  Ac., 
and  the  equation  to  the  spheric  is 

S_  ^_±M±l^  (X„^  (1 . 2)«+x„v  (1 . 3)'+ ...}  =  0. 
Similarly,  those  to  the  other  spherics  are 

^^X-f/i  +  v...  ^^^^^  (1 .2)»+^„v  (2.  Sy+  ...}  =  0,  Ac. 

Multiplying  these  by  X,  /a,  v  ...  respectively,  and  adding  the  products, 
we  have 

FS-  {(X„+^,,)  \f.  (1 . 2)«+(X„  +  K„)  (1 . 3)« 

=  FS-F{X/i(1.2)'+^v(2.3)«-f-vX(1.3)'+...} 

(since  Xjj4-/iia  =  F  =  /i^-f-  v„  =  &c.) 
=  FSf-FSf  =  0, 
and  the  spherics  all  pass  through  a  common  point. 

In  the  special  case  when  the  arbitrary  points  are  the  intersections 
of  the  edges  with  the  perpendiculars  upon  them  from  a  fixed  point, 
the  common  point  of  intersection  of  the  spherics  will  be  the  fixed 
point,  which  will  be  the  extremity  of  the  diameter  of  each  spheric 
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throngh  the  vertex  upon  it ;  and  each  spberic  will  pass  through  1 
feet  of  the  perpendiculars  from  the  fixed  point  npon  all  the  faces 
the  simplicissimum  (and  of  the  subsidiary  sunplieisBima)  which  p 
through  that  vertex.    An  example  will    be  fonnd  at  the   end 
Art.  XXVII.  (p.  22.) 

If  the  chosen  points  be  the  mid-points  of  the  edges,  the  aquatic 
to  the  spherics  become 

2V  dk         ' 

Q__  X  +  ^  +  y-h  ...      <^iS  _  Q 
27  dfi         ' 

which  are  all  satisfied  at  the  centre  of  the  circum-spheric,  wh< 
S  =  VB^,  aud 

dk         dfJL         dv    " 

XXVI.  If  (X',  /i',  v' ...)  beany  point,  (0,  /ij,  v^  ...),  (X^  0,>', ...),  i 
its  orthographic  projections  on  the  faces  of  the  simplicissimum 
reference,  and  if  p  be  the  radius  of  a  spheric  whose   centre  is 
(X',  fi',  v' ...),  and  which  cuts  the  faces  in  sections  common  with  th< 
of  spherics,  the  centres  of  which  are  at  the  projections,  and  th 
radii  p„  P|, ...,  &c.,  so  that 

the  equation  to  the  spheric  radius  p  is  (IX.) 

and  those  to  any  spherics  which  cut  the  faces  in  the  same  sections  { 
S-^X(X+/i  +  v...)  =  0,     2-A:3/i(X+iu  +  v...)=0,  &c. ...  (I 


*  Tho  moro  general  proposition — that,  **  if  arbitrary  points  be  taken  on  each  eo 
of  a  simplicissimum  aod  quadratic  loci  Uy  =  0,  1/2  =  0,  &c.,  each  of  which  interse 
a  given  circumscribed  locus 

in  two  linear  loci,  one  of  which  is  infinity,  be  described  to  pass  through  each  veil 
and  the  assumed  points  upon  the  edges  through  it,  the    quadrics  r^  U^f  &c. 
meet  in  a  common  point," — may  be  proved  in  exactly  the  same  way. 
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Now,  if  the  first  of  these  be  the  spheric  radius  p^  above, 

S-A;i\(\+/i-f-v+...) 


therefore 

dS' 
dk' 

dS' 
dfi' 

V'p'+S'_d8,      V*p\+8,l^ 

V           df^           F      f    

dS' 
dv' 

V          dv,           y       ' 
ha.                          ho. 

(B). 


Multiplying  these  equations  by  X',  ft',  v' ...  respectively,  and  adding 
and  arranging, 

oAi  a/<|  avj  ' 

But  the  sinister  =  F*  (p'— p'),  for  it  is  F*  into  the  square  of  the  dis- 
tance firom  (V,  /i',  / ...)  to  (0,  fii,  V, ...)  (IX.),  therefore 


fcjX'F  =  2P  {sf-p"^  =  2 ^  F*.    and 


A;,  =  2n'  — ,  F. 


Similarly 


k^  =  2n»  ^  F,  Ac. 
Fa 


Now  at  the  radical  centre  of  the  spherics  (A) 


therefore 


fcjX  =  ^jfc  =  AjjV  =  ... 
XX' /ufi' vv' 

f;    f;    Fj 


and  the  radical  centre  is  the  point  isogonally  conjugate  to  (X',  /u',  /...), 
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say  (k'\  fjL'\  y'\>.)i  and  this  is  the  centre  of  the  spheric  whic 
the  system  (A)  orthogonally. 

Let  (V,  tA"\  y"...)  be  the  centre,  and  p""  the  radios  of  the  s 
through  (0,  fA^  Fi ...),  (K  0,  V,  ...)>  *o. 

Now  the  equation  to  this,  the  pedal  spheric  of  (k\  fjL\  /...),  i 

and  since  (0,  /ii,  i^i, ...)  lies  upon  it 
but,  from  the  equations  (B), 

'I  ' 

and,  if  (2  be  the  distance  from  (X',  ft',  v'..,)  to  (X'",  fi'",  v'"...). 


x'*  X'X" 

Mid  ^"'  (  V  ~  P^)  ^ ''  "*~'^ ' 

therefore    fc,  (2X"'  -  ^O  =  2  F  (p"^-  <P)  =  ft,  (2/i'"-/i')  =  Ac., 

therefore  F=  2(X'"+/i'"+...)-(V+/+...) 


r-n-t-l   1 


=  2F0>"'»-d')S    ^; 

r.l      Af^ 

but  AjjX"  =  k^fi'  =  k^v'  =z  ...  =  g  suppose, 

r-«+l    1 

therefore  V=  a    2     -r-> 

r-l      A^r 

theroforc  g  =  2  F  (p"'»-(P). 

And  2X"'— X'  =  X",    2ft,'''— /a'  =  /4",  <fec. 

and  (X'",  /Lt%  v*^...)  is  the  mid-point  of  the  conQ^k|eof  (\\  ^'^ 
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of  (X', 


and  (X",  ft",   ""...),  and  the  pedal  Bpher 
that  of  tbe  isogonally  oonjngat«  point  (X",  fi 


S-'+V^p'"* 


x2"' 


&Dd  the  equation  to  the  pedal  spheric  ii 


..(C), 


The  pedal  spberic  becomes  infinite  when  (X'",  n'",  v'"...)  Hea  on 
infinity,  and  thie  will  be  the  case  when  either  (X',  fi,  v'...)  or 
(X",  Ii",  v"...)  does  HO.     If  (X",  fi",  v"...)  lie  on  infinity,  (X',  /i',  i"',..) 

,.  f'      f'      F* 

lies  on  !Li  +  Ll  +  I~f+...  =0, 


the  locna  tBogonallj  conjngate  to  infinity  (a  circnmacribed  locas  of 
order  »—l,  which  in  apace  of  two  dimensions  is  the  circnmcircle). 
This  locna  contains  all  the  edges  and  interseotionB  of  faces  of  the 
Bimplicissimnm.  Also,  if  the  centreof  aqoadratic  locns,  with  respect 
to  which  the  aimplicissimnm  is  self- conjngate,  lie  upon  this  locus,  the 
quadratic  locus  passes  through  the  centres  of  all  the  spherics  which 
tonch  the  faces  (XIV.),  and  those  centres  are  the  poles  of  infinity 
with  respect  to  this  locns. 

When  (\',  ft',  r  ...)  lies  npon  this  loons,  the  pedal  spheric  de- 
generates into  a  linear  locus  upon  which  all  the  projections  of 
(X',  fi',  v  ...)  lie.  In  two  dimensions  this  is  the  case  of  the  Simson 
lines, 

F*     f"      P* 
For  when  -iJ  +  Ii  +  .^  + ...  =  0, 
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rV?        .,      rVl        ..       rF? 


let  A    =-77^,      M    =— 7>,      I'    =— 7*»    *c-, 

X  /z  y 

r  F'      y'      V'         1 
therefore        Fe  r  }  ^J  +  '^J  ■f-V  +  ...  h    aiidr  =  oo, 

C  A        /i         F  } 

and  the  pedal  sphenc  of  {\\  fi\  /  ...)  becomes 
and  the  Simson  locus  is 

?(f-f)-?(^-f)--^'^=°. 

the  parallel  to  which  through  the  circumcentre  is 

X'    j\    •     'J     '     /    J     •  ••• "~  ^> 
aA        f^    dfjL        y     ay 

the  polar  of  (X",  /i",  v"  ...)  with  respect  to  the  oircamsplieric,  aa( 
hence  the  equation  to  the  perpendicular  upon  the  Simson  locus  o 
(X',  fi',  y\..)  from  (Xj,  fti,  ^i ...)  is  (XVIII.) 

V(X-X^)  _  li!  {^n-^n;)  _  v'(y-yi)  _  ^^ 

y\         y\    "    y\ 

Also,  if  (X,,  /Up  v^ ...)  be  a  point  such  that  the  Simson  locns  divide 
the  line  from  it  to  (X',  /i',  v' ...)  as  j?— 1  :  1, 

and  therefore  p  (|f  -  g')  =  g  -  f  ],  Ac., 

where  (X,  ft,  y ...)  lies  on  the  Simson  locus,  and  (Xj,  ^j,  I'j  ...)  mai 
be  anj  point  upon 

yl(d8_ds'\v^iim_ds;_ 

x'Ux    dx:)    fi'xdfi    dfjL 

[This  equation  will  be  used  further  on  (XXVII.).] 

If  p"  be  the  radius  of  the  orthogonal  spheric,  its  equation  is 
^-Q     \±ti±y^/y.dS  ,    .dS  ,       \.ZV+jS''..         vt      n 


?(f-s;)-?(g-f)-"--"^=»- 
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and 


«_Q      X+/<  +  v...  (^,dS  ,     >dS  ,        \.ZV  +  S'/>.,      ^^ 


for 


7» 
+  F*  (p'" +p>-  2p"'»)  +  S" + S"_  /r'  =  2S', 

F'  (p" + pj)  =  X"  1^'  +/*"  J^'  + . . . - S"- 8u  (IX.), 


(becanse  the  spherics*  radii  p"  and  pj  are  orthogonal) 

=  X"^+/'|^'  +  ...-FV-S'+FV;-S"+&,FX",  [by  (B)], 

therefore  F'Cp'-'+p')  =  \"^'+/<"^  +  ...-S'--Sr+2n'F'^'. 

a\  dfA  y* 

Therefore,  by  (C), 

and  2,  a-,  and  %'  are  coaxal. 

This  article  is  in  the  main  a  generalization  of  Mr.  S.  Roberts'  in- 
teresting Questions  9003  and  9170  in  the  EduccUioiial  Times  {Rejprlnt, 
Vol.  XLViii.,  Appendix  in.).  It  is  also  indebted  to  M.  Emile 
Vigari^'s  Question  9013. 

XXVII.  The  class  of  simplicissima  in  which  (r .«)' = -4^+-4, 
(XVI.,  Note)  may  be  called  rectangular  simplicissima.  For  each 
edge  is  at  right  angles  to  the  intersection  of  the  faces  opposite  to  the 
vertices  upon  it. 

The  equations  to  (1.2)  are  v  =  ir  =  ...  =  0,  and  those  to  the  inter- 
section of  the  opposite  faces  are  X  =  0,  /i  =  0,  while  those  to  the 
perpendiculars  upon  those  faces  from  the  opposite  vertices  are 

-4,/!  =  -4,1'  =  A^ir  =..., 

and  -AjX  = -4,^  =  il47r  =..., 

2a2 
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and  therefore  those  to  the  plane  perpendicular  to  X  =  0,  f&  =  0,  are 

and  this  contains  the  edge  (1.2),  which  is  therefore  at  right  angk 
to  the  intersection. 


In  the  case  of  such  a  simplicissimnm  (I.) 

0,         1,  1, 


p  = 


-1 


(-2)-(»!)' 


1, 


1,         0,         A^+J,    A^+A^     . 
1,    Ai+A^,  0,        At+A^     . 

1,    Ai+A„    A^+At,         0, 


and,  since  all  subordinate  simplicissima  which  have  their  vertices  i 
some  of  the  vertices  of  a  simplicissimnm  of  this  class  are  evidentl; 
of  the  same  kind, 

^  ~  77 TTTT;  '^«'^«  •"  '^"♦>  I  T  ■*■  T  ■*■•••  "^  1 —  *  » 

((n— 1)!}'  ^^      -4|  An^iJ 


(fee. 


&C,j 


sl-i 


therefore 


therefore 


Again  (I.), 


rK»  = 


K.  -  1      A,     A,_l      ^ 

;>;     p\     r. 


0,        ^,+^„   ^,+^,    ... 

-1  A,  +  A„       0,        ^+^,     ... 


= 4^' '*•-■'••  "*-'l^^'-^i:~^''~-^'l ' 


therefore 


ff=i 


A 
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It  has  been  shown  (XVI.,  Note)  that  a  rectangular  simplicissimnm 
has,  what  no  other  has,  a  centre  of  perpendicnlars,  a  polar  spheric, 
the  centre  of  which  is  at  the  orthocentre  (X',  /i',  v'  ...)>  ^^^  ^  spheric 
which  cnts  each  triangular  face  in  its  nine-point  circle,  and  that  these 
spherics  and  the  circamspheric  are  coaxal. 

The  line  of  centres,  the  central  line  of  the  simplicissimnm,  passes 
through  the  centroid  as  well  as  the  circnmcentre  (X",  /u",  v"  ...)  and 
the  orthocentre  (X',  /*',  v' ...),  for 

by  (X.), 


•  ••> 


dX"       (i/i"       dy" 
or     A,  (F-  2\")  =  ^  (r-2/')  =  A,  (7-2/')  =  Ac.  =  q'\  saj. 


therefore 
and 

therefore 
therefore 


A^X'  =:  A^fi  =  A^v  =  &c.  =  q\  askj, 

F=5'2-i    and    g'=(n-l)9', 
Ai 


7-2X"  =  (n- 1)  X',      F-2/i"  =  fn- 1)  /, 

F-2v"=  (n-1)/,   &c., 

and  the  centroid  divides  the  line  joining  the  orthocentre  and  the  cir- 
cnmcentre in  the  ratio  n—1  :  2  {i.e.,  equally  if  n  =  3)  ;  and,  since  the 
equations  to  this  line  are 


1, 
1 


1, 
1 


1, 


Ai     A^     Af 
the  point  whose  coordinates  are  as 


,  ..• 


=  0, 


Ai      Ai        Ai      A^        Ai      A^ 


&Q,j 


t.e,,  as  -4jF,  :  -4jF, :  A^V] :  &c., 

that  is,  the  isogonal  conjugate  of  the  orthocentre,  lies  upon  it. 

The  common  radical  locus  of  these  spherics  is  also  that  of  any  of 
them,  and  the  spheric  described  through  the  controids  of  all  the  jp-ary 
simplicissima  which  can  be  formed  so  as  to  have  each  of  their  p+1 
yertices  coincident  with  a  vertex  of  the  simplicissimnm.     For  at  each 

such  centroid  p4- 1  of  the  coordinates  will  each  be ,  and  the  rest 
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zero,  and  if  the  eqaation  to  the  spheric  be 

since  it  is  satisfied,  if 

therefore  k  =  — 2_ 

p  +  1 

and  the  equation  is 

iS--f-(AA+^/u+...)(X+Ai+»'...)=0. 
p-tl 

This  spheric  also  passes  through  the  points  where  p+ 1  of  the  qnaa 
ties  A^Xy  A^fiy  &c,  are  equal  and  the  rest  zero,  t.e.,  through  t 
centres  of  perpendiculars  of  the  p-ary  simplicissima. 

The  nine- point  circle  spheric  is  an  example,  when  jp  =  1.  A 
when  j9  =  n—l,  the  spheric  is  that  through  the  centroids  of  the  fao 
which  also  passes  through  the  feet  of  the  perpendiculars  upon  th( 
from  the  opposite  vertices  (that  is,  their  orthocentres)  and  hence  ( 
XXVI.)  thi^ough  the  projections  of  the  point  isogonally  conjugate 
the  ortbocentre,  and  its  centre  is  the  mid-point  of  the  connector 
these  points.  This  spheric  also  divides  the  portions  of  the  perpi 
diculavs  intercepted  between  the  vertices  and  the  ortbocentre  in  i 
ratio  of  M  — 1  :  1. 

For  let  A^fji  =  A^v  =  ...  /  =  — r- 

V      2—-  — 
^         A,      A,* 

(These  are  the  equations  to  the  perpendicular  from  A  = 
/I  =  V  =  ...  =  0  upon  \  =  0.)     Then,  where  this  cuts  the  spheric, 

S--^,  (i4iX-h^,/i-h...)(X+/^  +  v  ...)  =0, 

A,     A, 
and,  if  p  =  n— 1,  X  =  0, 

\        F   .    1        F-X           F   .  .       IN  F     1 
or  A  = \- —  = h(w— 1)-T- 


Ai      Ai  Ai 
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&o. 


and  it  is  the  circnmspberio  of  the  simplicissimnm  whose  vertices  are 
at  the  points  of  section  of  the  perpendicnlars,  which  is  similar  and 
similarly  described  to  the  original  one. 

The  results  of  XIX.  are  all  applicable. 

The  common  radical  locus  of  all  these  spherics  is  the  locas  of 
homology  of  the  simplicissimnm  of  reference,  and  the  pedal  simpli- 
cissimnm (VIII.)     For  other  interpretations  see  XXIII. 

In  space  of  two  dimensions,  this  spheric,  which  is  then  identical  with 
the  nine-point  circle  spheric  of  this  article,  is  the  nine-point  circle. 
In  space  of  three  dimensions,  it  is  Professor  Wolstenholme*s  second 
twelve-points  sphere.  See  Educational  Times^  Quest.  3228  (Beprintf 
Vol.  XLViii.,  Appendix  in.),  to  which  I  am  indebted  for  the  suggestion 
of  much  of  this  article. 

At  the  centre  of  the  spheric 

S--  -^  (A,\-^A,fi  ...)(X+Ai ...)  =  0, 
p-ti 

(l'+l)2j- 

(And  if  p  =  ,  and  therefore  n  be  odd,  ^  =  0,  and  the  centre  is 

the  centroid ;  e.g.,  if  n  =  3  and  p  =  1,  the  centre  of  the  nine-points 
circle  spheric.  Professor  Wolstenholme's  first  twelve-points  sphere,  is 
the  centroid). 

If  these  values  of  X,  /i,  v  ...  be  substituted  in  the  expression 

iSf--2-j.(4X+^,;i  +  ...)(X-f-/iA+...), 
p+i 

the  result  will  be  FV>  where  p  is  the  radius  of  the  spheric. 
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In  the  case  of  a  rectangular  simplioissimani,  the  eqiiation  to  the 
locns  isogonallj  conjugate  to  infinity  (XXVI.)  hecomes 


-*  A,  \A,k  ^  ^M  ^.^     ■■•  /      A\X     A\,.     A\r 


••f 


or 


and  if  (A^,  /i„  Vj  ...)  be  a  point  upon  this,  the  equation  to  the  lineai 
locus,  all  lines  from  anj  point  on  which  are  divided  as  p —  1 :  1  h] 
the  Simson  locus  of  the  point,  becomes,  since 

^^=  ^j  (F-2X)+il,X+i!,^+^y+...  =il,  (F-2X)-fP,  say, 

^?=^,(F-2/i)  +  il^X+il,,x+il,r+...=il,(F-?f*)+P.  say, 

Ac.  Ac. 

^'^-'^'{^i{A\^Jr.^^'')-^■k^t^^■')^ 

-2p2J-=0. 

or,  since  (Ai,  f*ij  •'i ..)  lies  on  the  locus,  isogonally  conjugate  to  ii 
finity,  above. 

Now,  if  (X',  ft',  V  ..,)  be  the  orthocenti'e, 

y 
Ax\  =  A^fj-  =  ...  =  — 7-, 
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"^('-^'^i,-SC(*i-,-i;)^^(4,-i)*-! 
=  <"-^>4.-U3k*i;^-)-7r(i;^£+-)l 


=  (.-j.)Si, 

and  therefore  yanishes  if  n=zp.  So  that  the  Simson  locus  of 
(Xj,  fii ...)  divides  the  line  joining  (X^,  fti  ...)  to  the  orthocentre,  as 
n— 1  :  1,  and  therefore  equally  in  plane  geometry. 

Of  course  the  equation  to  the  Simson  locus  is  obtained  by  putting 
j3  =  1  in  the  equation  to  the  dividing  locus. 

In  order  that  the  polar  spheric 
may  be  real,  it  is  necessary  that  one  at  least  of  the  quantities 

should  be  negative.     Now, 

A,-hA,  =  (1 . 2)«,    il,-h^  =  (2 . 3)',    A,+A,  =  (3 . 1)«,  &c., 

and  therefore         2A,  =  (1 .  2)«  +  (1 . 3)«-  (2 .  3)«, 

or,  with  the  notation  of  Art.  IV., 

-      ili  =  (1.2)(1.3)cosatt, 

and,  generally,  Ai  =  (1.  r)  (1 .  s)  cos  a„ . 

Therefore,  if  A^  be  negative,  all  the  plane  angles  at  the  correspond- 
ing vertex  are  obtuse. 

If  A^  =  0,  each  of  these  angles  is  a  right  angle. 


In  this  case 


yt A^ .  Ai ...  Af^4.l 

-         («!)« 


therefore 


vi = ^-^i-^n^i  n  +  1  +  ...  +   1  ] 

Vl  =  •^»-  -^^  •■•  •^'*'  =  n*V^  —  ,  Ac. 
{(n-1)!}'  A,' 
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a  proposition  which  inclades  Euclid  I.  47. 

therefore  E*  =  i  (At+A^+ ...  +il,^i). 

In  a  rectangular  simplicissimmn,  the  equation  to  the  apherii 
through  the  vertex  opposite  to  X  =  0,  and  the  feet  of  the  perpen 
diculars  from  the  opposite  vertices  on  the  faoea  which  meet  at  thai 

vertex,  is  iS— (il,/^  +  iiii'+il4ir  ...)(X+/i+r  ...)  =  0, 

for  this  is  satisfied  at  the  vertex  and  at  the  points 

/u  =  0,    AiX  =  A^y  =  ... ;       f  =  0,  "iljX  =  A^fi  =  ...  Ac., 

which  are  the  feet  of  the  perpendiculars. 

The  equations  to  the  other  spherics  of  this  class  are 

^~(-4jX+J,F+J4»...)(X+A«  +  »'+...)  =  0, 

S-(.4iX+J,fi+J4»...)(X+/i+r+...)  =  0, 
Jtc.  ^c. 

and  thoii'  radical  centre  is  the  orthocenun?  when? 

Jj\  =  A^^  =  J,r  =  ...: 

and.  a5  chU  He$  apt.>n  thoai  all.  ;heT  sie«f  ia  :h*$  coomioii  point,  tfaei 
wiitrx'*  Ivinc  'he  taid-jv>ic5**  sx'  iCii  oc^taeccors  wiih  ihe  rertioes ;  an< 
wik'h  o:'  :he  *i»her.>rs  pdk^is^^  :hr,^:ij:i  Ji-e  orchxiistinK  of  aU  th 
*i:i>vl*v:isisi'^**  c.t  aav  orvi^r  !«?*  :i*a  %*  wiwa  cas.  be  farmed  so  as  t 
bjfcv^  oii^f  v;r?<fx  M  •ire  v.vcrvc^jvzi'ii'Tu:  ▼>?;:!: ex.  jaii  iie  ccters  at  vertice 

T^«?  njbdx'tiu  Isvi  ss:"  5as«e  *^a.«WAr*  wtii  ^a«  fpotfrar  norcagh  the  fee 


» 
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XXVIII.  If  there  be  a  system  of  n  -h  1  mutually  orthotomio  spherics, 
their  centres  may  be  taken  as  the  vertices  of  the  simplicissimum  of 
reference ;  then,  if  r^  r, ...  r„+i  be  their  radii, 

and  the  simplicissimum  will  be  rectangular  (XXVII.) 
The  equations  to  the  spherics  are 


dX 


2i  =  iS-^(X+/u  +  i'+...)+rJ(X+fi  +  i'...)«  =  0^ 


&c,  &c. 


(A). 


and  if  (X',  ^',  v'...)  be  the  centre,  and  r  the  radius  of  the  spheric 
which  cuts  each  of  these  orthogonally,  its  centre  will  be  at  the  radical 
centre  of  the  system  (A)  ; 

t.6.,  ^_r5(X'+/+K'...)=^!-»i(X'+/i'+K'...)  =  Ac., 

or,  since         iS=  (rJ+rJ)X/i  +  (r;+rJ)/iF  +  (rJ+rJ)  kX  +  Ac., 

rJX'  =  rj/*'  =  rjv'  =  ...  =  k'  say, 

and  this  point  is  the  orthocentre  of  the  simplicissimum.  Since  the 
spheric  centre  (X',  ^',  y  ,,,)  radius  r  cuts  each  of  the  spherics  (A) 
orthogonally. 


dS' 


and       ^  =  rJ(/i'+i''  +  ...)  +  rJ/i'  +  rjK'+...  =rJF+n^lA;', 

dfi' 

2S'  = 


and 
and 

also 


rr^jF+n-lA;',  Ac., 

V  ^'  +/^  +  ...  =  (n+l)  Vk'  +  (n^l)  Vk  =  2nVk\ 
d\  dfi 

8'  =  nrk'; 


r=*-(U '+...+ i;). 


therefore       r'+t\  =  ^^  {i\ V^+n-lVk'-nVk'}  =  rj-  ^, 
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therefore    ^  +  -^  =0,  or    i-+  ^  +  ^   +...+    1.  =  0; 

r        K  '■^  'l         '1  I.*! 

and  the  equation  to  the  orthotomio  spheric  is 
siSf-(rjX+rJ/u+t^v+...)(X+/*  +  i'...) 


80  that  this  spherio  is  the  polar  spheric  of  the  simplicissixnnm 
(XVI.  Note).  It  also  appears  that,  in  a  system  of  n+2  mutnallj 
orthotomic  spherics,  one  at  least  must  be  imaginary. 

Putting  Si,  S|, ...  &c,  for  the  sinisters  of  the  equations  (A),  so  that 

2,=  S-F^+rJ7.  4c., 

A  1     ^     1     J.         -  1 

and  -^  +  ^  +  ...=  —  -5, 

h-l^  +  ^^+...  =  V-2\  +  V-2,.+  ... 

=  („_!)  F--l(f;x+^,«+...), 
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+  2  {F-2X+F-2/1  +  ...}  {r^X+r^/x  +  .-j 

s(r^+»^+...)  F'+2(n-3)  F{r^X+*»,/4+...} 

^  +  g  +  ...  =(r^+,^+...)  7+(«-l)  {r^X+^^  +  ...}, 
therefore  (|)'-H  (A  )V(^  )%...  + (^.)' 

s-^-2(«-l)rS+A7S(r^X+^,^+...) 
+  (»t+i+...)  F*+2(«-3)  F»(»^X+,^^+...) 
+  47»  (rjX'+T^A''+  •■•)-  -^  (^X+'Im  +  ...)* 

+  2(n+l)r-8-2(j^+r^+...)F* 
-2(n-l)F»(rfX+f^^+...)  +  F*(»^+*^+...) 
ffl-2F5(r;x+«^/,  +  ...)  +  F«(r;x+r;/.+  ...)' 

=  -(-^)*,  since  S-F(rfX+r^/x  +  ...)  +  (r^X'+r^/i'+.,.)sO, 

The  radical  locus  of  the  spherics  2^  =  0  and  2,  =  0  is  r^X  =  r^fi^  and 
the  spheric  to  which  their  common  section  is  diametral  is 

a5i  +  55,  =  0, 

when  a  :  &  is  determined  by  the  condition  that  the  centre  lies  on 
rjX  =  ^/*,  when 

o  :  6  ::  i- :  1 

1  t 

and  the  spheric  is 
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Similarly  the  equation  to  the  spheric,  which  passes  through  the 
intersection  of  St  =  0  and  2^  =  0  and  has  its  centre  on  their  radical 
locns,  is 

-l-2(X+/i+...)"  =  0, 

and  so  on.    All  these  spherics  have  a  common  radical  centre,  which 
will  be  found  to  be  at  the  point 

111 

X*  fi  •  1/  •       •  •        •        •        • 

K  ^  i 

the  radical  centre  of  the  original  spherics. 

This  article  is  a  proof  and  generalisation  of  the  late  Professor 
Clifford's  Questions  1748  and  1585,  in  the  Educational  Times  (the  latter 
as  corrected  by  Mr.  J.  J.  Walker,  Question  7605). 

XXIX.  The  centre  of  the  spheric  bisecting  n  +  1  given  spherics, 
whose  radii  are  Vi,  r, ...  ,  is  the  radical  centre  of  n+1  imaginary 
spherics,  concentric  with  the  given  ones,  but  whose  radii  are  tV^,  tV,  ... 
respectively,  and  is  situated  on  the  right  line  connecting  the  centre  of 
the  spheric  through  the  given  centres  and  the  radical  centre  of  the 
given  spherics,  the  linear  segment  between  the  radical  centres  being 
bisected  by  the  centre  of  the  spheric  through  the  given  centres.  This 
was  enunciated,  for  circles  and  spheres,  by  Mr.  S.  Roberts,  as  Quest. 
8572  in  the  Educatiojial  Times, 

Let  (X„  /ij,  V,  ...),  (X,,  /ij,  Kj ...),  <fec.  be  the  centres  of  the  given 
spherics;  (\\  n\  v'...)  that  of  the  bisecting  spheric,  /  its  radius; 
(X",  /i",  /'...)  the  centre,  and  r"  the  radius  of  the  spheric  through  the 
given  centres;  and  (X"',  ^"',  /"...)  the  radical  centre  of  the  given 
spherics. 

The  equations  to  these  are  (IX.) 


dfi      /       V  V^ 

&c.,  (&C., 

and  that  to  the  bisecting  spheric  is 


s-[y^£+,'f...)^-±E±^+rii±^(x^,...r=o. 
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Now,  its  radical  locus  with  each  of  the  given  spherics  must  pass 
through  the  centre  of  that  spheric,  therefore 


dS, 


dS, 


(X'«X,)  ^+(/-^,)^H...-  {r (r''-r5)  +  S'-S,}=0, 


d\^ 


dhi 
<IX/.,  (fee., 


or 


V  ^  +/4'^  +...-iS,-jS'=  F'  (r"-**) 

//.A-  Hit.  1 


(A) 


(2X, 


<feC.y 


and  the  spheric,  centre  (X',  a»'»  >''...)  and  radius  /,  cuts  the  n+1 
imaginary  spherics,  which  have  their  centres  at  the  given  centres  and 
their  radii  iVi,  iV,  ...  ,  orthogonally. 

Again,  the  equation  to  the  spheric  through  the  centres  is 


therefore 


8 


.-( 


// 


dS, 


+M 


// 


dki  dfj 

dSi  .     //  dS, 


+  F'r"'+S"=0 


and  at  the  radical  centre  of  the  given  spherics 


(B), 


therefore,  from  the  equations  (A)  and  (C), 

.X'  +  X"    dS,     /+^'-  iS,        _«_4c 


(0); 
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and  comparing  these  with  (B),  since  n  equations  determine  a  pointy 
appears  that 

i±^=X".      t±iL  =  ^^  4c., 

and  (X"t  A*",  v"...)  is  the  mid-point  of  the  line  joining  (X'",  fj/'\  r'\„ 
and  (\\  /*',  f'...). 

If  r"  be  the  radius  of  the  orthogonal  spheric, 

^  aXi  a^i 

and  ST' -I- T* r"*  equals  each  member  of  (C). 

Now  S-'=4Sr'-2(r|^+/i''^  +  ...)+i8'. 

and 

therefore 

=  27'd?, 
if  d  denote  the  distance  from  (X',  ^',  v'...)  to  (X",  /i",  y '.,.). 

XXX.  If  ^„X'-hJ„fi'+...+2i4„X^-|-...  =  0 

be  a  quadratic  locus  in  space  of  n  dimensions,  the  problem,  to  find  th 
pole  of  the  linear  locas 

^,X  +  J?,/i-H ^8 »'+...  =0, 

depends  on  the  solution  of  the  equations 

X  +  /'  +  v4-...-F  =  0, 

ill,  X  +  il,j  ^-h  il„  F 4- ...  — -B,  r  =  0, 

ill,  X+i4„fi+il,i !/+...— JBjr  =  0, 

(fee.,  <&c. ; 
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80  that  r  is  determined  by  the  eqiiation 


1.   1.  1. 


-^u»  -^m  -^is* 
-^sij  -^m  -^m 


V 
r 

Br 

Bt 


•  ••  •••  »  »  »  att 


=  0, 


and,  if  B,  X+B,  /i  +J5g  y+ ...  =  0  be  infinity, 
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-.  1.  1.  1. 

r 

1»    -^lU  -^iv  -^ISJ 

1,      A^lf  A^  Afgy 


•  •  •  •  •  • 


=  0, 


or      — 


V 
r 


A 


SI) 


^h\^ 


A 
A 


^«M«  A 


L8S> 


88) 


•  ••  ••§  att  ••• 


+ 


0,  1,       1,       1, 

1>      AiJ      -^ij)      -^i,, 

1,  4 


•^«»       -^ 


tl9 


^•l» 


IS' 


A 


88) 


•  ••  •••  att  •••  •!• 


=  0. 


and  the  centre  will   be  indeterminate  if    both  the    disterminants 
vanish. 

If  the  centre  be  at  infinity,  F  in  the  first  equation  mast  be  omitted, 


and 


0, 

1. 
1, 
1. 


1. 


41) 


1, 

A 


11) 


1, 
A 


U) 


^•11     A 


^Sl) 


») 


A 


38) 


^•1 «         Am»s         A 


'81) 


8S) 


^W 


•   ••  ••#  •••  •••  •#! 


=  0. 


If  the  qnadric  touch  a  face,  say  X  =  0, 


^M) 


A 


m 


^S4) 


A^.    A 


'«) 


»»      -^14) 


•••        •••        •••       ••• 


=  0, 


and,  if  it  touch  all  the  faces,  all  the  principal  minors  of  the  discrimi- 
nant are  zero. 
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The  condition  that  the  locns  shoald  toach 
is  10,      I?i,      B^      B^   


-^l»       -^ID       -^Itt       -^UJ 


2?„    A 


tl» 


^nt 


A 


IS) 


•  ••  •••  •••  •••  ••• 


=  0, 


and  that  it  should  touch  infinity, 

0,  1,        1. 

1>     ^\\>     -^IJ* 

1,  ^,1,     -4j|, 


'A ,   •  t  • 


^18) 


A 


IS) 


•••  •••  t«* 


=  0, 


the  condition  that  the  centre  should  be  at  infinity.     The  eqaations 
X— X' /i—/!^ v—v Vp 


y/{-S{ahc...)} 


=  mp  say, 


(where  a  +  6-hc+...  =  0)  j?  being  the  distance  from  (X,  ;i,  f  ...) 
(X',  /i',  y  ...),  represent  any  line  through  (X',  /,  /  ...).    (XVIII.) 

Now,  if  X'-famp,    /i'  +  6wp,     y'-\-cmp,   Ac. 

be  substituted  for  X,  fi,  v  in 

U  =  A,,\^ -\'AnfjL*-\- ...  +2Au\fji  ...  , 

-hmy  {^iia'+^«5'-|-...+2ilj,a6+...}, 

and  the  points  where  this  line  cuts  [7  =  0  are  determined  by  puttii 
this  quantity  equal  to  zero. 

There  are,  therefore,  in  general,  two  values  of  p,  i.e.,  the  line  cu 
the  locus  in  two  points ; 


if 


^  TT^ +^  T^ +^  T~  "^"  •••  =  ^» 
a\  dfi  av 


the  two  values  are  equal  in  magnitude  and  opposite  in  sign.     [But, 
U'  also  vanish,  they  are  both  zero,  and  the  line  lies  on  the  locus 


.dU'        dU'  _^ 
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the  polar  locus  of  (X',  ^',  /  ...),  whicli  is  therefore  the  linear  tangent 
locus  at  the  point].*     Therefore 

dU,,dU^   dU  ,  n 

d\         dix         dv 

is  a  diametral  locus  bisecting  all  chords  parallel  to 

X— X^ fjt—fji' v^v  

a  o  c 

and  if  (X",  \i\  /'...)  be  the  centre, 

dV"      dV"      dJJ" 


d\"       dii'       dv 
and  therefore,  since  a  +  5  +  c-}-...  =0, 


//  —  •  •  •  > 


a-TT-Ts  ■f6-:-77  +C-7-;7--h...  =0, 


d\ 


ff 


dfjL 


// 


dy 


// 


consequently  all  diametral  loci  pass  through  the  centre,  and  all  chords 
through  the  centre  are  bisected  there.  The  same  equation  shows  that 
the  rectangles  under  the  segments  of  parallel  lines  through  (X',  ju',  v' ...) 
and(X",,i'>"...)areas  U'  :  U'\ 

If   17  =  0  be  a  spheric, 

(1.2)'        -        (2.3)'        '""'^' 


*  If  {\'f  iJk\  j/  ...)he  not  upon  the  Iocob,  the  values  of  p  will  be  equal,  and  the 
straight  line  a  linear  tangent  to  the  locus,-  if 

which  is  therefore  the  equation  to  the  g^oup  of  straight  lines  which  can  be  drawn 
from  (V,  fi,  / ...)  to  touch  the  locus. 

If  the  point  be  the  centre  (A",  /*"  ...), 

rfV^  "  '^'      - ""  ^'^^ 
and  therefore  2  27"  =  2  Tr, 

and  the  locus  composed  of  enveloping  straight  lines  becomes 

IT" 


the  asymptotic  locus  which  touches  17  »  0  at  infinity. 

2h2 
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therefore 

+  &c.-/i{a6Cl.2)«+ac(1.3)«+...}=A; 
80  that  the  eqiiation  in  p  becomes 

and  the  rectangle  nnder  the  segments  of  a  line  throngh  (X%  /i\r  ,..) 
is  independent  of  the  direction  of  the  line. 

The  equation  above  to  the  linear  locus  diametral  to  chords  parallel 

to  ^Zli' = /i=V  =  Ac., 

a  0 

a    -  +6-—  +c-r-  +  ...  =0, 
a\        dfi         av 

may  be  written 

and  if  this  be  at  right  angles  to  the  chords  it  is  a  principal  diametral 
locus,  and  the  parallel  to  the  chords  through  the  centre  is  a  principal 
axis ;  this  requires  (XVIII.)  that 

equations  which  are  always  satisfied  when 

17=  S-(X-h/i+  ...)(i4iA4-i4,fi+ ...), 

4.e.,  when  [7=0  is  a  spheric,  and  satisfied  for  the  same  values  of 
a,  ft,  Ac,  for  all  quadrics  of  the  system  which  have  a  common  inter- 
section with  infinity,  i.e.,  [7=0  and  any  quadric 

[7-(\H-;x-h...)(J,\-hyi2/u-h...)  =0; 

have  their  axes  parallel. 

Also,  any  quadric  will  in  general  have  n  principal  axes ;  for,  putting 
each  member  of  (I.)  equal  to  2?,  and  eliminating  (/,  6,  &c.  between 
the  n  resulting  equations  and 

a  +  6-hc...  =  0, 
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the  resnlting  equation  in  p  will  be  of  order  n,  and  each   value  of  p 
gives  a  set  of  principal  axes. 

XXXI.  If  any  number  of  quadratic  loci  have  two  sections  by  linear 
loci  common  (i.e.,  be  all  of  the  form  JJ^pA  .  1?  =  0),  the  polars  of 
any  point  with  respect  to  them  all  pass  through  the  intersection  of 
two  linear  loci. 

Let  CT  =  0,  and 

Cr-p(aX+5/ii-h...)(^A+i?/x+...)  =0, 

be  two  of  the  loci,  so  that  they  have  a  common  intersection  with  the 
linear  loci 

aX  +  5/1  +  cv  -h ...  =  0, 

-4X+i?ft  +  (7i'  +  ...  =  0, 
then  the  polars  of  any  point  (X',  fi',  / ...)  with  respect  to  them  are 

^dK^^di/-^''-d7-^''=^ (^^' 

and  x[|^'-|)a(^X'+V+.-)-P^(a^'+V+..0] 

+  fx[^-i)6(^X'  +  JB/i'+...)-i?5(aX'  +  6/+...)} 

-h&c.  =  0    (2), 

and  these  will  for  all  values  of  p  pass  through  the  intersection  of 

(1),  and 

(aX'+6/+c/...)(^X+5/i  +  0v+...) 

•h(Ay+BfJL'-^Gy'-^...)(a\+hfi+cy,..)  =  0   (3) 

If  the  loci  (1)  and  (3)  be  identical,  the  polar  of  (X',  /^',  v' ...)  is  the 
same  for  all  quadrics  of  the  system.     This  involves 

^-ra(^X'+V+...)-»-^(c^^'+V+-)=0, 

^'-r6(^X'+V+...)-r5(aV+6/+...)  =  0, 
dfi 

and  if  Cr=  i4„X«+-4„/u»+...  +  2ili,X/u  +  ... , 
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the  equation  to  determine  r  is 

^ii-2ri4a,  A^^—r(Ab-\-Ba),    A^-^r  (Ac+Oa)    ... 

An-r(Ah'\'Ba)y     ^„-2r56,  A^^rCBc^Cby  ... 

An-r(Ac+Ga),      A^-r  (Bc  +  Oh),     il„-2rOc 

...    •••    •••    •«•    •■•    ••■    •■•     ••*    ••< 

which  is,  in  fact,  a  quadratic  in  r,  as  the  coefficients  of  all  powers 
r  above  the  second  vanish  identically,  and  there  are  therefore  ti 
such  points. 

If  /  and  r"  be  the  values  of  r,  and  (X',  /,  f'  ...),   (X",  /ti",  r"  . 
the  corresponding  points, 

^  lir^^  d/'"^"  "dT^"^-' 

.,.dU'       „dW  ,    ,,dU' 
equations  which  involve 


v/  dU'    ,     ,  dU"  ,  A 

since  /  is  not  in  general  =  t'\  and  each  of  the  points  lies  on  the  pol 
of  the  other. 

Also,  all  points  on  the  intersection  of 

aX+6/u-h...  =  0    and    ^X-|-5^+...  =  0 

will  evidently  have  the  same  polars  with  respect  to  all  the  quadrics. 

If  the  quadratic  loci  bo  spherics,  they  will  form  a  coaxal  systei 
one  of  the  linear  loci  being  the  common  radical  locns  and  the  oth< 
infinity.  The  middle  point  of  the  line  joining  the  points,  found  i 
above,  will  lie  upon  the  radical  locus,  for  in  this  case  aX  +  6/Lt  -|-  ...  = 
is  the  radical  locus,  and 

^  =  i?  =  ...  =  1, 
therefore 

(aX'-h6/x'-|-...)(Ar+J5^''+...)  +  (aX''  +  6fi''+...)(^'+J5/i'+...)==( 
becomes  a  (V  +.X")  -h  6  (/i' +/')  +  •••  =  ^» 

and  the  two  points  so  determined  will  be  the  limiting  points  (poii 
spherics)  of  the  system,  for  the  polar  of  every  point  with  respect  i 
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each  of  them  will  pass  throagh  it,  and  as  in  Plane  Geometry  all 
spherics  which  cut  the  system  orthogonally  will  pass  through  the 
limiting  points. 

This  is  to  a  great  extent  a  generalisation  of  articles  *110 — *112  in 
Salmon's  conies. 

XXXII.  If 

so  that  5  =  0  is  the  point  spheric  at  (X',  /i',  v ...),  the  value  of  2  will 
be  —V^(V,  where  d  is  the  distance  between  the  points  (X,  /Lt,  i' ...)  and 
(X',  fji\  V  .,.).     (Addendum  at  the  beginning  of  this  paper.) 

Now,  the  equation  to  a  quadratic  locus  (17=  0)  in  space  of  n  dimen- 
sions involves      ^     — ^  independent  constants. 

[The  same  number  as  is  involved  in  the  equation  to  the  n-ic  locus 
in  space  of  two  dimensions,  and  generally  the  number  of  independent 
constants  in  the  equation  to  an  m-ic  locus  in  space  of  n  dimensions,  is 
equal  to  that  in  the  equation  to  an  7i-ic  locus  in  space  of  m  dimen- 
sions, viz.,  (n-l-wi)  ! -7- (n!  m !)—!.] 

If,  then,  U  be  put  equal  to  2+-4*+^+&c.,  where 

-B  =  5iX+5,/u  +  5,v-f ..., 
<fec.  &c., 

and  the  quantities  A,  I?,  <fec.  be  — -  or  -~—  in  number,  according  as 

n  is  even  or  odd,  the  proposed  form  will  involve 

,n(n-\-l)       n(n-\-S)  ,  (n  +  1)*       n*  +  4n-|-l 

independent  constants  according  as  n  is  even  op  odd,  and  it  will 
therefore  be  a  form  to  which  the  equation  to  the  quadric  can  in 
general  be  reduced. 

In  the  first  case,  when  n  is  even,  the  constants  will  all  be  deter- 
mined, and  if  the  point  (X',  /x',  v  ,,,)  be  called  a  focus,  there  will  be  a 
determinate  number  of  definite  foci,  such  that  the  square  of  the  radius 
vector  from  the  focus  to  any  point  on  the  locus  is  a  linear  function 
of  the  squares  of  the    perpendicular    distances  of  that  point  from 

—  determinate  linear  loci  (or  directrices). 
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Tn  the  other  case,  when  n  is  odd,  the  proposed  form  oontai] 
^~-'  too  many  constants.    Now,  from  the  ^-^r — ^  independent  eqn 

tions   which    express  the  identity  of  U  and    S -I- -4* -|- B*  +  Ac-t    tl 

^"      ^   quantities  -4i,  -4, ...,  2?i,  ^, ... ;  4c.,  may  be  eliminated;  an 

.  n— 1 

this  will    leave   — ^   equations    among  the    remaining  constan) 

(V,  /a\  y\..)t  the  coordinates  of  the  focus,  which  will  therefore  I 
upon  a  determinate  locus  ;  and  for  each  position  of  the  focus  thei 
will  bo  determinate  directrices,  such  that  the  squared  distance  of  ai 
point  on  CT  =  0  from  the  focus  is  a  linear  function  of  the  squares  < 
the  perpendicular  distances  of  that  point  from  the  correspondii 
directrices. 

If  a  point  (\",  /i",  v"  . . . )  lie  upon  the  intersection  of  the  directr 
loci,  so  that  A"  =  0,  2?"  =  0,  Ac.,  the  polar  of  that  point,  which 
in  general 


\^  +fi^,  +  ...+2AA"+2BB"+.,.  =  0, 

OA  (Ifl 


is  identical  with  x  ^'  +// ^]  + ...  =  0, 

its  polar  with  respect  to  the  point  spheric  at  the  focus,  and  is  ther 
fore  at  right  angles  to  the  line  joining  (X",  fi"  ...)  to  the  foci 
(X',  /i' ...),  and  the  tangents  from  any  point  on  the  intersection  of  tl 
directrix  loci  subtend  a  right  angle  at  the  focus. 

Also   the   e([aation   to   the  group    of  straight  lines  drawn  froi 
(X",  /i"  ...)  to  touch  the  quadric  is 

(S-f^'-|-B"-|-...)(S"  +  ^'^+i?"*-f...) 
and,  since  X  =  0,  and 

ay  "■  dfi' "  -  "■  ' 

the  equation  to  the  gi*oup  of  straight  lines  drawn  to  touch  the  locr 
from  (X',  /*'...)»  ^ho  focus  is 

and  the  linear  tangents  from  the  intersections  of 

A  _  B^_ 
A'  ~^"""- 
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with  the  spherical  locns  at  infinity  intersect  at  the  focas.  In  space 
of  three  dimensions  such  an  intersection  only  exists  in  the  case  of 
spheroids,  but  in  higher  space  such  intersections  are  normal ;  while 
in  space  of  two  dimensions  the  equation  above  red  noes  to  S  =  0. 

There  is  a  connection  between  the  theory  of  foci  and  that  of 
spherical  sections  (i.e.,  sections  by  a  linear  locas  which  lie  upon  a 
spheric)  (XI.).     If  the  quadric 

S-l-^'-f  J5»-f ...  =0 

be  cat  spherically  by  a  linear  locus  in  its  own  space  (of  n  dimensions) 

^«  +  B»+...=PO+r(X+/i-f...), 

where  P=0,  Q  =  0,  r  =  0  are  linear  loci,  and 

^'-fB'-f...  =0 

meets  infinity  in  a  section  identical  with  those  by  P  =  0  and  Q  =  0, 
all  loci  parallel  to  which  cut  the  quadric  in  spherical  sections,  while 
the  intersection  of  the  directrix  loci  meets  infinity  upon  this  same 
section. 

If  the  quadric  be  cut  spherically  by  a  linear  locus  in  space  of 
(n— 1)  dimensions, 

^•-h^'+ ...  =PQ+Qi^-i-i^P+r(x+M ...)» 

where  P  =  0,  Q=0,  i2  =  0,  7  =  0  are  linear  loci,  and  the  inter- 
section of 

with  infinity  includes  those  ofP  =  0,  Q  =  0;E  =  0,  Q  =  0;  and 
P  =  0,  E  =  0,  and  all  linear  loci  parallel  to  these  cut  the  quadric 
upon  spherics  in  space  of  (n— 1)  dimensions,  while  the  intersection 
of  the  directrix  loci  meets  infinity  upon  its  intersections  with  the 
same  loci. 

And  similarly  with  other  spherical  sections. 

If  a  locus  in  space  of  n-dimensions  be  determined  by  a  linear  equa- 
tion between  the  distances  of  any  point  upon  it  from  any  number  of 
points,  its  equation  may  be  put  in  the  fori 

av/5i-|-5v/S,-f ...  =  0, 

where  Si  =  0,  2,  =  0,  &c,  are  the  equations  to  the  point  spherics  at 
the  points. 

If  these  be  n-f  1  in  number,  to  clear  the  equation  of  radicals  it  will 
be  necessary  to  bring  it  to  one  of  the  2'*~'-th  power  in  Si,  S|,  &c.,  and 
therefore  of  the  2"-th  order  in  X, //,>'.,.,  and  the  locus  will  pass 
through  the  spherical  locus  at  infinity  at  least  twice. 
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If,  however,  a:hh:kc ...  =  0, 

the  locus  will  be  of  one  degree  leas  and  may  only  pass  through 
spherical  locns  at  infinity  once. 

XXXIII.  Any  point  on  the  right  line  through   (\.\  fA\r  ..,)  i 
(X",  fi\  y"  ,..)  may  be  denoted  by  (X,  ^,  y  ...),  where 

the  line  being  divided  in  the  ratio  of  |)  :  g  at  (X,  /«,  y  ...).     Therd 
where  this  line  cuts  the  quadratic  loons 

Cr=^iX*+^„ft*-f  ...+2il„X/i-|-...  =  0, 
P*  {i4„X'«-fi4„/i'«-|-...+2^,XV+...} 

+  2|?(z{^„XX-fil./,i"  +  ...+^„(Xy+X>')  +  ...} 

which  gives  in  g^eneral  two  definite  values  of  ^,  which  are  equal 


df£ 

so  that  the  enveloping  loons  formed  by  lines  through   (X',  ^',  v  , 
which  meet  [7  =  0  in  two  coincident  points,  is 


""-(''i^'-t^-)'- 


Both  valaes  are  0,  if  IT  =  0,  and 


SO  that  X  —-^  +/1  -j-r,  -f ...  =  0 

dK  dfi 

is   the  locus   which    meets    U=  0    in    two    coincident    points 
(X",  /L»",  y'  ,„)  ;    (compare  XXX.,    p.  28).     Both  indeterminate, 
U'  =  0,  17"  =  0,  and 

when  this  is  tlio  case,  the  line  lies  wholly  on  17  =  0,  it  also  evident 
lies  on  the  linear  tangent  loci  at  (X', /i',  v' ...)  and  (X",  ^",  v"  .. 
Hence,  taking  any  j>oint  (X',  fi',  i''  ...)  on  ?7  =  0,  as  many  straig 
lines,  wholly  on  the  locus,  can  be  drawn  through  it  as  there  a 
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solntions  of  the  system  of  eqnations — 

Ai^-'"+^m/''-I- ... -1-2^12^  V'+ ...  =  0, 

In  space  of  two  dimensions  these  involve  X'  =  X",  f/  =  fi\  Ac.,  and 
no  snch  line  can  be  drawn  (unless  the  discriminant  vanish). 

In  space  of  three  dimensions  (X",  f/\  v"  ...)  may  be  any  point  in 
the  section  of  the  quadratic  locns  by  the  tangent  plane  at  (X',  fi\  v'...) ; 
and  so  in  higher  space.  Hence,  in  space  of  three  dimensions,  there 
will  be  two  such  lines  through  each  point,  the  rectilinear  generators, 
as  is  well-known  ;  while  in  higher  space  the  number  is  unlimited. 

A  similar  method  is  applicable,  as  shown  in  a  paper  on  "  Plane 
Sections  of  Surfaces,  <fec.,'*  which  I  had  the  honour  to  read  here  in 
December,  1883,  to  find  the  planes  which  lie  wholly  on  a  locus. 


If 


(X,  fi,  V...)  will  denote  any  point  on  the  plane  through  the  three 
points  (X',  /i', »'' ...),  (X",  /a",  k"  ...),  and  (X'",  ^"',  v"  ...) ;  and,  where  this 
plane  meets  [7=0, 

+  3'{^nV''+^«M"'-h...-h2il„XV  +...} 

Upq{A,,\r'  +A„f,y  +...+A,,(xy  +XV)  +...} 

+  2gr{^iX'X'  +  ^„,iV'+...-h^„(XV>XV)  +  ...} 

+  2rp  {Air'x'-h^„^'V  +  ...+^i,(^V  +  ^V")  +...}  =0, 

and  as  many  planes  wholly  on  the  locus  can  be  drawn,  through 
(X',  /i',  v' . . . )  a  point  on  the  surface,  as  there  are  solutions  of 

Ai^"'-l-^2/*"'-l-...-f2A,Xy'  -f  ...  =  0, 
AiV"'+J„,i'"«-h...+2^„XV'+...  =  0, 

^„x'r  +^„//i"  -i-...+A,(xV'  +XV)  -H...  =  0, 
-4iiX"x'"+^j3/i'y"-i- ...  -I- ill,  (XV'+^'V)  + ...  =  0, 
A,,rx:  +^«/v  +  ...+^i,(VV  +^yi  +...  =  0. 

Such  solutions  are  impossible  in  space  of  two  dimensions,  special  in 
space  of  three,  and  normal  in  higher  space. 

In  fact  (X",  /i"  ..,),  (X'",  y  ...)  are  any  two  points  [not  in  a 


476  Mr.  W.  J.  C.  Sharp  on  [April 

straight  line  through  (X',  fi\,,)^  on  the  section  of  the  locos  by  \ 
linear  tangent  locns  at  (X',  A''  •••)«  which  are  so  related  that  one  1 
on  the  polar  of  the  other.     In  the  same  way,  bj  the  snbstitntion 

it  is  easily  shown  that  a  hyper-plane  throngh  (X',  /«'...)  a  point  on 
quadratic  locns  will  lie  wholly  on  the  locus,  if  it  pass  throogh  thj 
other  points  [not  in  the  same  plane  with  (X',  ft' ...)]  o^  the  interst 
tion  of  the  qnadric  with  its  linear  tangent  locns  at  (X\  m'  •-•)>  ^ 
snch  that  each  lies  on  the  polar  of  (t.e.,  linear  tangent  locns  at)  t 
others. 

And  so  with  higher  linear  loci. 

Hence,  if  the  linear  locns  determined  by  (|7  — 1)  points  on  a  qnadi 
in  space  of  n  dimensions  lie  entirely  on  the   quadratic   locns,  t 
higher  linear  locus  determined  by  these  and  a  p^  point   will 
wholly  on  the  locus,  if  this  point  be  on  the  intersection  of  the  qna 
ratio  locus  and  the  linear  tangent  loci  at  the  (p— 1)  first  points. 

If  there  be  n  —  2  points  (j>  =  n— 1),  (Xi, /ii  ...),  (X^ /««...),  A 
related  as  above,  and  (X,  /x  ...)  be  the  additional  point  required,  t 
following  equations  hold  : — 

^„X'       +^„^'       +...  +  2il„X/i  +...  =  0, 

AiK^    +^«/'if^    +•••+  As(^if»+Vi)       -f...  =  0, 
-^iiXjX    -f-4„/i3/i     +...-I-  -4ij(^f»  +  Vi)        +...  =  0, 


involving  (X,  fi ...),  and 

^,lX^X,-|-ila/X^/l,-|-...-|-il„(Xr/l,  +  X,^,.)  +  ...  =  0, 

where  r  and  s  may  have  all  values  from  1  to  n  —  2.    Hence,  if  the  li: 
joining  the  required  point  to  (Xj,  ^, ...)  be 

—•  ^  — ..., 

a  0  c 

where  a  +  6+c+...  =0, 

then  the  ratios  of  the  n  + 1  quantities  a,  6,  c,  &c ,  are  determin< 


1888.]  Simplicissimaofn'dimenswns,  477 

bj  the  n  eqaations 

^na'       -hAnV       +...+2i4i,a6  +...=0, 

AiiX^a    +A^fiih    +...+  ^„(X,6+/L4a)        +...=0, 

-4n\,.2a+-4a/A«.2^+.-+  -4i,(\,.,5+^^.2a)  +  ...  =0, 
and  a+fc+c-f  ..  =0, 

and  (X,  /i  ...)  must  lie  on  one  of  two  definite  straight  lines  through 
(Xj,  Ail ...) ;  and  through  a  linear  locus  determined  by  n— 2  points 
which  lies  wholly  on  a  quadratic  locus  in  space  of  n  dimensions, 
two  linear  loci  determined  by  n— 1  points  can  in  general  be  drawn  so 
as  to  lie  wholly  on  the  locus.  This  is  the  case  of  the  two  rectilinear 
generators  through  a  point  on  a  quadrio  surface. 

So,  in  space  of  4  dimensions,  two  planes  can  be  drawn  through  any 
straight  line  which  lies  wholly  on  the  quadratic  locus,  so  as  to  lie 
wholly  upon  it,  and  so  on. 

In  the  paper,  on  **  Sections  of  Surfaces,  &c.,"  already  mentioned, 
and  in  the  Solution  of  Quest.  8864  and  9004  in  the  Educational  Times 
(BeprirU,  Vol.  XLViii.),  I  have  shown  that  the  intersection  of  a  locus, 
in  space  of  n  dimensions,  with  its  linear  tangent  locus  is  a  locus  in 
space  of  (n— 1)  dimensions,  having  a  node  at  the  point  of  contact 
(9004),  and  that  the  intersection  of  a  hyper- sur&ce  (in  space  of  4 
dimensions)  with  its  linear  and  quadratic  polars  is  a  curve  of  double 
curvature  haying  a  sextuple  point  at  the  point.  (Professor 
Sylvester.) 

XXXIY.  If  Q'  be  the  determinant  of  the  linear  locus 

aX-f /3^  +  yv-f...  =  0     (Xn.), 

and  -J-h*,      -|-+*,      ^+^,  ifeo., 

be  substituted  for  a,  /3,  y,  <fec.  in  the  tangential  equation  to  an  m-io 
locus 'in  space  of  n  dimensions;  the  resulting  equation  in  /c  will  be  of 
order  m  (m  — 1)""^  and  its  roots  will  be  the  perpendicular  distances 
of  the  tangent  loci  parallel  to 

aX+/3^  +  yv-f ...  =0 

from  that  locus.     This  follows  at  once  from  the  consideration  that 

■jr ,  -^ ,  -^ ,  &c.   are  the  perpendiculars  from  the  vertices  of  the 

%^         vo         v6 
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simplicissimum  of  reference  upon 

oX-fiS/i+yf-f ...  =0         (XII.), 

and  that  oX-f/J^-f  yv-f ...  -^kQ  (X-^fi+v  ...)  =  0 

represents  a  parallel  loons  at  a  perpendicnlar  distance  k  from  it. 
If  the  resnlting  equation  be 

A^  -4i,  &c.  will  be  of  order  0,  1,  &c.  in  a,  )3,  y  ...,  and  a  variety  of 
lations  among  the  perpendiculars  may  be  secured  by  equating  fui 
tions  of  these  coefficients  to  zero.  Thus  the  locus  Ai  =  0,  which 
linear  in  a, /3,  y...,  represents  a  point  such  that  its  perpendicuj 
distances  from  any  system  of  parallel  tangent  loci  have  their  al{ 
braical  sum  zero.  This  is  a  generalisation  of  Professor  Male 
Question  (6418)  in  the  Educational  Times  (Beprinty  Vol.  XLii.,  p.  6< 
which  extends  a  theorem  of  Ghasles,  for  plane  curves,  to  surfaces. 

If  the  locus  be  a  spheric,  the  difference  of  the  two  Talues  of  A;  ¥ 
be  2r,  where  r  is  the  radias,  and  this  might  thus  be  found. 

If  ^Oi-f /:a„  /i/3, -I- Aj/jj,  /tyi  +  A:y„  <fcc.  be  substituted  for  a,  /3,  y,  i 
respectively,  in  the  tangential  equation  to  an  m-ic  locus  in  space 
n-dimensions,  the  resulting  m  (m— l)*"*-ic  equation  in  h  :  k  will  i 
termine  the  m  (w?  — l)'*"^-ic  linear  tangent  loci  which  can  be  dra'' 
through  the  intersection  of 

aiX+/3i/i-fyiV+...  =  0 ( 

and  a3A.+/3j/i-|-y,v-|-...  =0 (i 

what  precedes  is  indeed  a  case  of  this,  viz.,  when  one  of  the  line 
loci  is  infinity. 

If  instead  of   ha^  -f  /fa,,   hfi^  -f  fc/3„  Ac,    tt  "i  +  tt  ««»  TT^^'^TT' 

h  h  ^\  ^i  Mti  Qt 

—  yi-|-  —  y„  (fee.  be  substituted,  Q^  and  Q^  being  the  determinants 

the  linear  loci  above  (XII.),  the  values  of  h  :  k  will  be  the  ratios 
the  perpendiculars  from  the  linear  tangent  loci,  through  their  int< 
section,  upon  the  two  given  linear  loci,  and  the  coefficients  of  t 
equation  in  h  :  k  will  give  the  values  of  symmetric  functions  of  the 
perpendiculars. 

The  discriminant  of  this  binary  equation  will  vanish  if  a  doul 
tangent  locus  passes  through  the  intersection  of   (1)  and  (2)  ;  and 
a,  jl3,  y  ...  be  written  for  Oj,  /3j,  yj ...    in  this,   this  equation  must 
satisfied  by  the  coefficients  of  the  equations  to  ail  linear  loci  whi 
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intersect 


a,X-f-/3i/i  +  yiV-f ...  =0 


in  sections  common  to  doubly  tangent  loci. 

XXXV.  The  equations  to  the  normal  to  the  locus   17  =  0  (of  the 
m^  order  in  space  of  n  dimensions)  at  the  point  (X,  /i,  v  ...)  are 


dS'      d8 
dX      dX' 

dS'     d8 
dft'      d/t ' 

dS'     dS 

dy'       dy'    ••• 

dU 

dU 

dU 

dk' 

dft  ' 

dy  ' 

1, 

1. 

^1                       •  1  • 

=  0, 


where  (X',  fi\  v' ...)  are  the  current  coordinates.  This  follows  at 
once  (XII.)  from  the  equations  to  the  perpendicular  upon  a  given 
linear  locus,  the  linear  locus  in  this  case  being 

^fdTI  ,     /  dJJ  ,    ,dTJ  ,  ^ 

the  tangent  linear  locus  to  IT  =  0  at  the  point  (X,  /x,  v  ..,)  upon  it. 

From  the  n  —  1  equations  given  by  the  determinant,  and  the  equa- 
tion [7  =  0,  each  of  which  is  of  order  m  in  X,  fi ...,  Slo.^  and 

X+^  +  v...  =  F, 

X,  /L(,  y^  &c.  may  be  determined  in  ternis  of  X',  /lc',  v\  &c.,  and  these 
will  be  m'*  solutions.  Therefore  m"  normals  can  be  drawn  from 
an  arbitrary  point  to  a  given  locus  of  the  m^  order  in  space  of  n 
dimensions. 

The  linear  tangent  locus  to  any  m-ic  locus,  in  space  of  n  dimensions, 
meets  it  in  two  coincident  points  along  any  line  drawn  in  that  locus. 
Hence  an  indefinitely  near  parallel  locus  meets  it  in  a  quadric  locus 
in  space  of  (n  — 1)  dimensions,  and  there  are  as  many  different  kinds 
of  contact  at  a  point  as  there  are  kinds  of  quadrics  in  space  of  (n— 1) 
dimensions ;  while  there  are  as  many  kinds  of  tangent  loci  as  there 
are  kinds  of  m-ic  loci  having  a  double  point.  (See  XXXIII.,  ad 
finem.) 

XXXVI.  The  quantities    :;r-,  -t-j  t"  •••    *™  linear  functions  of 

oK     ay^     dv 

Xy  fi»  V  ...,  ^+1  in  number,  and  are  connected  by  an  identical  relation. 
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F— X  —  /I  — y 

^-,.(1.2)»-k(1.3)»... 
^-X(2.1)»-r(2.3)»... 


[Ap. 


•  t* 


•  •• 


therefore 


V, 
dX' 


1, 


1. 


1. 


§2.        0,         (1.2)',    (1.3)«,   ... 


dS 
dfi 


^,    (2.1)',        0,         (2.3)',   ... 


•  •• 


=  0, 


These  may  therefore  be  employed  as  a  coordinate  systeza  in  the 
of  A,  /I ...  .  The  equation  to  the  circnmspheric  in  terms  of  the 
ordinates  is  easily  obtained  as  follows. 

Taking  the  identities  (A)  except  the  first,  and 


oo     \  dS        dS       dS      i^ 

d\         dfjL         dv 


28, 


dX' 


dS 
dj.' 


dS 


d8 
dX' 


iS,        0,         (1.2)',    (1.3)',  ... 


dS 
d^' 


22,    (2,1)',        0,         (2.3)',  ... 


•  •  •  • «  • 


=  0, 


or 


0,        ^ 


dS 
dX' 


dS 
dfi^ 


dS  d^  dS 

d\ '  dti^  dr 


^  0 


(1.2)'.    (1.3)',  ... 


(2.1)',        0,         (2.3)',  ... 


•  •  •  •  ■   • 


=  (-2)"*>(n!)»F'ii«i8, 
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and  therefore  iS  =  0  is  equivalent  to 
0, 
d3 


dK' 


dfi' 


dv' 


— ,        0, 


d8 


(1.2)',     (1.3)',  . 
0,         (2.3)',  . 


If  a+6+c...  =  0. 


dS,,d3,    dS. 

"sr  +0-T-'  +0-3-  H 

oX        dft        dv 


('h'-i^'i^-)'^-"--^- 


represents  a  linear  locns  through  the  oiroamcentre  (X',  fi,  v  ...)  at 
right  angles  (XYIII.)  to 


(This  resnlt  is  made  nso  of  in  Art.  XXVI.) 


he  another  linear  locos  throogh  (X',  ^',  v'...),  this  will  be  at  right 
angles  to  (1)  if 


'h^'k^'i 


..)8{a,l 


..)  = 


and  thie  is  the  condition  that  (1)  and  (2)  should  be  at  right  angles. 

Also,  if  |>ii  p,  be  two  distinct  roots  of  the  equation  to  determine 
the  principal  axes  (XXX.),  and  Oi,  bi,  Ci,  &c.,  a,,  b„  o^,  &a.,  the  oorrea- 
ponding  valnes  of  a,  b,  c,  &o., 


*>■ 


{irK,!.„o,...)-r,s(a„s„c...)} 


:^{!r(a„!.„<i...)-r,S(«„  »,,«,■■■)) 


=  4c.s», 
TOL.  xn. — NO.  835. 
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and  d~^^^^'  ^*'  ^  '"^ ""^*  ^  ^^  ^*'  ^  '"^ ^ 

=  ^  {  D'(<'j,  \^  <^i  -O-l'i  S  («t»  K  Ct ...)} 


=  &c.  =  h ; 


therefore 


=  A(a,H-6,+c,...)  =  0, 


and 


therefore  (jPi— i?,)  (^  ^  +^«  55  "^^i  ^  —  )  ^  (^»  ^i'  ^  — )  =  ^  5 

and  therefore,  if  pi  and  p^  be  distinct,  the  corresponding  princi 
axes  are  at  right  angles. 

In  two  Appendices  to  the  Reprint  from  the  Educational  TCtnei 
have  generaUzed  a  number  of  interesting  theorems  in  geometry 
two  and  three  dimensions,  which  had  been  set  as  questions  in  t 
periodical, — viz.,  in  Appendix  in..  Vol.  xlvil.  Questions  5809,  70 
7069  (Mr.  Edwardes)  ;  5828  (Mons.  Darboux)  ;  8204  (Miss  Gordoi 
and  in  Appendix  in.,  Vol.  XLVUi.,  Questions  7488  and  7533  (Profes 
Hudson  and  Mr.  Walker)  ;  6386  (Mr.  McCay) ;  3228  and  9< 
(Professor  Wolstonholme) ,  see  also  Art.  XXVII.  above ;  6392  (] 
Elliott) ;  2119  (Professor  Wolstenholmo) ;  9093  and  9170  Q 
Roberts),  see  also  Art.  XXVI.  above. 
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On  a  Method  in  the  Analysis  of  Curved  Lines.     Part  HI. 
Mr.  J.  J.  Walkkb. 

ISfod  J>etmi«r  8M,   18S7.] 

§  VUl.  A  Qeneralisalion  of  tome  foregoing  BemlU. 
In  the  first  two  papers  which  have  appeared  in  the  Proceedings 
(Vol.  IX.,  pp.  226-242,  and  Vol.  xvi.,  pp.  215-223),  in  certain  reanlta 
of  operating  on  a  ternary  form  u  with 


I 

nt 

n 

a 

/3 

7 

a. 

s. 

a. 

jj.  y— 1  ...p—r+l.IJr  = 


p  beiGg  the  order  of  u,  and  r  any  poaitiTe  integer  not  greater  than  p, 

xyg  were  snbject  to  the  relations 

(u;+/3^+T3  =  a  constant,  say  &; 

la!+my+nz  =  0, 

viz.,  xyz  were  the  trilinear  coordinates  of  a  point  on  the  transversal 
L  or  he+my-^nz,  and  ofHy  the  sines  of  the  angles  of  the  triangle  of 
reference,  so  that,  to  a  factor, 

my— »/3,     net — ly,     1^—ma, 

were  the  coordinates  of  the  point  in  which  the  transversal  L  met  the 
line  at  infinity,  or  the  "  direction  coordinates  "  of  that  transversal,  aa 
they  might  appropriately  be  called. 

Considering  xyi  as  perfectly  nnrestricted  parameters  of  the  linear 
ternary  forms 

L  =  Ix+fny+nz, 

in  connezioD  with  a  form  u  of  any  degree  p ;  or,  more  generally,  with 
two  forma  u,  u'  of  orders  p,  p'  respectively ;  I  proceed  to  investigate 

the  result 

2i2 


l>.p-1...2)-r+li}'  =  (\|+^|.+,.|.y, 
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which  ia  the  former  of  the  two  papers*  referred  to,  when  the  vai 
bles  were  restricted  by  the  conditions 

A  =  constant,     L  =  0, 

was  shown  to  coincide  with  Dr.  Salmon's ; 

Z12*tttt',t  multiplied  by  A',  i.e.,  (a«+/3y+yar)'. 

For  shortness,  nsing 

/*,  V  for  my— n/3,  'na-^ly^  ta^mji  respectively, 

-       f  1        d*u  1  d^u 

a,,, J,,.  lor  -    -    -   5-7  •••  "~;    7   5~3"'"* 

/     ij^       *  1        du  1 o*tt^ 

the  result  in  full  is,  the  operator  now  being  written  more  briefly, 

(a»« -f.  V + c«* + 2/y« + 2flr»« -f  2Aa>y ) 

(aV  -f-  &>« + cV* + 2ffiy + 2/fX + 2h'\fi) 

+  (aV + 6y + cV + 2/y« + 2g'zx + 2V«y) 

(aX'  +  5/1* + CV* + 2/ii  V  -f  2flrvX + 2^^) 

—2  {(a«+Ay-f^5f)X-f  (^+6y-|-/»)/i-f (flr»+/yH-c«)i^} 

{ (ax + Ay -f/is)  X -f  (Vx + 6^  +/'«)  M  +  (Sf'»  +/y  +  o'e)  y} , 

which  reduces  identically  to 

S{(fec'+6'c-2//)(yv-is/i)>-f2((7VH-(3f'A-a/-a'/)(i?X-ajv)(a^-y; 

But  also,  identically, 

yy^Zfi  =  ZA  —  aZf 

«X— ojv  ^^zm^'-fiL  \  ; 

ajfi— yX  =  nA— yi 

consequently  the  result  above  is,  otherwise, 
S  {(6c'+6c-2//)(PA^-2^A2}+a»i«) 

+2(5fA'-fgf'A-a/-a/)(mnA«-my-hn/3AL+/3yI/*)}, 

*  Froeeedingtf  Vol.  ix.,  p.  233. 

t  Higher  Algibra,  p.  146,  4th  ed.,  /  being  substitated  for  a. 
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or,  finally, 

t»  !;•»  +  m'D'm — 2i)tt  Dm' 

=  &*{(bc'+b'c-2ff')P+...+2(gh'+g'h'af'-a'f)tm+...) 

-2AL  r     {(bc+b'c-2ff)  l+(fg'+fg-ck'-c'h) m 

+  (.hf+h'f-bg'-h'g)n}a 
+  {  (//  +f9  -eh'-  eh)  l+{ea'+ ca-  2gg')  m 

+  (3h'+g'h-af-a'f)n}fi 

+  {(hf-\-h'f-hg'-h'g)l+igh'+g'h-af-a/)fn 

+  (ab'+a'b-2hh')n]y 
+L*{(bc'+Vo-2ff')a*  +  ...+2(gh'+g'h-af-a'f)l3r+...} 

(37). 

In  particular  ulru—  (Du)* 

=  6,*{{bc-f)P+...+2{gh-af)mn...] 

-2AL[{(bc-f)l+(fg-ch)m  +  (hf-bg)n]  a+{...]  fi+{...]  y] 

+IJ'{{bc-f)a'+...+2{gh~af)fiY  +  ...} (38). 

Now,  if  $  =  the  particular  value  of  «D*«'+ ...  for  lx+my+n»  =  0, 
viz.,  9=^*{ibc'  +  b'c-2ff)P+...+2(gh'+g'h-af-a'f)mn  +  ...], 
then  the  general  value  (^)  may  be  written 


+ 


(89). 


This  remark  snggested  the  general  theorem  which  follows : — 

Let  the  result  of  the  operation 

^  (D,  U,  IT  ...)  ttuV...  =  A*^, 

[w,  u\  u,,,  being  any  ternary  forms,  while  J)  operates  on  u  only,  IX 
on  u  only  ...],  for  values  of  xyz  satisfying  Zoj-f  my+n«  =  0,  then  for 
all  values  of  xyz^ 

=  ...-A".(.|^;3|-^,|j,^^(..|^...).-...  +  ... 

1.2  ...r\    9i        3fii        9^/ 


+(-^^-Tlb(-l+-)'* 


(40). 
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To  prove  this,  let 


form  plainly  jastified  by  the  condition  f  =  A'^,  for  all  valae 

xyz  satisfying 

Ix+my-^nz  =  0, 

and  the  consideration  that  the  general  Talae  of  f  must  be  sym 
trical  as  regards  the  terms  oiax+fiy+yx  and  Is+fPiy+fury — ^ihen 

cm  dm 

|&  =  A*§*+*A'-'.l,+li(...) 

on  on 

for  all  valnes  of  xyzj  and 

cl        om        cn  ^    cl         cm       on' 

-N  -^  *% 

C^  C  f 

Now  every  power  of  a  —  +^  ^ — hy  :r-  is  an  "  annihilator  '*  of  ^ 

cl        Cm        c» 

is  evident :  henot\  determining  J^  by  sappoeing  xy»  to  satisfy  L  : 

cl         cm        cn 
Xi»xc«  lee  the  general  value  of  X.  as  far  as  r  =sany  positire  integei 

L  .-...'■  \    C6        cm        cn' 
mid.  obi^rve  chas  ih%f  ozxiv  cerui  lit 


hi  ^T* 


w -1:0 11  'i»^e*  uot  vvuciuu  !.  A^i  .*  cHvtoi-.  "s 

.         •  -  .         T 


V*-***  W*!* 
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This  being  the  case,  and  operating  with 

+r+l.r.r-1...2.lA„]+L(...), 
0=  4' [{(l-l)"'-C-ir'}(a| +...)'"• 

+  (»-+l)r...2.1J„,]+i;(...). 

Ab  this  holds  for  all  values  of  xyx,  let  these  variables  satisfy 
L  =  Ix+my+tu  =  0, 

then     J,M=  (-l)"'! 


't'L'^r^^'-'- 


and  this  form,  having  been  shown  to  hold  for  r  =  0,  is  thus  proved 
to  hold  for  alt  positive  integer  values  of  r. 
Thus  the  theorem  (4fO)  is  established  generally. 

§  IX.  ExpretsioTu  for  the  Contravarioftta  of  the  Guhic. 

Supposing,'  now,  u  to  be,    in  partioalar,    a  cubic  ternary  form, 
viz,,  let 

+ 3c,  «■« + 3c,i'y + 6ea!ye, 
according  to  the  notation  of  the  Higher  Plane  Curves,  1st  ed, ;  then 
consider  in  connection  with  it  the  binary  cubic 

p'Z>'K+3pVI'*"+3pp''J?«  +  p''«  =  0 (41), 

the  roots  of  which  are,  for  values  of  xyz  satisfying 

Ut+my-^m  ^  0, 
proportional*  to  the  segments  on  the  line  L  between  the  point  (xyt), 

•  FreetMUnfi,  Vol.  ix.,  p.  227  (i). 
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and  the  points  in  which  it  meets  the  curve  m  ^  0,  on  the  forthe 
supposition  that  the  coordinates  w^fM  are  subject  to  the  relation 

a«+/3y+yf  =:  A,  a  constant. 

Hence  the  discriminant  of  the  binary  cubic  (41)  mnst^  to  a  factor 
give  the  reciprocal  of  «,  and  this  &ctor  may  be  determined  by  finding 

the  coefficient  of  the  leading  term  h\e^P  in  that  disoriminant.     As  fai 
then  as  the  terms 

in  tf,  the  discriminant  of  (41),  viz., 

(uD»u-I>ttI>"i<)»-4  {uiru^(Duy}{DuJD^^(jD^y} 

(dropping  suffixes) 

=  {(V+««)(V+<?'^)-(Vf*+««"O(^yf**+«0v«)}' 
-4  {(V+ftr'XftyM'-f  c«i^)-(6yf*'+c'i^i^+2icy«««/tO"} 
X  {(fty'M+««0(fcfi»-h(»»)-(6yM*-hcVv*+26cy«fiV} 

=  {6c(y»y»+f*/i*-y"i5/iv»— a^/iV)  +  ...  or  6c (yK+«/[i)(yy- «/i)« +...}« 
-4  {6c  (j^n^+£^y/i«-2/iiy«»)4-...}  {6c(«»A+j^»^f*-2y»MV)  +  ...} 

or— 4  {bcyz(yy''Zfiy-\'  ]  (tc/if  (yK— «/[i)'+  ] 

=  h\o\(yy-zfiy-\-... 

=  A«6;c;p-|-...,     (p.  484), 

for  yalnes  of  xyz  which  make  2/  =  0. 

Hence  the  reciprocal  (v)  of  u  is  equal  to  the  discriminant  of  tht 
binary  cubic  (41),  divided  by  ^^^for  values  of  the  parameters  xyz  which 

satisfy  Zaj+my+tw  =  0 (42). 

For  all  values  of  xyz,  therefore,  the  discriminant  of  (41),  according  to 
the  theorem  (40)  proved  in  §  VIII.,  is  equal  to 

\    dl^dm^dnr   1.2  V  di^^-)      - 

...-hL«(6XX+...)  (43^ 

To  represent  the  "  Pippian  "  or  "  Cayleyan  "  of  w  by  a  function  of 
the  form  ^  (D...)  <*•••!  I  refer  back  to  my  paper  in  Proceeding*,  Vol.  dl 
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p.  233,  where  I  have  proved  tliat  the  determmant 
»i        ".        ». 
r«,     Du,     Dti,    -i-  A* 

!)■«,  jfu,  rvi, 

is  eqnal  to  the  cabio  eontrayariant  of  the  three  qaadrio  forms 
,3« 


=  »5 


^provided  xyz  tatiify 

This  determmaitt,  theivfore,  with  the  proviso  jnst  mentioned,  re|ire- 
Bents  {Sigher  Plane  Ourvet,  p.  190,  3rd  ed.) 


while,  for  aU  valuea  of  xyt, 

K,  Du.,  !?«.  I  =  -  i'P+A'i(a  ^ +/3g +y|^) 

-if("'i-")----- <"'■ 

p.  standing  for  P  when  l,m,n  hare  been  replaced  by  a,  fi,  y  reapeo- 
tiTely. 

The  foregoing  methods  of  representing  the  contraTariantB  will  be 
foiuid  veiy  oonvenient  for  eatabliehing  relations  which  hold  among 
them  and  other  non-fnndamental  conoomitantB  of  the  cnbio  form  u. 
Thus  the  important  relations  (PM.  Tram.,  1888,  A.,  pp.  158-160), 

Discriminant  of  TIT  u  =  JP", 

Reciprocal  of         „       =  —  i  Reciprocal  of  u, 

dne  to  Prof.  Cayley,  may  be  established  generally  with  less  labonr 
than  by  actual  veritication  for  the  canonical  form  of  u. 

To  complete  the  representation  of  the  fundamental  invariantB  of 
the  cnbic  u,  and  the  linear  L,  it  remains  to  find  the  expression  for  the 
"  Qnippian  "  Q,  defined  by  ite  discoverer  Gatlit  as  the  first  eveotant 
of  the  sextic  invariant  of  u. 

D  connexion  with  u,  its  Hessian  ^  ;  then  if,  ae  above, 
«,  =  a,tt/3,    «,  =  a,tt/3.    «,  =  3,»/3. 


*  The  numerical  value  of  the  ooeffldent  and  ill  aigit  may  raadily  lie  veriflttd  by 
meani  of  the  canonical «. 


18e»P-h(aftc-h80»)S 


/^ 
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and  now  also     ]^i  =  3,1^/3,     ^  =  3,^8,    1^  =  9,^/3, 

^        «»        «i 
6S    P^i     Da,     I>w.    /A», 
JD^    Ifu^    Vu^ 

for  yalnes  of  xyz  which  satisfy  L  =  0,  will  be  a  oontravariant^ 
dentlj  of  the  fifth  order  in  the  coefficients  of  «,  and  onbic  in  2,  i 
which  may,  by  the  aid  of  the  canonical  form  of  m  be  ident 
with  ^  Q.     For  (again  dropping  suffixes) 

^  =  -  6*t«4-(a5c+W)av*» 
3^1  =  -3€'u,-h(a6c+8«»)y». 

Thns  the  determinant  above  becomes,  for  values  of  xyn  which  sai 
li  =  0,  (44), 

2/1 V  V+26kX  ci^-h2eX/< 

the  value  of  which  is,  identically, 

18e«P-h(a6c-h8e»)  2  {-6c  (yy-zfi)* 

-h4e'  (yv— «/i)(«X— »K)(ar/i— yX)}/A*, 
or  since,  when  2/  =  0  (p.  484), 

yfL^zy  =i  ZA,    «X— ajK  =  wA,    Xfi-^yX  =  nA, 
-{-18e'P-h(a&c-8e«)(S5cP-12e»/tnn)}  =  -  Q. 
Hence,  for  all  values  of  xyz,  (40), 

It  is  of  interest  to  observe  that  l^i  is  obtained  by  operating  on  u,  t^ 

and  similarly  f)^  from  a, ...  ;  hence  the  result  of  the  same  operator 
Uj  (Du^Ifu^'^Du^L^ii^)  -ft*,  (i)f*,D'ti,-I>Ui2)'u,) 

-l-ti,  (I>Ui2)'t*,-I>u,I>»«,) 
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will  be  found  to  be  exactly  equal  to  the  sinister  of  (45).  Also  the 
dexter  of  (45)  will  be  equal  to  the  result  of  operating  on  that  of 
(44)  ;  and  thus  may  be  obtained  the  relation 

<2  =  »l?  +  -+2f^+ (^). 

dlr  dmon 

if    aaj'-f  ...-l-2fyi5-|-...  =  (&c-/»)P-h...-+-2  (gf^-a/)  mn-f  ... 

§  X.  Transformations  of  FormtUoB. 
Ify  for  shortness,  as  before, 

my— w^  =  X  "J 

na^ly  =  fi>  (i.), 

2^— ma  sz  y  J 

so  that,  identically,      yy^zfi  =  l^—aL^ 

zX—zy  =m^--PL  r    (ii.)> 

Xfi—yy  =  nA— yL-' 

where  A  =  ax-^-ffy+yz  )  ,...  ^ 

^  [ (i")» 

L^  Ix-^my+nz  ) 

and,  u  being  of  order  p, 

t*j..,f*, ..,, a  ...,/..,  stand  for  3,t*/|)  ..., 3'f*/|).i>— 1,  9J,/|).j9— 1; 
then,  by  definition, 

pDu=z  (x3,-h/u9y+i^.)(«*i+yw,+2fWt) 

=  Xttj+zutij-f  vt*8+(p— i)(«^-i"yJ^f+«^) 

=  Df4-h(i?-l)(»i)t*i+...). 
or  I>w  =  xDui-^yDtt^+zDUi  (iv.), 

=z  x^Da+y*Dh+s?Dc'\-2yznf'^2zxDg-\-2xynh (v.); 

and  so  on. 

Again, 
w,I>U8— W8Dtt,=  (aj^-f  y6+«/)  (Xg-^fif+yc) 

-(xg-^yf+zeXXh+fib-^yf) 
=  {hc-f)(yy''Zfi)+(Jg-ch)(z\''Xy)+{hf'^hg)ixfA'-yX), 

by  (ii.),  =  A  {(hc-f)  1+  ifg-ch)  mHhf-hg)  n] 

-L  {(6o-/«)a-h(/(7-c;i)/3-h(V^-5(;f)  y}...(47). 
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If  #=(6c-/')  P-f-...+2(^fc-a/)m»+ ( 

and 

^  =  |/2,    ..  =  ^/2.    n  =  |/2.    •u=fe/2...-^  =  ^/2 
ct  cm  Ofi  or  omtm 

then  the  equation  aboye  may  be  written 

similarly  f  . 

and  ZF;4-mF,+nTr,  =  A#-L(#ia+«ii3-|-%y) (4 

Observing  that,  generally,  if  0,  x>  ^  <^^  homogeneonB  functiom 
a9y«  of  orders  p^  q^  r  respectiyely,  and  if 

then  pDf  =  q^Ihc^^^^f 

and  hence 

thus  t*  being  of  order  p,  (60), 

(2p-3)DTFi  =  (l>-2)(ti,2?*t.3-t*,D't*,)  =  (i>-2)(-Fj,Bay,l 
(%>-8)i)Tr,=  (i>-2)(t*,D««,-ti,I?«t*.)  =  (i>-2)(-F0 
(2p-8)DTF,=  (i>-2)(u,D«t*,-.t.,D'«0  =  (^-2)(-F,)    „    ^ 

(6 

If,  in  particular,  u  is  a  ternary  cubic  form,  similarly, 

ZD'Wi  =  -DFi  =  {Bv^Vu^-Du^H^u;)  =  17",,  say  ^ 
3D*Tr,  =  -DF,=  (Dt*,i>^tti-I>ttil>«t*,)  =  17,    „     (6 

Hence,  and  from  (49), 

-(ZFi+mF,-h»F,)  =  2AD«-2L  (aBs^-^/Uhf^+yDs;) (5 

and  (38),  ^h  =  uJJ^w(Duy+L  {...], 


({ 
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whence,  (50) 

=  ui:^u-DuI/u+SLD{...]    (54), 

BO  that,  for  valuei  of  xyx  which  tatitfy  £  =  0, 

-A  (IF,+m7,+«rO  =  «D»tt-D»DV (55). 

Similarly,  tat  all  Talnes  of  ayt, 

IF,+mir,+nI7,  =  413»<-L(aD't,+j32)'<^+yD'<0  (56), 

while,  from  (54), 

2A'D'»=:3D«D'«-a(i)'«)*-J>MJD'«+6iIJ' {...}. 
or  A'D'«=DuB^-(D'«)'+3L2>'  {...}  ; 

ao  that,  for  values  of  zy«  which  satis^f  £  =  0, 

A  (Jl7,+mt7,+nP,)  =  DaCu-tD-w)' (57). 

From  (42),  (49),  (55),  (57),  u  being  the  reciprocal  of  u, 

AS.  =  (I7i+i»tF,+«F,)'-4(ZTF,+  ...)(Il7,+  ...)    (58), 

Again,  since  (44)  —  A'P  is  eqnal  to  any  one  of  the  three  expressions 
l(lF,+i?«^,F,+D'«,F■,^ 
ttjPj  +  Dw.F.+D'tt.ir,    ' 
tt|  IT, + Pw,  F, + D\  W, 
hence,  by  (48),  for  Talnes  of  »ya  satiBfying  i  =  0, 

-i'P  =  »,!)'«,+«,  iJ's.-aiJj.Bu; 
by  (38), 

-P=(b,c,+o,&,-2f,e)P+...  +  2(g,(i,+h,o,-aie-f,o)tnn+...  (59), 
or  -4»P  =  s^D't(,+«,I>'^-2r«,D«, 

-P=(b,c,+o,6-2f,6,)P  +  ...+2(g,6,+h,fl-a,6,-f,aJ»w+...  (60), 
or  — A'P  =  <,B'«,+«,D»^— 2P<,D«» 

— P=(b,e+c,5,-2f,Ci)P+...+2(g,c,+li,c,-a,e,-^a,)m»+...  (61), 

where  »  =  aa?+...  +  2fy»+ (Tii.) 

M,  =  <M'+6,S'+6,«*+2ey«+2o,«r+2a,ey, 
«,=  a,iB'+6y'+«=i«*+2bi»«+2«w+26,»y, 
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and  ^=2a„    |i  =  2a.   |i=  2a.  ...|=  2h.. 

ol  om  On  on 

Since  also,  identically,  (48),  (51),  (52), 

t*i  (ZlTi -hml7,+w[7,)  4- i>th  (iFi-hmF,+nr,)-hI>"t*i  GTri+i»Tr,+»TJ 

=  Z(thl7;+Du,ri+D»t*iFi)5 
which  (44),  for  yalnes  of  xyz  satisfying  Xr  or  te+f»y4-n»»  =  0, 

by  (49),  (51),  (52),  for  similar  values  of  xyz^ 

- A'ZP  =  8l>^u^-\-Uyiy8-2D8Du,  whence  (38), 

— ZP=  (bci+c6i-2fe)P-h...+2(ga,+ha,-ae— fa)wm-f-...  (6S 
and,  similarly, 
-wP  =  (bc,+c6— 2f6,)  P+ ...  +2  (g5i+he-a6,-fa,)  mn+ ...  (6S 

-  wP  =  (bc+c^B- 2fc,)  P-h ...  +2  (ge+hci-acj-fa,)  iim4- ...  (6^ 

Observing  that 

«,  I7i -I- Dt*,  Fi -h  I>*u,  TFi  =  0, 

or  any  similar  formula  in  which  the  snffixes  are  nnlike, 
(biC,-hCi&-2f,6i)P-h...+2(gi6i-fhie~a,&i-fa)tnw-h...=0  ...  (61 
or  the  contrayariant  quadrics  of  any  two  of  the  sets 

5i,  «i,  5,  and  til,  *h»  ^8» 

selected  with  nnlike  snffixes  ;  from  which,  and  (63),  (62),  it  follo' 
that 

—  m^=  2  {(bc,+cfc-2f6j)Z-f  (fe-hg^-c^i-he,)  w 

ol 

-h(h6j-hf6i-be-g6)n} 

—  Z  --  =  2  {(fa8-hg6— ca,— hcj)  Z-h(cai-haci— 2ga8)m 

dm 

+  (gflj  -h  ho,— •  ae —fa)  w  } 
and  so  on. 

But,  by  (62),  (59), 

-Z3P/3Z  =-P-h2  {(bci-ho&i-2fe)Z-|-(fa,-hge-ca,-hc0w 

-f  (he -f  fa,— bttj— g6j)  n} , 


... 


(6( 
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whence 

'-id'P/dP  =  2  (bci-hc6i-2fe) -h4  {Ohc,+(hhi-2i,e)  I 

+  (fi«8-l-gi«— c,a,-hci)m-h(hie-|-fia,— bia,-g|6i)»}...  (67)  ; 

while,  from  (66), 

-m3'P/3z3m-9P/3Z  =  2(fe-hg68-c&i-hc,)+4  {(b,c,-ho,6-2^68)l 

-l"ft«-l-gA— Cj&i-hjC,)  m+(h,58+f,6i-bie— g,&)  n,}, 
-n^FP/dldn-dP/dl  =  2  (hc,+fe-bci-g&8)-h4  {(b,c-hc,6,-2f,c,)  I 

+  (fi<h  +  g^-<580— li8c)wi-|-(h,c,-hfje— b,Ci— gj&a)  w}. 
From  the  last  three  equations, 

—dP/dl  =  2  {(biCi-|-Ci6i-2fie)Z-h(fia,+gi0-Cia,— h,Ci)  m 

-hChie+fiOa— biO,— gA)  n} 
and,  similarly, 

^-dP/dm^ss  2  {fiOg-l-gie— Cia,— hiC,)Z4-(Cia-|-aiCi— 2gia,)m 

— 3P/3«=:  S  {(hie-hfia,— bia8-gi5i)Z+(gia,+hia8— aie— f|a)m 

+  (ai  &i + bi  a— 2hi  a,)  n} 


....  (68). 
To  proceed  to  the  second  differential  coefficients  of  P :  from  (67), 

-^id'P/SP-d'P/dP  =  8  (bic;  +  ...)+4  {(bnCx-h...)  I 

+  (fiia,-h...)^H-(liii«+— )^}  5 

bnt,  (59),    "d'P/dP  =  2(biCi  +  ...)-l-4i  {(bnCi+...)^ 

H-  (fiiOi+ ...)  w-h  (hne+  ...)♦»} > 

80  that  -id'P/dP  =  6  (biCi+Ci5i-2fie) (69). 

Again,  (66), 

-.ma»P/aPam-a'P/aP=4(b,c,+c,6-2f,68)+4(fie+gi6»-Oi6,-hic0 

*  H-  4  {  (bijC,  H-  Ci,&  -  2f  1,6,)  I + (fi,e  -h  gn^s— Oij^i  -lii«Ci)  w  +  (hi,6,  +  ...)♦»}, 

whUe,  (60),  -a'P/3P  =  2(biC,-ho,5-2f,68)+4{(buC,+o„6-2fM68)^ 

+  (fue+ ...)  m+(hij6,+  ...)  «}, 
80  that 

-ma»P/aP3w=  2(b,Ca+c6-2f,6a)+4(fie+gi6a-c,6i-hicO..-  (70). 
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Similarly,  (64),  (61), 

-n3»P/3p3»  =  2  (V+Cg&i— 2^ci)+4  (hic^+fia— bjCi— giij....(7 

Adding  to  tins  (69),  (70),  there  reenltB 

-|^=2(biCi-hOi^-2f,e)+2(b,c,+c,6-2£A)+2(l]|,«+<^^-2^cJ 

AnalogooBly 

dip 
-^=2(oia-|-a,c-2giaj4-2(c,aj+a>c,-2gf«)+2(oga,+agc-2g,ci)^ 

-0=2(a,6,4-bia-2h,ogH-2(a,6+bA-21iA)+2(8A+lvi,-21v] 

(71 


For  the  other  second  differential  coefficients  of  P,  a  like  methi 
might  be  employed ;  but,  as  rather  shorter,  and  to  illnstrate  the  nae 
the  equations  of  which  (65)  is  a  type  and  which  may  be  written  brid 

[^  **•]  =  [«•»  «»]  =  [«i.  «•]  =  [^  «i]  =  lh>  «i]  =  [*u  «»]  =  0, 

1  proceed  as  follows.    From  (59) 
-3'P/8m3n=2(gia,-fhia,-aie-fia)H-2{(^a,4-...)  +  (hue  +  ...) 

H-2{(c„a-f...)  +  (gii«f+..0}«*+2{(g„a,4-...)  +  (ai,6,+  ...)} 

(75 

Bat,  identically, 

2  (fnOi+gne-CjiOj-hnCx)  =  -2(Cnfl4+a,iCi-2g„0 

-2  (gne+haCi-anC,— f„a, 
and  the  coefficient  of  tnfn  in  [# i,  Kt]  ^  0  gives 

-2  (c„a,+a,ic,-2g„e)  =  4(gu6iH-hi,e-ai,6.-fua,)  ; 

also,  identically, 

2  (hi,e+fi,Oi-bx,aa-gi,6i)  =  -2  (a„6.+b„(i,-2hue) 

*2  (gubi+hue-a|,b,-fi,a, 
and  the  coefficient  of  mn*  in  [^i,  ii|]  =0,  gives 

-2  (ai,b^+bi,a,-2hi,e)  =s4(gjx6-f  h,iCi-a„c,-f„a^. 
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From  the  addition  of  the  preceding  fonr  eqnalities, 

2  {('..'>.+  -)  +  CI'„«+-)}=  2  {(8,A+l>»«-»„ '■-',.■'■) 

+  fe»«+li««,-«,",-''.,Oi P3). 

Again,  from  the  vanishing  of  the  coefficient  of  Im'  in  [s,,  u,]  =0, 
o.ia  +  a„c,-2g„a,  =  -2(f„o,+g„fl-c^o,-h„c,) 
=      2  (gafl  +  b„c,-aMC,-faO,) 
+  2(cMO,  +  t4,c,-2g|ie), 

which  latter  term,  being  the  coefficient  of  m'  in  [a^,  u,]  =  0,  Tanishes  j 
while  equating  coefficients  of  m'n  in  [«„  u,]  =  [<„  u,]  =  P, 
c„o+a„c~2g„a,+2(g„<.,+h„a,-aufi-f„o) 

=  c»a,+a,c,-2g„e  +  2  (gnb.  +  h^e-g^ht-h^a^. 
of  which  c^a,+ ...  vanishes  identically,  as  pointed  oat  jnst  above. 

Hence 
2  (c„o  +  a„c-2g„a.) +2  (g„<i,+h„fl,-a.,e-f„ff) 

=  2(ga6,  +  h„e-a„fi,-h„a^  +  2(g^«+h^c,-a.c-f»a,)...(74). 

Similarly,  by  interchange  of  letters  and  aaffizes,  the  coefficient  of 
n  (explicit)  in  —a'P/dmdn  above  is  shown  to  be  eqnal  to 

2(g.i,+li.>-<h.S.-l>««,)  +  2te»«  +  l>»=,-ih.<ii-f.»J-(?5). 

Adding  eqnationB  (73),  (74),  (75),  mnltiplied  hy  l,m,n  rsBpeotiTely, 
to  (72),  there  resalts 

-3'P/8m3»  =  2  (g,a,+h,o,-B,«-l,a)  +  2  (g,6,+!i,«-a,>,-f,oJ 

+  2(g,.  +  h,o,-!i,c,-£,aO 
Analogously 
-cfF/Sndl  =  2  (h,e+f,n,-b,a.-g,i,)  +  2  (h,5,+f,6,-b,e-g,6) 

+2  (b,£^  +  f,e-b,c,-g,60, 
-3'P/8l3».=  2(t,o,+g,«-o,a,-h,c,)  +  2(^«+gA-o,i,-b,eO 
+2(J,c,+g,c,-o,«-h,c) 

Since  ('«)• 

-(P8'P/3f+,..+2m»3'P/8m3»+...)  =-6P, 
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which,  by  (59),  (60),  (61), 

=  2PS(biC,  +  ...)  +  ...-f4mnS(gia,4-...)  +  —  » 

the  values  for  the  second  differential  coefficients  of  P,  above  in^ 
gated,  might  have  been  anticipated  from,  but  are  not  necessaril; 
plied  in  (59),  (60),  (61)  ;  viz.,  they  result  only  from  the  special  v 
of  a  ...  f  ...  as  functions  of  the  coefficients  of  the  cnbic.  It  ma 
remarked  that  some  of  the  coefficients  of  [«i,  Ui']  ...  have  inti 
relations  of  interest,  but  not  necessary  to  the  above  investigat 
thus,  considering  the  vanishing  coefficients  of  Pni  in  [«g,  u^']  an( 

2  (^8i«8+gti0-C8iai-h,iCi)  =2(h„e-ffi,a,-b„a,— g„5,) i 

viz.,  each  is  equal  to 

-b,i<Ji-r«6i-f2f»e; 

but  in  what  has  preceded  I  have  confined  myself  to  results  whi 
have  found  essential. 

It  has    been    shown   that,    for  values    of  myz  satisfying   L 
(45),  (51),  (52), 

3^1,  81^2,  31^3  being  the  first  differential  coefficients  of  ^,  the  Hes 

of  u,  say, 

f)  =  (UB'  +  by'  +  ca*+...+6cajy«; 

hence,  precisely  as  for  P, 

-Q  =  62  {(biCi  +  cA-Sef,)  P+...}    ( 

In  the  next  place  I  investigate  some  transformations  I  have  fc 
useful,  involving  the  coefficients  of  the  reciprocal 

-4i»-f...+2Fi;f+...  =<T, 

of  8=  (6c— /')P-|-...-f2(gr^— a/)mn-|-... 

=  aaj'  +  by'  +  02*  +  2iyz  +  2gza; + 2ha?y , 

a...,/...  being    — /6...,  v-^/6;    w  a  ternary  cubic  form. 

ox^ '  oyozl 

The  values  of  a  ...  f  ...  in  terms  of  the  coefficients  of  u  are  gi 
in  full,  Phil,  Trans.,  1888,  A.,  p.  157,  where  they  are  represented 
1*11 ...  tt„/2  ...  ;  but  it  is  sufficient  here  to  state  that 

a  =  reciprocal  of  ;r-/3  or  t*, .,., 
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2f  =  coQtravimaQt  qnadric  of  ^  /  3  or  u,,  and  =- /3  or  w. .... 

Hence,  by  (38), /or  valuer  of  xyt  gatis/ytng  Ix+mtj+m  =  0, 

4'a  =  «,iJ'«,-(J>i*.)'  (79), 

and,  by  (37),  2A'f  =  t<,D'a,+«i^X-2I>ihD«. (80); 

and  4M=  {M,Z)'a,-(D«,)'}{w,I>'«,-(i)u,)'} 

-(»,I)>o.+  «,BS-2»«,B»,)"/l, 

or(48,  51,  52)  4iM  3  IW.ir.-F;  (81). 

But  (48)  Wt  =  4»,— L  (n8„+ ...), 

and(50)  F,  =- 3Ilir,  =  -2ai)»,-I(...), 

!7,  =     3D'ir,  =  AXI",,-t  (...), 

so  that  (81)  for  valnes  of  xyx,  Batiafying  L  =  0, 

iU=.,D'.,-(B.,)", 

or(38)  ^  =  (b,o,-f;)C  +  ...+2(e,h,-«,f,)m«+ (82). 

Similarly,  ili'F  =2W,U,  +  2W,U,-V,V„ 

2^'F  =  «,C"^+<.B"»,-2D.,B.„ 
or,  by  (37), 

2F=(b,c,+b.c,-2f,f.)J'+...+2(ir,h,+g.h,-.,f,-a,f,)«m+... 

(88). 

lu  these  formnlfe  (82,  83),  as  above, 

«,=^/2...=a,*'+...,     »,  =  |^/2  =  a,ii!'+„.,    .,=  .... 

all  ami 

From  (82),  (83),  and  the  analogous  fonnnlae, 
lA+mE+nO  =  {(bc,  +  cb,-2ff,)  ^»+... 
...+2  (gh,+hg,-af,-faj  m»+...}/2...(84), 
with  two  other  analogons  formnlse. 
Now,  by  defioition, 

A  =  bc-f  ...  F  =  gh-ftf  ...  b,  =  ^^2  ..., 
so  that  (84)  may  otherwise  be  written 

4(M  +  mff+wG)  =  p|^+...+2m«^  + (85), 

ol  ol 

2k2 
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with  similar  valiies  for 

Differentiating  (84)  with  respect  to  2,  and  attending  to  (82), 
to  the  fact,  resnlting  from  definition, 

¥  37  =  0».+cb,-2ff.)  i.    f  ^=  (%.+«fi-ch.-hc,)«, 

Analogonsly, 

it-+'»|^+n|^=2B+{(bo„+cb«-2f^)r+...}......(f 

dm         dm        dm 

2|^-hmp'+n|^  =  2a+{(bc„+cb„-2ff„)P+...} (^ 

€m  dn         dn 

Again,  differentiating  (84)  with   respect  to  m,    or    the    analog 
formula  for  IH+mB+nF  with  respect  to  I,  either 

dm         dm        dm 
"""^       ^^■*-^|f+'*^=2ff+{(bc„+cb„-2ff„)P-h...} (^ 

and  analogonsly 

jdA  ,dn  ,dO 

on          on         dn 
or       i^+«||'+«^g^=2G+{(bc,.+cb„-2ff„)P+...} (9 

om         om       am 

or       z|5+m^:?+n^  =  2i?'+{(bc„+cb„-2ff„)P+...} (9 

dn  on         dn  ^  ^ 

It  is  to  be  observed  that  the  dextcrs  of  the  six  equations  last  proT 
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are  eqaal  to,  lor  valaea  of  a^  B&tiBljiiig  h+my+ne  =  0, 

2  ;.,I)'«,-(D.,)")/i'+(.2)'.„+«„2)'»-2B.D.„)/i"   ...(92), 
...(.,!!■.,+..  J)'.,-2D<,B«,)/i'+(«D"<,+.,£l'-2i).r<J/4'...(93), 

r  »„     »u    _^    ^'1  h 

1=  Pa„  +  ...  2mn«n+..-, 
A  =  aiB+/Jy+ya, 

2D,  =  (»,-»«  I +  .... 


whereiii 


and 


!!/2 


•]/. 


The  equality  of  the  pairs  of  formalte 


3f 


which  ia  apparent  from  the  double  fonnola  (89)  above,  ma;  be  veri- 
fied for  any  special  forms  of  u. 
For  the  canonical  form,  e.g., 

the  actaol  ralae  of  either  of  the  first  pair  ia  found  to  be 
{c(abc  +  We')  fm'+e'  {7bcP+7cam*+abn')  n+6e  (a6c+2e*)  lmn']f2. 
The  differential  coefficients  of  v,  the  reciprocal  of  u,  may  no^  be 
readily  obtaiued  in  terms  of  a  ...  f  ...,  the  coefficients  of  a  (p.  498). 
For,  since  (p.  489) 

v  =  -i  (JP  +  ...  +  2FmB+...), 


^  =  ~8(Al+Hm+  Qn)-i  {p|^  H 


•-^^4r^" 


'(85) 


S   St' 


=  -HAl+mE+nO)  ■) 

1.(81)  = -2  {(l)C+ob,-2M,)  ?+...}     I 

or  (37),  lor  yalaes  otxyz  whicb  8atiafy7a!+my+n«  =  0l 
=  -2(«D'«,  +  «,D'«-2D«a,)/4'   } 


0 


(! 
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or  (86)  Jl'+l-2il  =  -4{(bcu+cb„-2ff„)r+...} 
.-.«.  (37)  =-4(.17^+«„D'#-2D»I3*»u)/A** 

Similarly, 

i&,= ^=-4  (b+/|5 +«!?+,  1^) 

o    cm'  ^  Cm  (7m        Cm/ 

or  (87)  R-^UB  =  -  4  [(l)Ca+cb„-2ffa)  P+  ...} 

i.e.  (37)  =  -  4  (*i;»«a+«aiy*-2D*I^a)/ '^'* 

o    c/cw  ^  cm         Cm        Cm' 

or  ff +12JT  =  -4  {(bci,+cbM-2ff„)  P+...} 

t.€.  (38)  =  -4 (»I>»«„-|-«i,I>*#-22>»I>»„)/A** 

From  the  preceding  group  of  formulfls,  observiiig  that 

8    =^       28    -^ 

da  cA 

2  (^'+12^)  a+22  (F'+12F)/=  -  12  («Z>^+^I>'«-2D#I>^)/^ 

(9 

=  -12  {(bc'+c6'H-2fOP+...} 

if  6a'  =  3»U/aaj' ...,     6/  =  3*^/3^3^ ... . 

Such  transformations  as  those  given  (47)  ...  (98),  might  be  mnltiplj 
almost  indefinitely,  but  I  here  confine  myself  to  those  which  I  he 
hitherto  found  to  have  useful  applications  in  the  employment  of  i 
Method. 

*  For  values  of  xyz  satUfying  U  +  mt/  +  m  ^  0  only. 
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June   Uth,    1888. 
Sir  JAMES  COCKLE,  F.R.S.,  President,  in  the  Chair. 

Dr.  C.  Taylor  read  a  paper  "On  the  determi nation  of  the  Circular 

Points  at  Infinity." 
Prof.  Hill  followed  with  a  paper  "  On  the  c-  and  p-  Disuriminants 

of  Integrable  Differential  Equations  of  the  first  order." 
The  Secretary  communicated  papers  by  Lord  Rayleigh,  "  On  Point-, 

Line-,  and  Plane-Sonrcea  of  Sound  "  [  by  Mr,  Fortoy,  "  Note  on 

Hationalisation " ;  by  Prof.  G.  B.  Mathews,  "  Applications  of 

Elliptic  Fanctions  to  the  Theory  of  Twisted  Quartics." 
Prof.  Oreenhill  commnnioated  remarks  on  "  Coefficients  of  Indaction 

and    Capacity,  and  allied  Problems "  (in  continnation  of  a 

former  paper). 
The  following  papers  were  taken  as  read  : — 

"  Electrical  Oscillations,"  Prof.  J.  J.  Thomson  ; 
and  a  demonstration  of  the  theorem  "  that  the  eqoation 

cannot  be  solved  in  integers,"  Mr.  J.  R.  Holt. 

The  following  presents  were  received : — 

Cabinet  Likeness  of  Mr.  E.  B.  EUiott. 

''ProceedingB  □!  the  Royal  Society,"  YoL  ZLin.,  No.  26S;  Vol.  xlit., 
Nos.  266  and  267. 

"  Educational  Timea"  for  June. 

*'  On  Integration  bj  meane  of  eelectad  Valnei  of  the  Function,"  by  W.  S.  B. 
Woolhoiue  (extracted  from  Vol.  xxvtit.  of  the  "Jounud  of  the  Institute  of 
Actoariea,")  Svo  pamphlet. 

"  Proceedinga  of  tho  Canadian  Inatitute,"  Toronto,  No.  149,  April,  18BS. 

"  Annual  Keport  of  the  Canadian  Inatitute,"  Session  1St)6— 1887  ;  Toronto,  1888. 

"  Annals  of  Mathematics,"  Vol.  *,  No.  1. 

"  Bulletin  des  Sciences  Matbdmatiques,"  Tome  xii..  May,  1888. 

"Atti  della  Reale  Accademia  dei  Ltncei  —  Bendiconti,"  Vol.  it.,  Fasc. 
2,3.  and  4  ;    1888. 

"  Reole  latituto  Ijombardo  di  Bcienze  e  XietterB  —  Kendiconti,"  Serie  II,, 
VoIb.  ivm.  and  iii. ;  Momorie,  Vol.  it.,  Fasc.  it.  ;  Vcl.  ivi.,  Faao.  l. 

"  Bollettino  dello  Pubblicazioni  Italiane  ricBTute  per  Diritto  di  Btampa,"  No.  67, 

"  Annali  di  Matemstica,"  Bcrie  II.,  Tomo  ITI.,  Fasc.  i, 

"  Acta  Mathomatica,"  1:1. ,  3. 

"Beiblatter  zu  den  Annaleu  der  Physik  und  Chemie,"  Band,  xu.,  Btiick,  6, 
1888. 

"Sitzungsberichto  der  Ecniglich-PreuBsiBchen  Akademie  der  Wiseeoacboften  eu 

"  Annalea  de  la  Faculty  dcs  Sciences  de  Toulouse,"  Tome  n.,  Annie  1888. 

"  Memorias  de  la  Sociedad  Cieutifica — Antonio  Alzate,"  Tomo  1.,  Nos.  9  and  10. 
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On  Point;  Line',  and  Plane-Sources  of  Sound, 
By  Lord  Batleioh^  F.R.S. 

[JRead  June  lith,  18S8.] 

The  yelocitj-potential  at  a  distance  p  from   a  simple  source  of 
sound  is* 

♦  =  ^^ (1). 

where — a"'<t,e***'  represents  the  rate  at  which  fluid  is  being  introduced 
at  the  source  at  time  t.  In  order  to  apply  this  to  a  linear  source  of 
unit  intensity,  coincident  with  the  axis  of  y,  we  have  to  imagine  that 
the  introduction  of  fluid  along  the  element  dy  is  equal  to  dye*^**;  so 
that,  if  for  the  sake  of  brevity  we  omit  the  time  factor  e***^,  we  may 
take  as  the  velocity  potential 

^_ip-^  (2). 

If  r  be  the  distance  of  the  point  at  which  ^  is  to  be  estimated  from 
the  axis  of  y,  p'  =  t^+y', 

if  p  =  rv. 

The  relation  of  (3)  to  Bessel's  functions  is  best  studied  by  the 

— — -J,  where  to  is 

a  complex  variable  of  the  form  m -fit;.  If  we  represent,  as  usual, 
simultaneous  pairs  of  valaes  of  u  and  t;  by  the  coordinates  of  a 
point,  the  integral  will  vanish  when  taken  round  any  closed 
circuit  not  including  the  points  w  =  ±  i.  The  first,  circuit  we 
have  to  consider  is  that  enclosed  by  the  axes  of  u  and  v,  and  the 
quadrant  of  a  circle  whose  centre  is  the  origin  and  whose  radius  is 
infinite.     It  is  easy  to  see   that  along  this  quadrant  the   integral 

«  Theori/  of  Sound,  §  277.  f  Crelle,  Bd.  lvi.,  1859. 
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altimatelj  Taniahes,  so  that  the  resnlt  is  the  same  whether  we 
integrate  from  0  to  co  along  the  axis  of  u  or  from  0  to  too  along 
the  axis  of  c.     Thus 

[-    e-"d»    _P-  e-'<-'>d(iv)  _  ■  f   e-'"dP     ,   r    6-'"dv  ... 

J,  ^/(l  +  «■)      J,    ^(1  +  tV)        JoyCl-v*)      J,  y(»^-l)  ■■•^  '" 

In  like  manner,  the  integral  along  the  axis  of  u  from  0  to  co  is 
eqnal  to  that  along  the  coarse  from  0  to  t  along  the  axis  of  v,  and 
then  to  tnfiuitf  along  a  line  throogh  i  parallel  to  u.     Tbas 

i,y(i+<'')   j.Ai-'")   I.  •ji+(»+.)'} 

"'I.TcwJ-^l.TcSiiTf?) <='■ 

By  comparison  of  (4),  (5),  or  at  once  by  equating  the  resnlto  of 
integrating  from  the  point  i  to  ioo  ,  and  to  oo  +*,  we  get 

-(^V^-'ril !■      .        I'.y  1*.3'.5'       ,        I  .., 

\2iTl  l         l.8xrl.2.(Sir)^      1.2.3(8.V)' "^  "' 3  ^^' 

This  is  the  series  in  descending  powers  of  r  by  which  is  expressed  the 
effect  of  a  Linear  source  at  a  great  distanco. 
Equation  (4)  may  be  written  in  the  form 

or,  if  we  put,  as  nsnal, 

—   f''c0S(rCOSfl)£W=:/„(r)    (?), 

?^|''Bin(rco8e)Jfl  =  ir,(r)  (8), 

and  separate  the  real  and  imaginary  parts, 
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f 


*  sin  (rv)  dv       ir     ^  ,  ^  ,, 

,7(^=2-^«('->  (^ 


the  latter  giving  Mehler*s  integral  expressive  of  the  Bessel's  fnnci 
of  order  zero.* 

By  integrating  the  effect  of  a  linear  source,  parallel  to  y,  w 
respect  to  a  perpendicular  coordinate  x^  we  may  obtain  the  effect  o 
source  uniformly  distributed  over  a  plane.  If  the  rate  of  introducti 
of  fluid  over  the  area  dxdy  he  dxdy  ef^,  the  value  of  ^  at  a  poi 
distant  z  from  the  plane,  will  be  foand  by 
integrating  (3)  with  respect  to  «,  connected 
with  r  and  e  by  the  relation 

see  Fig.,  in  which 

BQ  =  y,    PB  =  p,     OQ=:x, 
PQ  =  r,     0P  =  z. 


Thus 


dv 

1) 


'  J,       J,  y(o'- 
_        1   p      rdr       f   e-'*"dv 

The  result  of  a  uniform  piano  source  is  of  course  a  train  of  pla' 
waves  issuing  from  it  symmetrically  in  both  directions.  On  ti 
positive  side  f  =  Ae'*^%  where  -4  is  a  constant  readily  determine 

For -2  (jB  =  0)  =  —  ifc-4  ;    and   this,    representing   the   half  of  tl 
dz 

rate  of  introduction  of  fluid  per  unit  area,  is  by  supposition  equ 


to  ^.     Thus 


2k^ 


i       -<*Z_     *     ---   1        .       1 


-jcoakz-h  ^T^in  kz (12 


2k 


2k 


Comparing  the  two  expressions  for  0,  and  having  regard  to  (9)  ai 
(lOJ,  we  see  that 


1 


Jq  (kr)  r  (1r  _  cos  kz 


(13 


rrdr        f  f*        t*'^  iJfi  ir     t-  /?    \1       sin /i5  ,,  . 


♦  Math.  Ann.  v.,  p.  141. 
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If  we  nee  the  aeries  (6),  the  identity  tn&j  be  written 

This  equation  la  eaail;  verified  when  Jtz  (and  therefore  Jtr)  ia  great. 
Under  these  circnmatances  the  Beriee  may  be  replaced  bj  its  first 
term  ;  also  with  sofficient  approximation 

yr     ^         1 

^(r*_a")       v'2.v'{r-e)' 

since  only  those  elements  for  which  r  differs  little  from  t  contribute 
sensiblj'  to  tbe  integral. 


Some  Applications  of  Elliptic  Functiona  to  the  Theory  of  Twisted 

Quartica.     By  Profeasor  G.  B.  Mathbwb. 

[StadJuiu  ItlA,  13SS.] 

The  general  theory  of  carves  whose  coordinates  may  be  expressed 
by  elliptic  fanctions  of  a  parameter  is  given  by  Clebsoh  {Crelle,  t.  64, 
pp.  210—270),  and  Klein  ("  Ueber  die  Elliptischen  Normalcurven 
der  n'™  Ordnong,"  etc. ;  Leipzig,  ISSS).  The  special  application  to 
twisted  qoartics  has  been  discnseed  by  Lagnerre  ILiotxviiie,  2nd  series, 
t.  15,  p.  193),  Harnack  {Math.  Annalen,  tt.  12,  15),  Westphal 
{Hid.,  t.  13),  Cayley  {ihid.,  t.  25),  and  Lange  {Scklomilchs  ZeiUchrift, 
t.  28,  pp.  1.  65). 

The  notation  adopted  in  this  paper  ia  that  of  Halphen's  "  Traits 
des  Fonctiona  eltiptiqaes  et  de  leurd  Applications  "  :  viz.,  pitis  Weier- 
straas's  elliptic  fanction,  defined  by  tbe  differential  equation 

((>■«)' =  4p'u-j,pM-3„ 

and  the  periods  of  pu  are  denoted  by  2u,  21*'. 


1.  Spppoa 
given  by 


X  :  y : g  :  t  = 
A  variable  parameter. 


coordinates  of  a  point  i 

pu  :  p'u  ;  pu  :  1, 
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(This  is  Klein's  ''canonical representation"  of  the  qnartio:  see 
memoir  ahove  quoted,  §  7). 

The  locos  of  (x,  y,  Zy  t)  is  obtained  as  the  complete  intersectioi 
the  surfaces 

and  F=«*-y<  =  0, 

F  =  0  is  one  of  the  four  cones  which  contain  the  qnartic :  8  = 
may  be  called  its  associated  quadric,  and  is  defined  bj  the^irci] 
stance  that  the  ^-invariant  of  8  and  V  vanishes. 

2.  The  discriminant  of  <S— XFis 

4(\»-%,\-16^,)  =  4.(\-4e,)(X-4e,)(\-4e,)  : 

so  that  the  equations  of  the  other  three  quadric  cones  which  cont 
the  quartic  are 

S-4eiF=0,     S-4e,F  =  0,    S-4e,F=  0. 

The  coordinates  of  the  vertices  of  the  four  cones  are  given  by 
x:  y  :  z  :  t:=zl  :0  :0:0, 

U  >  CjCj 'T  Cj6j  ^  CjCj  »  01  I  Ly 

Hence  the  equations  of  the  planes  of  which  each  contains  th 

vertices  are 

Z=0,    r=o,    J^  =  0,    T=0, 

where  fiX  =  a?, 

fi  being  an  arbitrary  multiplier,  which  may,  when  convenient, 
put-  =  1. 

Tnking  the  tcti*ahedron  formed  by  these  planes  as  a  new  toti*ahedi 
of  reference,  we  obtain  Klein's   "  singular "   i-eprcsentation   of   t 
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qaartic,  which  tnajr  be  expressed  in  the  folloving  eqaivalent  forms : 

X:7:Z:T 

-2«,pu-.(e;+v,) 

=  p-u:(pu-p.f)(pu-p.^f)  ■ 

^^•(«-f)'.(-|)'(»-"-^)'("-^) 

:0,  (.-^>(.--±-).(.-^>(.-?^-) 

:^'{»-f>(«-¥)'(«-'-^)'(»-^'). 

where  j1,  B,  0,  D  are  namerical  constants  (c/.  Klein,  l.e.,  §  9). 

S.  The  singnlnr  tetrahedron  is,  of  course,  the  common  self-oonjngate 
tetrahedron  of  all  the  qnadrlc  enrfaces  which  contain  the  qnartic:  and 

it  may  be  verified  that,  if 

O  =  !^  -  27j;  =  16  (^-  e,)-  («,-.,)'  (.,-«,)', 

then 

•a.S=yO.JC+4^(e,-e0r+fc,(.,-^)Z'+*ih-«,)3", 

Hence  the  eqnations  of  the  other  three  cones  are  derived  in  the  foim 
r  S  («,-«,)  Z'+ Z"-  T"  =  0, 

r' =  (^-eiji'+p-y  =  0, 

r"  =  (e,-e,)Z'+r-2'  =  0. 
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The  qnadric  surface  associated  with  V  is 

and  similarly  the  equations  8"^  0,  8^"=^  0  of  the  qaadrics  associi 
with  F"  and  V"  maj  be  written  down. 

4.  There  are  32  collineations  which  transform  the  qaartic  i 
itself  ((/.  Hamack,  Math,  Ann,^  xu.) :  these  may  be  grouped 
follows. 

There  are  8  collineations  which  simnltaneonslj  transfonn  8^  Vi 
themselves ;  these  are  obtained  bj  Tariations  of  signs  from 

There  are  8  collineations  which  interchange  (S,  F)    with  (S\ 
and  (S",  F^)  with  (^,  F*")  ;    vis.,  these  are  derived  bj  varial 
of  sign  from 


r  =  ±^/(^,-ej(e,-eOi, 


r  =  ±y/(e;^)T, 


Similarly*  there  are  two  other  sets  of  8  collineations  ;    one   inl 
changing  (V,  F)  with  (5",  F")  and  (S',  F^  with  (S^,  F'"),  and  J 
other  interchanging  (S.  F)  with  (S"',  F^  and  (ST,  F^  with  (5", 
(</.  also  Lange,  /.c,  p.  79). 

5.  The  escalating  plane   at  any  point  (X'T'Z'T)  on  the  in< 
section  of 

and  aX^'{'bT'^cZ''k-d:'n  =  0, 

is  (Salmon,  Solid  Geometry,  Art.  393) 

(ah'-abXac'-a'cXad^^ad)  X*J+... +  ... +  ...  =  0. 
Applying  this  to 

(e^-e,)-r+r-r       =0, 

we  get     (e,-eO(<?,— «i)(^i— ^,)  -^-5: 

+(e,-e,)  r»r-h(^,-0  2^^+(<^,-0  2^r  =  a 
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In  particalar,    the    peroBcnlatin^    planes  which  go  through  the 
Tortes  of  V  are 

ie,-e,)  Y+Ce,-e,)  2+(e,-e,)  T=  0, 

-(e,-e.)  r+(e,-0  Z+(e,~e,)  T=  0. 

(«r,-e,)  r+ («,-«,)  Z-(e,-«.)  T  =  0. 
or,  in  the  other  notation,  *  =  0, 

y-2e,2+<^(  =  0, 

y— 2e,e+eji  =  0, 

Applying  the  transformation  nhicb  interchanges  X,  T,  the  equa- 
tions of  fonr  more  peroacnlating  planes  are  obtained  in  the  form 

(.,-^)  I±  (^-«,)' Z±  (^-O' T=  0, 

and  beDce,  by  cyclical  permatation,  the  other  eight,  viz., 

(e. -.,)  X ±  (.,-«,)'  T ±  (.,-.,)l  r  =  0, 

(.,-.,)Z±(.,— ,)'r±h-.,)'2  =0. 
The  correctness  of  these  last  resnlts  may  bo  yerified  independently. 
Suppose,  for  instance,  vre  take  the  point  for  which  u  ^  ^. 
Then  for  this  point 

r=y'-2np-(,?+.,«i)  =  0, 

z-  =  p'-2,,p-(,J+.,s,)  =  z'-r 
=  2(.,— ,)p+(.;-.;)-.,(e,-«,) 
=  a(.,-.,)(p-.,) 

=  2(«,-«,)(«,-«.)' {(•,-«.)'  +  (.,-.,)'}. 
Similarly     r  =  2(.,-Ofa-e,)'  {(«,-•.)' +  (e,-<4)'}. 

Z'  =  y'= -2  (.,-.,)'(>,-•.)' {(«.-«.)'  +  (•.-•.)'}. 
(cf.  Halphen,  p.  54). 
Substituting  in  the  equation 

(•.-•.)(<.-<i)(«i-«,)  X^X+ ...  =  0, 
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we  get,  on  reduction, 

(e,-o*-x:-(«,-o»z+(e,-o*r=  0. 

The  other  cases  maj  he  simibirly  treated. 

The  oscalatiog  plane  at  the  point  whose  parameter  is  u  meetf 
qaartic  ag^iin  at  a  point  whose  parameter  is  -— 3h  ;  so  that  the  e 
tiuu  of  the  oscolating  plane  gives  rise  to  the  identity 

+two  similar  terms, 
which,  of  course,  may  he  also  expressed  as  a  formula  in  cr-fnnotio: 

G.  Let  u,  r  he  the  parameters  of  anj  two  points  on  the  qua 
Then,  if  wc  take  a  normal  tetrahedron  of  reference,  the  coordinaU 
any  point  on  the  Hue  uv  arc  given  by 

X  =  Ap'tt+fip't;, 

y  =  Xp*tt+/ip'l?, 

z  =  Xpu  +/'PV9 

Ucneo         8  =  «'— ^y^  +  S'j'^  +  S'j^ 

=  X/i  {2pMp't;-(4pttp»-gr,)fptt-i-pp)+2flr,}, 
F  =  »'— y^  =  —  X/i  (pp— pw)". 

Therefore  -r^  =  4p  (w  +  r)  ;  so  that,  if  u+v  =  a,  a  constant,  the 
lit;  describes  the  qnadric  surface 

flf-4p(a)  F=0; 

and  conversely,  the  generating  lines  of  any  qnadric  surface  wl 
contains  the  qaartic  consist  of  linos  uv  as  above  for  which  u  +  t;  =: : 
the  double  sign  corresponding  to  the  double  system  of  generators. 

7.  The  consideration  of  lines  uv  for  which  u— t?  =  a  presents  m 
difficulty.     It  has  been  pointed  out  by  Laguerre  and  Hamack  tha 
this  case  the  line  uv  describes  a  ruled  surface  of  the  eighth  or 
called  a  "  quadricuspidal  "  by  de  la  Goumerie    ("  Recherches 
les  surfaces   tetraodrales  symetriques  **),  and  Hamack   has  furt 
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remarked  tb&t  the  line  ut>  meets  the  self- con jogate  tetrahedron  in  fonr 
points  of  which  the  croBS-ntio  is  constant. 

It  is  convenient  te  begin  with  the  determination  of  this  oroBB-rati?. 
IE  (XYZT),  {X'TZ'T)  are  the  two  points  on  the  qoartic,  one  of 
the  six  cross-ratios  of  the  four  points  where  utt  meets  the  tetra- 
hedron  is 

Xr-TT    TZ'-  TZ 
X'£-~XZ'  Y'l'-TT' 

Since  we  know  beforehand  tbat  its  valae  only  depends  npon  the 
difference  u— v,  we  mny  pat  u  ^  a,  c  ss  0  ;  then  it  is  easily  seen  that 


Moreover 

YX-TZ=      {f^-2f,(.»-(^  +  ,,..)}{p'.-2e,p.-(.J  +  e..,)) 

-  {i,',.-2.,pu-(e;+e,.,)  j  {).'«-2«,|„-(,^+^,,)J 

=  2(e,-e,)CpM-pi;)  fp«pt.-e,fpu+pt.)-(ej+e.fl,)}, 

rr-YT=2(.,-%)(p«-p.){p«p«-e,(p«+|>.)-(^+^^}. 

Hence,  when  v  ^  0  and  u  ^  a, 

YZ'-TZ^e,-p,    pf-)-g, 
YT-YT      «,-«.>(«)-«,■ 

Writing  p  instead  of  p  (u— o),  the  six  crosB-ratioa  in  qneation  are 
therefore 


e,-e,  ■ 
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It  will  be  fonnd  that 

.      ^1  _  1     12y,F'+36g.p-t-g; 

(a  +  l)(2-,)(l-2a)  =  -g,^  . -(e.'-^)V^-^)i 

So  that  the  six  cross-ratios  are  the  roots  of  the  equation 

(rr+l)«"(2-0«(l-2cr)«      {  21 6^,  p» +36(7^^^54/7, 17,  p -KSf^/J-.^^ 

Supposing  that  0  does  not  vanish,  the  onlj  values  of  p  for  wl 
a  =  0,  1,  00  are  e^  e,,  e^ ;  and,  in  confirmation  of  this,   we  have 
identity 

=  108G'(V-i,,p-j,,)'. 

The  cross-ratios  of  the  four  points  where  uv  meets  the  self-conjni 
tetrahedron  are  eqnal  to  the  cross-ratios  of  the  four  planes  which 
be  drawn  through  the  line  uv  so  as  to  touch  the  quartic  elsewhere 

Patting  u— v  ^  0,  the  line  uv  becomes  a  tangent  to  the  qnartio ; 

values  of  the  cross-ratios  are  -^ ' ,  etc. ;  and  the  equation  of  wl 

they  are  the  roots  is  *  ~  ' 

(a+l)M2-a)»(l-2cr)»       27i,l' 

Hence,  if  g^  =  0,  the  four  points  form  an  equianharmonic,  am 
^,  =  0,  a  harmonic  system. 

The  equation  last  wiitten  m«iy  be  otherwise  obtained.  Namely, 
four  planes  through  the  tangent  at  (X'yZT),  which  touch 
quartic  elsewhere,  are  the  four-tangent  planes  at  that  point  to 
cones  V,  V\  F",  V^\     Their  equations  are 

u,  =  (e,-e,)  YT-f  (e,-eO  Z'Z -^(e.^-e,)  TT  =  0, 

t*,  =  (e,-e,)  XX-^Z'Z-  TT  =  0, 

u,=  {e,^e,)  X'X  +  rT--rY=  0, 

u^=(e,-e,)  rx-h  rr-  zz  =  o. 

Obviously  t/j  =  —  t/j— 1^4, 

also  M,   =  "—  ^if'i-'^i^h  —  ^3**4 
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This  gives  ^'~^'  as  one  value  of  the  croea-ratio  of  the  planes ;  and 
the  rest  follows  as  before. 

8.  Proceeding  now  to  the  qnestion  of  the  qnadricnspidals.     The 
eimplest  case  to  begin  with  ia  the  one  in  which  v  :=  u  ■(-  w, ,     In  the 
notation  of  last  article, 
Z3'-ZT=2(«,-.,)(p,.-p.){p.p.-.,fp.+p.)-(<,;+<4..)}=0. 

Thna  the  line  uo  meets  one  edge  of  the  eel f-conj  agate  tetrahedron. 
It  ia  easil;  proved  that  it  meets  the  opposite  edge  ;  in  fact, 

^  _(.,-..)(.,-..)  ^. 

I-  =  p'(„+.)-2«,c(..  +  .)-K  +  .,?.) 
=  E*>(»  +  «')-ei}'-Ce.-e,)(e,-e,) 

Therefore  XT-X'Y  =  0; 

that  is,  the  line  uv  meets  the  line  (X  =  0,  T  =  0). 

Hence,  in  order  to  get  the  eqaation  of  the  Borface  described  by  w, 
we  have  only  to  eliminate  XY'SST  from  the  equations 

xr-rr  =  o (a), 

zr-z-T  =  o 03), 

(*.-eO^+2^~r'  =  0   (y). 

(e,-e,)Z''+r'-r'=0   {i). 

Eqnations  (a),  (/])  give 

X'=kX,     Z'=fiZ, 

T  =  kY,    T-fJiT. 

2l2 


516      Prof.  O.  B.  Mathews  on  some  Applieaiions  of      [Jon 

Snbslitnting  in  (y),  (i), 

X'(«,-e^)Z'+,.«(Z»-r')  =  0, 

^'  {(«.-ei) X*-Y*]  +/i«I"  =  0; 
hence  («i— e,)  XT'— (e^— e,)  I*Z*+  K-«,)  X»T» 

or  (c,-^)X*Z'-(^-e,)X'r'+Y«(Z«-r»)=  0. 

Similarly        (c,-e,)  X*  !•-(«,- ^)  JP  r+Z'  (!"-  r»)  =  0, 

are  the  other  surfaces  corresponding  to  v^u+ta^   and   v^u 
respectively. 

These  qnartic  surfaces  are  de  \a  Ooamerie*s  "  limiting  qni 
cnspidals*':  the  qnadricaspidal,  in  fact,  reduces  to  a  qnartic  sui 
counted  twice. 

9.  The  next  special  case  to  be  considered  \a  v^u;  the  surf  a 
clearly  the  developable  generated  by  the  tangents  of  the  qnartic. 

Now  Salmon  (S.  G.,  Art.  218)  gives  the  equation  of  the  develop 
formed  by  the  tangent  lines  of  the  intersection  of  the  two  qnat 
Uj  V  in  the  form 

4  (e  f7F-  Q'  [7-  A  F*)  (e'  UF-  Q  F-  A'  IP) 

(where  Q,  Qf  have  been  written  for  Salmon's  T,  T*,  to  avoid 
fasion). 

In  the  present  case  we  may  put 

F=(i?,-^,)X'-Z'-fr; 
whence 

A  =  0,     e=:fj,-r^,     *  =  3e„     e'=e,-c^     A' =  0, 

Q  =  (^,-^,)(^.-^,)  A'^+(^,-r,)  ^^ 
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Substituting  and  expanding,  the  result  U 

-^  (>,-'.)•  {'.-'.)•  X'TZ- 

- 2  (e, -.,)'(..-.,)  X-Z-y- 2  (a, —.)■(.,-,.)  ZTif 

-2  (,,-^y  (,,  -,,)  x-ry-i  (.,-,,)'  (..-.,)  x'y-p 

■   -2(..-.,)'(.,-.,)x'rz'-2(..-,,)-(.,-.,)z>z'y' 

-2  fa-",)  (.,-..)  rz'i"-2 (.,-,.)  (.,-.,)  z'l-y 

-2  (<!-.,)(..-.,)  fyz" 

-Slf.e.ci.I'r'Z'J'. 

Til  is  being  a  covariant  surface,  its  equation  must  be  unaltered  by 
an;  uf  the  32  collineations  so  often  referred  to ;  the  vei'ifieatiou  of 
this  idfoi-ds  a  test  of  the  correctness  of  the  work. 

10.  Comparing  the  results  thus  obtained,  it  seems  probable  that  the 
following  is  the  con-ect  equation  of  the  quadricuspidal  corresponding 
to  e^u  +  a  :  p  denoting  the  function  f  (a)  - — 
0  =  (•.-•4)'  ((.-e,)'i'i-+  (-.-e,)'  (p  -«,)'  X-Z' 

+  (•.-•■)'(<>-..)■  XT 

+  (",-«.)•  (p-",)'z'p+(«.-.,)' ((.-.,)■  I'l" 

+  (.,-=,)•  fp-.,)-rZ' 
-2  (..-.J-  (.,  -..)•  (p  .  r,)  'p  -  a.)  A-'Z-r 
-2  (.,-..)•(.,-•,)' lp-«.)(p-«,)i"J"l'" 
-2  (.,-.,)■  (,,-,,)•  (f  -.,)  (p  -.,)  X-Y'Z' 
-2(..,-r,)'(n-c,)  (f.-.,)  ((,-.,)  X-Z-!-- 
-2  (e,-..)-  (.,-e.)  (p-.,)  p  -1)  XT'Z' 
-2  (r.-e.)'  (.,-..)  (p-.,)  (p-.,)  X'PJr' 
-2  («,-.,)■  (a.-.,)  (p  -.,)  (p  — .)  x-ri- 
-2  (..-,,)■  (»,-«,)  IP-.,)  (p  -•■)  A-rz' 
-2  (,,-.,)<  (s,-,,)  (p-e.)  (p-,,)  A-ZT' 
-2(.,-,-,)  (e,-..)  lp-.,)(p-0  VZ"3» 
-2(.,-..)  („-.,)  (p-..)  (p-,,)  Z'2-r 
-2(.!.-r,)  (e,-s,)  (p-.,)  (p-.,)  Prz- 
-|(3%.P  H  -tjlP  +  Sj.y,)  A'rZ'l-. 
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At  any  rate,  this  is  a  covariant  surface :  when  i;  ^  u,  it  reda< 
it  should,  to  the  eqnatioa  of  the  developahle  generated  bj  tai 
to  the  quartic ;  and  when  17— «  =  w^,  w,,  or  *»«,  it  reduces  to  the 
spending  quartic  surface,  counted  twice. 

11.  The  aggregate  of  all  lines  which  meet  the  quartic  once  1 
up  a  complex,  of  which  the  equation  may  be  found  as  follows  :— 

Let  {XYZT),  (X'TZ'T)  be  two  points  in  space,  and  put 

zr-x'r=i>M,  xz^'-xz-pn,  xr-XT  =  p,^ 

so  that  PiiPu-^PhPu  +i'«i  JPia  =  0 

identically. 

Any  point  on  the  line  joining  (XYZT)  and  (TTZT)  is  give 

4  :  J, :  f :  r  =  XX-h/iX' :  XY-^fiT  :  XZ-k-fiZ' :  XT^fiT. 

If  the  line  meets  the  quartic,  it  will  be  possible  to  find  a  poini 
which  lies  simultaneously  on  the  cones 

Hence  we  have  to  eliminate  X  :  fi  from  the  equations 

The  result  is  ^  -  4^  (7  =  0, 

Ti-here  A  =      {(e,-^,)  XX^ZZ'-^TT]  {{e^-e^  X^-F'+r'} 
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Snbstitnting  and  ezpaading,  the  resalt  U 

-2  (.,-eO(ei-^f!,P:,-2  (*,-«,)(«,-<.,)  pJ.pL 

-2  (ei-e,)(p„p«-pi,Pn)PiiPM 
-2  (e,-e,)(j'i.^«-i'nP«)Pi.P« 
-2  (e,-c,)(p„p„-p„p„)p„j>„ 
-2(p,-e,)p;,(pJ,+p3,) 
-2(e,-*,)p;,(p>p5,) 
-2(e,-e0pJ,(p;.+p;.) 


Regarding  (.VrZ-r)  as  a.  fix. 
the  qnartic  ixine  pi'ojecting  the  c 


I  point,  this  gives  the  eqcatian  of 
:ve  from  that  point. 


12.  H  the  line  meets  the  qnartic  twice, 

A=0,     B  =  0,     0  =  0 
simnltaneonslj.     Uence  also 

X\  A  +  X*  .0  ~  XX'  .li  =  0, 
whiuh  reduces  to 

PjiPi.P«+Pi.Pi.P«  +  P..PisPn  =  0. 
Similarly  Y* .  A +  Y'*  .0 -YT  .B  =  Q 

gives  (ei-e,)p„p„p„  +  (e,-e,)p„j*„p„+p^2.^p„=0, 

and  we  also  have 

('■i-e.)j'..?'i.p»+(''.-''.)pi.j'«j'«+p«ii'».pu  =  0, 

(<■.-  e,)  Pi.Pi4Pm  +  (<■!"  «l)  PiiPi.P«+P«iPmP*i  =  0. 
Of  theae   complexes    only  two,    of    course,  are  independent;    viz 
mnltipiyiug  the  first  by  («]—«■),  and  adding  to  the  second,  we  y,e,\. 

(f.-e.)Pi.p»Pi.+  (ei-e,)p„puP„+PMPMPM  =  0, 
i.e.,  the  third  complex  ;  aad  bu  for  the  other  one. 
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Taking  the  complexes 

PnPiiPu    +    PuPitPii     +    PuPwPn  =  ^f 
i^i-^^  PitP^Pu-^  i^-H)  PvtPiMPn-^PnPuP^a  =  0, 

the  congruence  determined  bj  them  contains  as   part  of  itseli 
three  linear  congruences 

Pit  =  0)         !>»  =  0)         Pii  —  0' 

i.e.,  the  three  special  linear  congruences  formed  by  lines  which 
two  opposite  edges  of  the  self-conjugate  tetrahedron.  Reje< 
those,  we  have  left  a  congruence  formed  by  lines  which  meei 
quartio  twice.  This  is  of  the  sixth  order.  The  six  lines  pai 
tlirough  a  given  point  consist  of  four  tangents  to  the  qaartic, 
two  linos  drawn  from  the  point  **  to  the  two  apparent  dc 
points." 

In  a  given  piano  there  are  six  lines,  vix.,  the  lines  joining  tw 
iwo  the  fonr  |>oints  where  the  plane  meets  the  quartic. 

It  diH^s  not  soom  invisible  to  obtain  the  congruence  of  lines  mei 
tho  quartio  twiiv  as  tho  <\^inp!vU'  intersection  of  two  complexes  ; 
a«s  a  ourvo  is  not  nciV$$.-irily  tho  c\»mplote  intersection  of  two  snri 
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this  paper  I  conHider  the  problem  of  the  condaction  of  electricity 
along  wires,  taking  first  MaxweU's  theory  and  then  t.  Helmholtz's 
dielectric  theory. 

I  had  previocBly  considered  geveral  cases  of  thiH  problem,  assaming 
Maxwell's  theory,  in  a  paper  read  before  the  Mathematical  Society, 
June  10th,  1886. 

I  also  consider  eome  caaes  in  which,  assuming  the  electro-magnetic 
theory  of  Light,  the  "compressibility"  of  the  current  might  bo 
expected  to  produce  measurable  efiects.  The  various  theories  of 
electro- dynamics  may  conveniently  be  divided  into  two  classes: — 
(n)  those  which  neglect  the  action  of  the  dielectric  altogether,  or,  in 
other  words,  which  only  take  into  account  the  ordinary  conduction 
currents  flowing  through  conductors ;  and  (6)  those  in  which 
changes  in  the  electro -motive  force  acting  on  tbe  dielectric  are  sup- 
posed to  be  accompanied  by  changes  in  the  state  of  the  dielectrici 
which  produce  electro- dynamic  effects  similar  to  those  produced  by 
the  passage  of  electricity  through  conductors. 

It  hardly,  I  think,  requires  further  experiments  to  prove  that  those 
theories  which  neglect  the  action  of  the  dielectric  altogether  must  be 
fallacious.  For  when  an  electro- mo  Live  force,  produced  we  may  sup- 
pose by  a  moving  magnet,  acts  on  a  dielectric  medium,  it  polarises  it, 
producing  changes  which  are  accompanied  by  changes  in  its  physical 
state.  From  this  it  follows  from  the  principle  of  action  and  reaction, 
as  I  pointed  out  in.  my  report  on  "  Electrical  Theories  "  {British 
Atsocialioii  Report,  1886),  that  changes  in  polarisation  must  produce 
magnetic  forces ;  they  may  similarly  be  shown  to  produce  all  the 
effects  of  electric  currents.  It  is  true  that  it  is  only  in  material 
dielectrics  that  we  have  evidence  of  the  change  in  state  produced  by 
an  electro-motive  force;  bnt  there  is  considerable  reason  to  believe 
that  the  polarisation  produced  by  an  el ectrO' motive  force  is  primarily 
an  affair  of  the  ether,  and  not  of  the  material  dielectric  medium  ;  in 
other  words,  that  though  the  nature  of  the  dielectric  does  effect 
electric  phenomena,  the  effect  is  rather  of  the  nature  of  a  modification 
of  a  larger  effect  thau  the  production  of  a  new  one. 

For  example,  thongh  Maxwell's  theory  that  the  square  of  the 
refractive  index  is  proportional  to  the  specific  inductive  capacity  is 
not  in  all  casen,  and  especially  for  the  fatty  oils,  confirmed  by  experi- 
ment, the  agreement  is  amply  sufBcient  to  prove  that  the  dielectric 
influeucea  electric  phenomena  to  an  extent  strictly  comparable  with 
that  to  which  light  phenomena  are  influenced  by  the  refracting 
medium,  and  that  presumably  the  molecules  of  tbe  dielectric  merely 
modify  the  effect  produced  by  the  ether. 

If  this  is  so,  then  wo  may  extend  the  reasoning  previously  applied 
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to  material  dielectrics  to  the  ether,  and  conclude  that  change  of  p 
satioQ,  whether  in  an  ordinary  dielectric  or  the  ether,  prodaoes  eh 
dynamic  effects. 

Bat,  even  if  we  grant  that  changes  in  the  polarisation  oi 
dielectric  produce  electro-dynamic  effects,  there  are  still  se 
questions  left  nnsettled.  In  the  first  place,  what  is  the  rel 
between  the  rate  of  change  of  the  electro-motire  force  acting 
dielectric,  and  the  current  which  would  prodnce  the  same  ele 
dynamic  effect  ?  Maxwell  assumes  that,  if  X  is  the  electro- m* 
force,  K  the  specific  inductive  capacity,  the  equivalent  current  is 

K  dX 

4t  dt 

This  value  of  the  multiplier  of  dX/dt  was  taken  by  Maxwell  to  1 
with  his  theory  that  all  circuits  are  closed,  or  that  electricity  f 
like  an  incompressible  fluid. 

V.  Helmholtz,  adopting  another  and  more  general  theory,  reg 
the  dielectric  as  the  exact  analogue  of  a  magnetizable  substance, 
supposes  that  when  X,  an  electro-motive  force  parallel  to  the  axis 
acts  on  an  element  of  a  dielectric,  the  polarisation  produced  ma 
represented  by  a  distribution  of  electricity  of  surface  density 
over  one  and  —  X/e  over  the  other  of  the  two  faces  of  the  elem 
When  the  state  of  the  polarisation  alters,  he  supposes  that  the  e 
valent  current  is  one  which,  if  it  flowed  through  the  element,  w< 
produce  the  required  changes  in  the  distribution  of  electricity  < 
the  faces.     If  the  circuits  are  not  closed,  then,  as  far  as  our  pre 
knowledge  extends,  the  expressions  for  the  vector  potential  due 
distribution  of  electric  currents  are  indeterminate,  but  v.  Helml 
has  shown  that  this  indeterminateness  can  be  adequately  represei 
by  the  use  of  a  new  constant  k  which  cannot  be  negative. 

Thus  tlie  points  in  the  theories  that  are  unsettled  are, — first,  whei 
all  circuits  are  closed.  If  they  are,  wo  have  a  complete  theory  ;  if  i 
aro  not,  we  require  to  know  tho  relation  between  the  rate  of  cha 
of  tho  electro-motive  force,  «and  the  current  which  would  pixiduce 
same  electro-dynamic  effect.  Secondly,  if  the  circuits  are  not  clo 
wo  require  to  know  the  value  of  v.  Helmholtz's  constant  k. 

The  following  pnges  contain  investigations  of  some  problemi 
electro-dynamics  according  to  both    Maxwell's  and   v.    Helmho 
theory,  made  with  especial   reference   to   the  points  on  which 
theories  differ. 

The  iioMtion  is  the  sa^^      ^^|||ped  in  the  previ< 
same  subject,  and  is  as  # 
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Ff  (?,  H  are  the  components  of  the  vector  potential. 

a,  &,  c   those  of  magnetic  induction. 

a,  /3,  y  those  of  magnetic  force. 
X,  y,  Z  those  of  electro-motive  force. 

•  •  • 

/,  gj  h  those  of  the  currents  whose  electro- dynamic  action  is  the 
same  as  that  of  the  change  in  the  polarisation  of  the 
dielectric. 

tt,  V,  w  the  components  of  the  ordinary  currents  through  con- 
ductors. 

0  is  the  electro- static  potential. 

K  the  specific  inductive  capacity. 

/I  the  magnetic  permeability. 

tr  the  specific  resistance  of  a  conductor. 

k  a  quantity  such  that  the  components  of  the  vector  poten- 
tial due  to  the  currents  u,  v,  w  through  an  element 
dx  dy  dz  are  expressed  by  the  equation 

F^\^+\(\-^k)iu^^^v^^-w^\\dxdudz, 
\r       ^^        ^\    didx^    d^dy^     didz)  i       ^     ' 

where  r  is  the  distance  of  the  point  {^nO  at  which  the  potential 
is  reckoned  from  the  element  dx  dy  dz.  v.  Helmholtz  has  shown 
that  this  is  the  most  general  expression  for  the  vector  potential 
consistent  with  the  expression  for  the  magnetic  force  due  to  a  closed 
circuit,  agreeing  with  those  given  by  Ampere,  which  have  been 
amply  confirmed  by  experiment. 

For  convenience  of  reference,  I  will  now  write  down  the  equations 
we  shall  require,  dividing  them  into  three  classes. 

(a)  Equations  which  are  true  on  either  theory. 

(b)  Equations  which  are  true  on  Maxwell's  theory,  but  not  on 

Helmholtz's. 

(c)  Equations  which  are  true  on  Helmholtz's  theory,  but  not  on 

Maxwell's. 

Equations  true  on  either  theory  : — 

^_      dH     dO  .,. 

^-     ^"57  (^>' 

Y  —      dF      d<f>  .„v 

au=^X (3), 

fin  :=  a  ; (4). 
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At  the  boandary  of  two  different  media,  the  components  of  the  vc 
potential  arc  continaons,  as  are  the  magnetic  induction  at  n'ght  an 
to  the  sarfaoe,  and  the  magnetic  force  parallel  to  the  surface. 

Equations   trae    on    Maxwell's     theory,    bat   not   on   Helmho 
theorj  : — 

dx       dij       dz  

£"+A+|(»+»)+£<-+»)  =  ')  

g-i'  =  *'C-/) 

/="  X  in  a  dielectric    ( 

From  these  follow — 

V'9  =  0  in  both  dielectrics  and  conductors, 

'V^'^=  T?+r^  i^adi^'cctric    ( 

fiK  df^       dxdi  ^ 

- —  V'Fss  ---  4-  -?  in  a  conductor (\ 

4ir/i  dt       dx  ^ 

Equations  which  are  true  on  Holmholtz's  theory,  but  not  on  Ma 
weJi*s ; — 

^=T   0: 

^F^da_^dii^^^^d^   

dx        dtj        dz  dt  ^ 

dy      dfl        4  /  f^0        A     f     .  ;.  \ 

wlujrc  .4  is  the  ratio  of  tho  measures  of  a  quantity  of  elei;tricit\ 
cleetrD-statio  and  elect ro-magnetie  systems. 

From  these  follow — 

nnd  ill  a  tlieleotric,  since 

/  _      drF  _     d'^ 
c       P^^^dldx 


fc. 


1 


v 
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and  therefore 

€  \dx      dy      dz  J           dt*\dx      dy       dz  I      dt 
we  get  V'0  =  ^!^'  ff (15). 

X              n     .                                        dF     d^ 
lu  a  conductor,  <n«  =  —  -r -^f 

dt       ax 

tr  (^  +  ~  +  ^\  =  —  —  /^  —  +  —  4-  —  )  —  V^^ 
\(£;e      (i^      dz  /  dt\dx       dy       dz  I 

and  therefore  (j^  £+l)vV=^A;|^  (16). 

From  equations  (1)  and  (13),  we  see  that,  in  the  dielectric, 

4Tr,i^  d^*       (ia!(iA     4ir€  4flr€ti)  ^^' 

in  a  conductor, 

47r/i  </^        \4ir/i      4ir/  ciajc^i      d» 

On  comparing  these  equations,  we  see  at  once  that  the  equations  for 
0  are  fundamentally  different  in  the  two  systems.  According  to 
MazweH's  theory,  V^  vanishes  both  in  conductors  and  dielectrics,  so 
that  according  to  this  theory  ^  is  propagated  with  an  infinite  velocity, 
while  according  to  v.  Helmholtz's  theory,  since 

0  is  propagated  with  the  velocity 

{l+4ire/^'A;4ir€}». 

It  is  interesting  to  consider  the  different  results  to  which  these 
theories  lead.  Take,  first,  the  case  of  two  concentric  spheres  whose 
potentials  vary  as  e**. 

The  results  of  the  theory,  when  V*0  =  0,  are  too  well  known  to 
require  quotation. 

When,  however,  V^  =  -; — z —   TV  > 

lH-4?rc  d^ 

or,  say,  V>  =  v\  ^  ^f , 
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"where  v>q  is  the  velocity  of  propagation  of  the  electro-static  potc 
we  have  for  the  case  of  two  spheres,  if  f  a  e^, 

-S  (^*)+  £]  (r^)  =  0,   or   rf  =  A€^^o^B€-^'^. 

Let  a  and  h  be  the  radii  of  the  spheres,  ^i^^  and  ^fc"* 
potentials ;  then,  inside  the  inner  sphere,  since  ^  does  not  becom 
finite  when  r  =  0,  we  mnst  have 


0 


a^i  sin  ( -2.  r )  €*'* 


JL  ^ 


sin  -«—  a 

^0 


outside  the  outer  sphere,  we  have 

f  =  -^ ; 

r 
between  the  two  spheres, 

0  =  ^ — ; 

r 
to  determine  A  and  B^  we  have 

From  these  we  deduce 

\  a^i  sin  J-  (r— 6)— 60,  sin  -^  (r  — a)  [ 
0  =s  J^ £o ^ L  e^. 

r  sin-^  (a— 6) 

If  <r  is  the  density  of  electricity  on  the  inner  sphere,  since 
equals  the  difEerenco  between  the  forces  just  iuside  and  outside 
have 

4t^  =  -^  01  e'*^  (cot  -^  a-cot  ^  (a -  6)  +  -^  0,  e"« ^ 

Vo  ^  I'o  *'o  Va  •Pi' 

"  0  0  0  a  sm  -^  (a — 

If  ^'  is  the  surface  density  on  the  outer  sphere,  we  find  similarly 

4T<r'  =  i'-  0^€''* ^^ +  -^  #,€•>'  f  i  +  cot  P   (b-a)) 

I  sin  ^(a-b)       ''^  ^  *o  'f 

*o 

We  see  from  the  equations  that  the  coefficient  of  capacity  of  the 


1888.]     Ekdrieal  Oscillations  on  Cylindrical  Conduclorg, 
spheres  (defioed  &a  in  Maxwell,  Tol.  i.,  p.  102)  is 


and  also  that  the  spheres  may  be  charged,  even  tliongh  their  potentials 
are  eqnal.  We  also  see  that  the  density  on  the  outer  sphere  is  not  tn 
the  same  phase  as  the  potential ;  tKe  force  inside  the  inner  sphere  is 
also  Gnite. 

Bj  making  the  radius  of  the  spheres  infinite  and  their  difference 
finite  and  equal  to  A,  we  get  the  caseof  tno  parallel  planes.  We  easily 
find  that,  if  the  planes  are  at  right  angles  to  the  axis  of  x,  and  if  the 
equation  to  the  plane  whose  potentials  are  ^i  and  ^,  are  z  =  0  and 
x=h  respectively,  the  potential  outside  the  plaues  when  a;  is  negative  is 

»,«p.*i(i-.i+.), 

or,  taking  the  real  part  only, 

^,cos  -^  (pf+x)  ; 
between  the  planes, 

#,  Bin-2-  (A_j,)  +  f,ain-2-at 


Bin-tft 
oataide  the  planes  in  the  region  where  x  is  positive, 

*,  =  ^,co8p((-t^=^). 
The  capacity  of  unit  area  of  the  planes  is 

*'t.,sin2A' 

Now  p/o,  =  2t/X,  where  X  is   the  wave-length  of  the  electrical 
vibrations,  so  that  the  capacity  of  nnit  area  of  the  plate 


thus,  when  the  length  of  the  electrostatic  waves  is  comparable  with 
the  distance  between  the  plates,  the  ordinary  expressions  cease  to 
represent  the  capacity. 
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It  will  be  noticed  that  the  force  outside  the  planes   no 
vauishcs,  bat,  when  x  is  positive,  equals 

^^jsinjp  U-^:=l-), 

In  order  for  X  to  be  of  moderate  size,  the  time  of  vibrations 
be  very  rapid,  but  Hertz  has  succeeded  in  getting  electrical  sj 
whose  vibrations  are  so  rapid  that,  for  a  disturbance  propagated 
the  velocity  of  light,  X  would  not  be  much  more  than  a  metre.  I: 
case  the  force  outside  the  plates  might  be  expected  to  be  finii 
would,  however,  on  account  of  the  extremely  rapid  rate  of  rovers 
difficult  to  detect,  unless  we  could  get  some  substance  which  g] 
when  acted  upon  by  a  varying  electromotive  force.  The  rarifie 
inside  an  electric  lamp  seems  to  do  this  to  some  extent,  and  mig 
of  service  in  proving  or  disproving  the  existence  of  an  electroi 
force  outside  two  infinite  parallel  planes. 

Another  way  in  which  it  might  perhaps  be  done  would  be  to  r 
the  vibration  from  some  plane  at  constant  potential,  and  thus 
stationary  vibration  which  we  may  represent  by 

0  =  0j  cos  ---  X  COBjpt. 

and  there   will    be  a  force  acting  on  a  small  insulated  condo 
equal  per  unit  volume  to 

^j  —J-  cos  -    X  am  --  x  cos*  pf, 
AX  A 

the  mean  value  of  which  is 

The  maximum  value  of  this  is  the  same  as  the  force  which  i;i 
bo  exerted  on  the  same  conductor  if  placed  outside  a  sphere  of  n 
\/2v  maintained  at  the  potential  0,. 

We  might  thus  either  prove  the  existence  of  this  force,  in  'w 
case  electricity  cannot  move  like  an  incompressible  fluid,  or  else 
an  inferior  limit  to  the  velocity  of  propagation  of  the  potential. 

We  shall  now  go  on>^^^^uui  the  propagation 
metallic  wire.  f  ^L 
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It  IB  convenient  to  dietingtiish  two  cas 
foice  is  along  the  wire,  and  the  cnrrentB 
whose  planes  are  at  right  angles  to  the  axis  of  the 
centres  are  along  it. 

In  this  case  we  may  pnt,  if  the  axis  of  the  wire 
axis  of  », 


where  the  mt^netic 

wire  flow  in  circles 

),  and  whose 


Thn. 


ax  dy 

where  ji  is  a  constant,  and  x  &i>^  ^  functions  of  r  and  * ;  and,  if  we 
suppose  that  wc  arc  considering  a  wave  whose  period  is  2ir/p  and 
whose  wave-length  is  2r/m,  all  the  qoantities  will  vary  as  e''"**'^. 

dy        dz  dx' 

,       dF      dH       .     dx 
dt       dx  dy 

_dO   _  tfF  _  __  Jx   .  <^X 
dx      dy  dz*     dy* ' 

From  oqnations  of  type  (9),  we  have  in  a  dielectric,  on  Maxwell's  theory, 


'.  Helmholtz'e,  we  have  s: 


ailarly 


or,  if  V  be  the  velocity  with  which  the  eluctro-dynamic  influence  ia 
propagated,  we  have  on  either  theory 


di"' 


u'V'o  = 
with  similar  equations  for  b  and  c. 

In  a  conductor,  - —  *'a  =  —  -—  . 

4ifi  at 

Since  a  varies  as  t'l'"*'''^  these  equations  may  be  written,  salutitnt- 
ing  for  a  its  value  tm  dx/dx. 


^  +  J_^_[ 


u  the  dielectric. 


TOL.  XQ. — MO. 
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and        fX  +  1  ^  _  (^«+  iHtiS)  X  =  0  in  the  condnotor. 
dr       r    dr       \  tr     J 


Let  7h'~  ^  =  ic«, 


.'+^2fiP  =  n'. 


Then  X  =  ^^o  (**^)  ^^  *^®  dielectric, 

=  5e7"o  (wy*)  in  the  wire, 

where  Jq  (x)  and  /<,  (a;)  are  the  Bessers  functions  of  zero  order  which 
vanish  when  a;  =  oo  and  when  a?=0,  respectivelj.    Thus 

and      7,(i..)=2{^-f^^(l^l) 

-(l.l6+log^)jo(t'cr). 

The  magnetic  induction  along  the  radius  is  Bin  JJ  (inr)  in  the  wire, 
and  AiK  Jq  (t«:r)  in  the  dielectric.  At  the  surface  of  separation  of  the 
wire  and  the  dielectric  these  must  be  equal,  so  that,  if  a  is  the 
radius  of  the  wire, 

BinJo(ina,)  =  Jliic  JJ  (wca)  (19). 

Again,  since  c  =  —  --¥  — 7^ , 

cw'      dtf 

we  have  c  =  —  i^AI^^  (iicr)  in  the  dielectric, 

and  =  —  n'5/o  (wr)  in  the  wire  (20). 

Since  the  magnetic  force  parallel  to  the  surface  is  the  same  in  the 
two  media  close  to  the  surface  of  separation,  we  must  have,  if  ^  is  the 
coefficient  of  magnetic  permeability  of  the  wire, 

Jq  (ina)  =  k^A  Iq  (iica). 

Eliminating  A  and  B  from  equations  (19)  and  (20),  we  g^et 

/LA    c/o(tna)         •  io(t«ca) 
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a  relation  connectiog  the  ware-leagth  ^v  jm  with  the  time  of  vibra- 
tion 2t/j), 

Let  OS  first  consider  the  case  of  iron  wires  where  f  is  large  ;  then 
since,  in  this  case,  the  Igft-hand  side  of  eqaation  (21)  will  be  small, 
hence  k&  mnat  be  small ;  and,  when  this  is  the  case,  we  have  appi-oxi- 
mately 


'T^  =  -'''-'°^r- 


Let  as  first  take  the  c 


.{".^"f^  =  -  2  j  1  +  ^' j  approximately. 


/;  (ina) 
Eqnation  (21)  therefore  I'ednces  to 


To  solve  this  equation  let        I'a'  =  fce**, 

then,  equating  real  and  imaginary  parts,  we  get 

ftlog  |-coaV'-fc+sin  ^= -^  (1  +  *!^')  , 

h  log  —  sin  ^  =  -*- — . 
Since  k  is  very  small,  the  solution  of  these  equations  is 

*       2      »   ' 
so  that,  eiuce  ^  =  m'—  '^j 


we  get 


™--^=-- 


aV  log  2/1 


'l+M) 


or,' since  p*/!!' is  small  compared  with  nt',  nnless  the  vibrations  are 
of  great  rapidity, 

"=4,-?4^,}'{'+'^l w- 

2x2 
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This  represents  a  disturbance  whose  wave-length  is 

the  velocity  of  propagation  being  therefore 

4<r  ( log2Ai  *)  * 

The  distance  to  which  the  distorbance  travels  before  the  ampli 
its  vibration  falls  to  1  /e  of  its  original  value  is 

|(2,xlog2/*)»; 

this  is  small  compared  with  the  wave-length.     So  that  thedistu 
practically  dies  away  before  completing  a  single  undulation. 

If  any  arbitrary  distribution  of  magnetic  force  be  produced 
the  wire,  and  if  this  by  Fourier's  theorem  be  expressed  as  a  sc 
harmonic  terms,  equation  (22)  shows  that  the  harmonic  term 
will,  when  the  external  force  producing  the  arbitrary  distribm 
removed,  die  away  to  1/e  after  a  time 


Another  case  of  interest  is  when  fia,  instead  of  being  small,  ii 
compared  with  unity,  but  small  compared  with  fi.  In  this  c 
will  still  be  small,  and  since,  when  na  is  large, 

Jo  (tna)  =  —  iJo  (*»wfc)> 


,2„« 


equation  (21)  becomes    —  c^a'log— -—  = na, 

4  /x 

or,  approximately, 

=  3f  (1-fi),  say. 
To  solve  this  equation  put 

K-'a'  =  A*€'>; 

then,  equating  real  and  imaginary  parts,  we  get 

k  log  -r-  cos  ilz—kxl/  sin  ij/  =  3f, 
4 


or 
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h  log  -p  sin  ^  =  M, 
An  approximate  solution  of  these  equations  is 

^       4' 


k  =  —  m-v/2/log 


M 


2^/2' 

v'        a  C  /Iff  )  (.  irpa*  3 

Neglecting  ^'/«'  as  before,  the  solution  of  this  is 


hence 


This  represents  a  wave-motion  whose  wave-length  is 


propagated  with  velocity 


a»o*ii»ff«  ^  -— T  log  -^— _  ^   sec 
C  4ir*         iroa'  -> 


4/Aff  ^» 


IT 

8"' 


and  dying  away  to  1/6  of  its  original  amplitude  after  traversing  a 


distance 


w 


cot  — -  (wave-length). 

o 


To  reduce  this  to  numbers,  let  us  take  the  case  of  an  iron  rod 
1  centimetre  in  radius,  and  for  which  <r  =  10*,  /i  =  600 ;  then,  for 
vibrations  in  the  magnetic  force  at  the  rate  of  100  per  second,  the 
velocity  of  propagation  is  in  round  numbers  between  5000  and  6000 
centimetres  per  second.  The  wave-length,  therefore,  is  about  6  or  6 
centimetres,  and  the  amplitude  of  the  vibration  would  die  away  to 
1/e  of  its  original  value  after  traversing  about  13  or  14  centimetres. 

The  preceding  cases  only  apply  to  iron  wires,  as  for  wires  of  all 
other  metals  we  may  put  /x  =  1 ;  in  this  case  equation  (21)  becomes 


.    Jo  (ins,)        .  Jo  (iicak) 
Jo  {ins,)  Ig  (lira) 


(23). 
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We  can  see  that  there  cannot  be  distorbance  propagated  whose  i9 
length  is  a  large  mnltiple  of  the  diameter  of  the  wire,  for  in  this 
ca  is  small,  and  the  right-hand  side  of  (23)  very  small ;  bnt  the 
hand  side  of  (23)  camiot  be  small,  nnless  %na  is  nearly  eqnal 
where  £  is  a  root  of  the  equation  /«  (z)  =  0.  The  smallest  valne 
and  therefore  of  tna,  is  abont  2' 5,  which  is  not,  as  is  required  bj 
supposition,  smalL 

When  fta  is  large,  an  approximate  solution  of  (23)  is 
where  if  is  a  root  of  the  equation 

H  (»)  =  0, 

SO  that,  in  this  case,  we  have  a  disturbance  fading  away  to  1/e  of 
value,  after  traversing  a  distance  comparable  with  the  diametei 
the  wire ;  so  that  in  this  case  the  disturbance  is  practically  not  ] 
pagated  at  all. 

The  two  theories  lead  to  identical  results  in  this  case.  We  si 
therefore  go  on  to  investigate  the  case  when  the  current  is  loi 
tudina),  and  the  lines  of  magnetic  force  transverse. 

In  my  previous  pap>er^  I  investigated  several  cases  of  this  probl 
assuming  Maxwell's  theory.  In  that  paper,  however,  as  Mr.  Heavii 
has  pointed  out,  /*  has  been  left  out  of  one  of  the  boundary  conditio 

which  was  taken  as   dll  dr  continuous  instead  of  —  dH/dr,  whe 

is  the  ma^rnetic  permeability  of  the  wire.  The  effect  of  this  cha 
in  the  boundary  condition  is  to  introduce  a  fi  under  the  differei 
coeflScient  of  a  J^  wherever  it  occurs  in  a  final  equation.  1 
change  will  not  affect  the  results  arrived  at  for  copper  wires,  nor 
the  velocity  of  propagation  of  a  disturbance  along:  an  iron  wire  ; 
the  latter,  however,  it  does  affect  the  rate  at  which  the  vibrations 

awav  ;  in  fact  thev  will  onlv  travel   —  times  the  distance  statec 

that  paper,  ar.d  hence  a  disturbance  will  travel  further  along  a'co] 
wire  than  along  an  iron  one  instead  of  the  reverse. 

In  the  case  of  a  cuiTent  flowing  longitudinally  along  a  met 
wire  surrounded  by  a  dielectric,  we  have,  on  Maxwell's  theory 
Proc.  of  Math,  Si*c,.  xvii.,  p.  3rJ), 

in  the  wire,      o  =  -4  J^  (?')>?  r)  c'*'  c *'*. 

n=  (/?,r,(t«r)-  -^  .4.r,(fwr))€'~^e*r 
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F  = 


dx ' 


dy 


\    71  ip  / 


g<mx^<i*. 


in  the  dieleotric, 

9- 


H  = 


F  = 


A%(imr)€"^'e"*, 

(dJoCiw^)-  f^A%  (imr))  c-'e*', 


tp 

dy' 


=  (-^DloCicr)-^  Jo(tmr))  c'-c^ 


where 


y  =  ^i+J^, 


v  being  the  velocity  with  which  electro-dynamic  influence  is  pro- 
pagated. 

Since  ^  and  H  are  continnons, 

BJq  (tna)  =  DIq  (tica). 

Siace  the  magnetic  force  parallel   to  the   surface  —  f  -, ^-  | 

is  continuous,  we  have  /*  C    r         raz) 

or,  eliminating  ^  and  D, 

m'-^'  /q  (ina)  __  m  — fe'  Jp  (tVg)  , , .  v 

ft7i      /q  (ina)  Zf        Jo(tica) 

an  equation  which  is  shown,  in  the  paper  already  referred  to,  to  denote, 
in  general,  a  disturbance  propagated  along  the  wire  with  velocity  v. 

Let  us  now  investigate  the  same  problem  on  v.  Helmholtz*s  theory. 
In  the  dielectric,  the  equation  for  0  is 

*"       l+4ire  df' 


t 
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of  which  the  solution  is 


where  '*  —?•».— «  


,  ,        •  A*k4iire 


in  the  wire  the  equation  for  f  is 
of  which  the  solution  is 


where  5'*  =  m'  — 


^    •    I  1 


In  the  dielectric  the  equation  for  H  is,  see  equation  (17), 

AflTfxe  di?       dzdt\    4ir€  4nr€f«/ 

of  which  a  particular  integral  is 

\        4ir€/  2>'    dzdt 
The  complete  solution  of  (25)  is 


where  A;''  =  m  —  -^ , 


^2 
V 


and  v^  the  rate  of  propagation  of  the  electrodjnamic  action. 

Q.  dF  ,  dQ  .  dB  .21   ^0 

Since  T^-l-^  T^"^^  :^' 

oa;      (17/        dz  dt 

the  values  of  F  and  G  are  given  by  the  equations 

F=^>^,     n=—\ 
dx  ^     ^        dy  * 

where  x'=  "  ^^  317.  0TO+ (l+ ,-^J  ^  f . 


*  In  this  equation  (r  is  measured  in  electrostatic  units. 
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In  the  wire  the  equation  for  H  is,  see  equation  (18), 

q-    — 2  CT  I_  dH  __  /  o-jST ^  \   (p0    ,  (^ 

47r^  d^       \4ir/x      4^1  dxdt      dx* 

of  which  a  particular  solution  is 


JJ  = 


(i^^+^)  ^ 


jj*  dzdt* 

where  n^  z=  m^-\ ^--^ . 


a 


The  values  of  F  and  G  are  given  by  the  equations 

dx  dy 

where  X  =  - ^ MJ, (inr)  +  ^^.     ^    ^ , 

If  a  is  the  radius  of  the  wire,  we  have,  since  0  is  continuous,  as  we 
pass  from  the  wire  to  the  dielectric, 

VI,(iq^)  =  LJ,(iq'B.). 

Since  H  is  also  continuous,  we  have 

m,  (tVa)  _  (1+  ^)  :^ L%  (tga) 

=  MJ,  (tna)-  (^^+1)  -  LJ,  (tg'a). 
Since  F  and  0  are  continnons,  we  have 

M'  ^  n  (iica)  -  -^^ ^!^  LX  (iga) 

K  p 

=  M-^  JJ(tna)--2l  (_V+l)  LJiiiqs,). 
n  p    \4kvip        I 

The  induction  parallel  to  the  surface  of  the  wire  is 


MinJo  (in  a) =-  inHX  (ins,) 

in  the  wire,  and      M'vcTq  (iVa) j-  MH^  (tVa) 

1 

in  the  dielectric.    Since  the  magnetic  force  parallel  to  the  surface  is 
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continnoas,  we  have 

i  Mtn  (l-  ~)  r,  (tna)  =  Jfwi,' (t^'a)  (l— ^r*)- 

From  tbese  equations,  we  get 


M- 


Jo(*na)—  — 


— -/o  (ina)  ]  1-  -— J   [ 

Eliminating  M  and  X  from  these  equations,  we  get 

Jq  (tna)  _  n_   \         n' /  Jq  (t/a) 
Jo  (iw  a)      «:,  A<    / 1  _  ^*  \   ^0  (^*'a) 

I 
!!^f  1_  -!^f^J  r£-5^)  '>^.W»)  /.«? 


In  Maxwell's  theory,  in  the  corresponding  equation  the  right- 
side  was  the  same,  but  the  left-hand  side  vanished.  To  invest 
the  magnitude  of  the  right-hand  side,  we  must  remember  that 
measured  in  electrostatic  units,  and  that  its  value  in  these  i 
even  for  so  good  a  conductor  as  copper,  is  of  the  order  1*6  X 
so    that   we    may  without    appreciable    error,   substitute  unit 


Z'!^  -j-1,  and  put  q  =  q, 
47r 


Now, 


2  2        P' 

=  «i  —  -*- 


v„ 


so  that,  unless  the  vibrations  are  so  rapid  that  the  wave-leng 
comparable  with  the  radius  of  the  wire,  qa  will  be  extremely  i 
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and  we  may  therefore  put 


where 


Again, 


Jo  (iqa)  =  1,     Jo  (iqa)  =  log  (yiqa), 
logy  =  -677— log2. 

n^—m*  =  — ^,     and     /fj— m'  =  ^  ; 


so  that,  unless  the  vibrations  are  comparable  in  rapidity  with  those  of 
light,  ii?—7n?lfjL  (*cj— m')  will  be  large  compared  with  unity;  so  that 
we  may  write  the  right-hand  side  of  the  equation  (25)  as 


—  log  (yija), 


l-|-4ir€   /A 

and,  unless  na  is  large,  this  will  be  small  compared  with  either  term 
on  the  left-hand  side  of  equation  (25) ;  so  that,  unless  the  vibrations 
are  so  rapid  as  to  make  najfi  very  large.  Maxwell's  and  v.  Helmholtz's 
theory  give  the  same  results  for  the  velocity  of  propagation  of  a 
disturbance  along  a  conductor. 

In  the  previous  paper  we  proved  that,  for  a  wire  at  an  infinite 
distance  from  another  conductor,  the  velocity  of  propagation  was  the 
same  as  that  of  electro- dynamic  actions. 

Many  experiments  have  been  made  to  determine  this  velocity,  with 
exceedingly  discordant  results,  as  the  following  table  taken  from  Sir 
William  Thomson's  paper  on  the  "  Velocity  of  Electricity  "  {Reprint^ 
Vol.  II.,  p.  132),  will  show. 

Miles  per  Second. 

288,000 

18,780 

28,524 

112,680 

62,600 

2,700 

7,600 


Wheatstone,  in  1834,  with  Copper  Wire ^ 

Walker,  in  America,  with  Telegraph  Iron  Wire 

Mitchell  ditto  ditto  

Fizeau  and  Gounelli,  Copper  Wire  

Ditto  Iron  Wire 

A.  B.  G.  (copper),  London  and  Brussels  Telegraph      

Ditto    (copper),  London  and  Edinburgh  Telegraph 

Induction  Coils  through  2,600  miles  Atlantic  Cable  tested  by 

heavy  Needle  Galvanometer,  Queenstown,  1867 
Darnell's  Battery  through  3000  miles  Atlantic   Cable*) 

tested  by  Mirror  Gkilvanometer,  Devonport,  1888     y 


] 


1,430 
3,000 


To  these  we  may  add  W.  Siemens'  determination  {Fogg,  Ann,,  clvii., 
p.  309,  1876)  of  the  velocity  through  iron  wire  as  1*8  X  W^  centi- 
metres  per  second,  and  Hertz's  (Wiedemann's  Annalen,  xxxiv.,  p.  659, 
1888)  as  2  X 10^^  centimetres  per  second.      The  discordance  between 
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these  results  shows  that  the  preceding  theory  is  not  applical 
the  most  obvious  cause  is  the  presence  of  condnctors  in  the 
bourhood. 

In  my  preceding  paper  I  investigated  the  effect  of  capacity 
velocity,  and  showed  that  the  action  is  or  is  not  propagated  -w 
velocity  of  propagation  of  electro-dynamic  action  according  as 

(capacity  of  a  centimetre  of  wire\  /resistance  of  a  centimetre  oi 
in  electrostatic  measare        /  \    in  electro-magnetic  measi 


is  small  or  large  compared  with  unity,   Aswfxipa/a   being  a 
quantity.   If  this  quantity  is  large,  the  disturbance  is  propagated 
the  wire  with  the  velocity  of  propagation  of  electro-dynamic  ac 
Now,  if  we  consider  the  case  of  an  overhead  tel^iraph  wire 
radius  is  at  the  distance  d  from  the  ground,  the  capacity  in  el 
static  measure  of  a  centimetre  is 

11      2d 
a 

so  that,  if  the  wire  is  '25  of  a  centimetre  in  radius,  and  at  a  heij 
four  metres  from  the  ground,  the  capacity  of  a  centimetre  is 
1/18.  The  resistance  of  such  an  iron  wire  is  about  5  X  10*  in  el 
magnetic  measure,  so  that,  unless  the  direction  of  the  current  chf 
nearly  400  times  a  second,  the  quantity  (26)  would  be  larger 
unity,  and  the  velocity  of  propagation  in  this  case  would  not  I 
same  as  that  of  electro-dynamic  action. 

In  this  case  it  is  shown  that  the  velocity  of  propagation  is 


'  m' 


where  r  is  the  resistance  of  a  centimetre  of  the  wire,  and 
capacity  of  the  same  length.  As  the  velocity  in  this  case  depen 
the  rate  of  reversal  of  the  current,  vibrations  of  different  pitcl 
travel  at  different  rates ;  thus,  if  an  arbitrary  disturbance  is 
municated  to  the  wire,  we  cannot  without  further  investigation 
at  what  rate  it  will  travel.  The  axis  of  the  wire  being  as  b 
taken  as  the  axis  of  z,  let  i^be  a  function  of  z  and  t,  represei 
some  quantity  which  is  propagated  according  to  the  same  laws 
disturbance  along  the  wire. 

Then,  since  jr— g.ci^^m.) 

will  satisfy  this  condition,  if 


v'ar        v' 
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where  r  is  the  resistance  of  unit  length  and  c  its  capacity ;  so  that 

^r     \       (a)  e"^'"^"'' COB  m(z -a)  dmda     (27) 

will  satisfy  the  condition,  and  by  Fourier's  theorem  will  equal  F  («), 
when  F=:0,  Thus,  if  F  (x)  represents  the  value  initially,  the 
expression  (27)  will  represent  it  after  a  time  f,  since 

f **  €*•*" ooQbxdx  =  ^ €-^/*«. 
J-oD  va 

We  may  write  the  expressions  (27)  as 

^virtv  J  -00 
so  that,  if  the  disturbance  were  initially  confined  to  a  short  space  near 
the  origin,  writing  Fi  for  I  F  (a)  dx,  we  see  that,  after  a  time  t  and  at 
a  distance  z,  it  will  be  represented  by 

-^^'-^^^"^   (28). 


2v^  4n}'t 

The  disturbance  at  z  will  attain  a  maximum  after  a  time  T,  where 

77  _  ^rc 

Thus  z/T  =  v*/zrCf  and  since  this  is  the  quantity  which  is  measured 
when  the  velocity  of  propagation  is  measured  by  means  of  signals 
along  telegraph  wires,  we  see  that  the  "  velocity  "  will  depend  upon 
the  length  of  the  line,  being  greater  the  shorter  the  line.  This  will 
explain  the  discrepancy  between  the  results  of  the  various  experiments 
made  on  the  rate  of  propagation  of  signals  along  telegraph  wires. 

Since,  however,  the  above  theory  only  applies  when4ir/i2?/ais  small, 
it  will  not  explain  why  in  Hertz's  experiments,  when  periodic  currents 
which  alternated  millions  of  times  in  a  second  were  used,  the  velocity 
of  propagation  along  the  wire  was  not  the  same  as  that  of  electro- 
dynamic  action,  as  in  this  case  AsTTfipltr  was  large,  and,  whenever  this 
is  the  case,  the  velocity  along  the  wire  is  the  same  as  the  velocity  of 
electro-dynamic  action  through  the  dielectric. 

The  velocity  was  determined  by  measuring  the  electrical  wave- 
length and  dividing  by  the  period  of  vibration  of  the  electrical 
system. 


/ 


/ 
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Tliifl  Hjstem  consififced  of  two  plftt-ee  of  a  oondemer  oonnected  by 
win*,  ami  tho  time  of  vibration  of  this  Bjstexn  was  dednoed  from  t 
formula  'It's/ Lc^  where  L  is  the  coefficient  of  Belf-indnction  of  t 
wilt)  and  r  the  capacity  of  the  condenser.  The  coefficient  of  se 
inductiun  L  was  calcalated  on  the  sapposition  that  the  cnrrent 
uniform  thronghont  the  length  of  the  wire.  This  forznnla.  howevi 
aR  tho  following  investigation  shows,  is  onlj  tme  for  altemati 
ruri-cntH  when  the  elcctncal  wave-length  is  very  much  greater  thi 
the  length  of  the  wire,  and  cea«es  to  be  aoenrate  when,  as  in  Hertj 
exporimonts,  tho  wave-length  is  only  a  small  mnltiple  of  the  length 
wiiv ;  tho  actual  numbers  in  Hertz's  experiments  being*  abont  3  to  ] 

Lot  UR  consider  the  case  of  two  plates  of  a  condenser  connected  1 
a  wire,  and  let  us  suppose  that  the  plates  of  the  condenser  we 
originally  charged  with  equal  quantities  of  positive  and  negati^ 
electricity.  Tho  quantity  of  positive  electricity  which  flows  out  i 
one  plate  of  the  condenser  must  be  the  same  as  the  qnandty  < 
negative  which  flows  into  tho  other. 

Let  UH  take  tho  wire  as  the  axis  of  «,  the  origin  being*  at  one  end  < 
the  wire.  Then,  if  I  is  the  length  of  the  wire,  we  may,  nsing  the  san 
notation  as  before,  put 

tp   dz 

^.                                       dH     d^ 
{Since  9W  = _  —  ^ 

at       dz 

tho  quantity  of  electricity  which  flows  through  a  section  at  a  distanc 
z  from  the  origin 

=  I  w2Trdr 

=  -^  (€<-(-4r.^^.H»(.-4/)j  ^ipi  r /oCinr)  2irrdr; 

but,  since         —^ — -  + ^ —  nVo  (inr)  =  0, 

dr  T  ar 

itr    dr  \         dr      J 
Making  this  substitution,   we  seo  that  the  quantity  of  electrioitj 
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flowing  through  the  section  at  a  distance  z  from  the  origin 

= ^  cos  m  U—  -[T  )  c***  2Ta  —  Jo  (*»«), 

rra  \        2  /  da 

so  that  the  quantity  flowing  oat  of  the  first  condenser  into  the  second 

If  F|  and  F,  are  the  potentials  of  the  plates  of  the  condensers,  0  the 
capacity,  this  must  eqnal 

-0|(F.-F.). 

We  have,  since  F  and  0  are  oontinnoas, 

T>  / wi  y/ / .     X      m  Iq (tied)  T  t  •     \\      -4^ It*/*      \     I{i(ima)  y  f      \ \ 
\n  «  I^\%Ka)  I        'p   \  IJi^vina)  I 

p    ima  I^^vma)* 
and  therefore 

Bm  «/.     x/        m'— n'\  -4     1   ,.     v 

—  Jo  (*wa)U f— 75]  =  —  : {ima), 

nyL  \        Tnr—k^t  ipa  Iq 

or,  approximately,  since  k*  is  small  compared  with  m\ 

5i?^JJ(i„a)(l  +  ^)  =  -A        1_ (30). 

»  \         (rm  I  vpa  1^  \%vmi) 

The  relation  between  B  and  A!  can  be  found  by  writing  —  w  for  m  in 
this  equation ;  hence  -4'  =  — -4,  so  that 

Fi-7,  =  -4iil8in^^*^ 

it 

and  therefore 

-0|(7,-7,)  =  -4p04sm^  ***, 

and  this  equals 

4inBipa         'fnl    t^   d    Y  /•     \ 

^  cos  —  e***  -J-  Jo  {vna). 

ner  2  aa 

Substituting  the  value  of  A/B  from  (30),  we  get,  since  4flrp/(rm^  is  large 
compared  with  unity, 

4p'(7tan  — -  Iq  (ima)  =  — m, 
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or  4p*(7  tan  yrwia  log  y  twa  = — m ( 

The  ordinary  formula  when  the  wave-length  is  large  compared 
the  length  of  the  wave  is 

2p'CT(log^)  =  l. 

Thus  the  true  valne  of  />*  is  to  the  one  reckoned  on  the  hjpoti 
that  the  carrents  are  aniform,  as 

I  wl 

"*2  X 


tan  —       tan  — 

A  A 

if  \  is  the  electrical  wave-length. 

In  Hertz's  experiments,  I  was  60,  X  560,  so  that  the  correction  wo 
be  of  the  wrong  sign  to  explain  the  discrepancy  between  theory  i 
experiment.  If,  however,  there  had  been  waves  whose  fronts  were 
normal  to  the  wire  reflected  from  the  sides  of  the  wall,  they  wo 
diminish  the  wave-length  on  the  wire,  and  so  diminish  the  calcala 
velocity. 

We  may  write  equation  (31)  in  the  form 

4mZtan  — =  — — —  (2 

where  (7  is  the  electrostatic  measure  of  the  capacity  of  C/v^  whe 
is  the  velocity  of  propagation  of  the  electro-dynamic  influence.  T 
equation  serves  to  determine  the  electrical  wave-length. 

In  the  theories  of  light  the  normal   disturbance  is  essentially 
volveJ  in  the  question  of  reflection  and  refraction  of  light;  it  n 
therefore  be  of  interest  to  examine  this  question  from  the  point 
view  of  the  two  theories. 

By  referring  to  the  beginning  of  this  paper,  it  will  be  seen  tl 
according  to  both  theories, 

dx 

when  X  represents  some  function  propagated  with  the  rate  of  eloci 
dynamic  iufluonoe,  and  0  the  electrostatic  potential ;  the  multip] 
A  being  different  on  the  two  theories. 

Let  us  first  consider  the  question  of  the  I'eflection  and  refraction 
light  polarised  so  that  the  electric  disturbance  is  at  right  angles 
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the  plane  containing  the  incident  and  reflected  ray ;  let  us  take  this 
piano  as  the  plane  of  xy,  the  equation  to  the  reflecting  surface  being 
J  =  0. 

Then,  since  in  this  case  the  vector  potential  is  parallel  to  the  axis  of 
t  and  d^/dz  vaniEhee,  the  two  theoi-ies  will  agree ;  and  we  may  pnt,  if 
«  is  the  velocity  of  propagation  in  the  first  medium,  v  that  in  the 
second,  \  and  X'  the  wave-lengths  of  the  light  in  the  flrat  and 
second  media  respectively, 

H=  Boip.i~(xBini-f-yooai—vt),  for  the  incident  light  ] 

H=  B,  cip.  i  Y  (aiBint— y  cost— «f),  for  the  reflected  light  > 
.2ir, 


Since  S  is  continuous  at  the  surface  y  = 


..(34); 


magnetic  force  is  continuous,  we  hare,  if  ^  be  the  magnetic  perme- 
ability in  the  upper,  ^i  in  the  refi-acting  media, 

1  (b^  cosi-Bf  ^  cosO  =  1  B.  ??  cosr, 


fi,    X,  cost 


and  if  ^  is  the  refractive  index,  since 


A,       -      sinr' 

we  have  B-B,  =  ^  S5Li  ??ir  (g  )    

fh  sinr  cos* 

Adding  and  subtraoting  equations  (34)  and  (35),  we  get 


B  =  B,(l  +  ^"i5^ 


fix  Bin  roost/ 
/fii  BJnr  coa  t     ,\ 


fi„  oosr 


-.+1 


TOlu  XDL— HO.  i 
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If  the  media  are  non*magnetic,  /f  i  =  ^ti  <^^  therefore 

jy       2  8inrco8t 


8iii(r+») 
*      8in(i+r) 


80  that,  if  the  intensity  of  the  incident  light  is  1,  that  of  the  refle 

•n  i_    Bin*(l— r)      J    #.1     _«_  X  J  4  sin' t  cos* r 

will  be    .     ', (  and  of  the  refracted     .  ,^    .      ■  . 

sm'  (1  +r)  sin'  (r 4- 1) 

Let  us  now  take  the  case  when  the  electric  force  is  in  the  plan 
incidence,  and  let 

2ir        .    . 
^=z  Ai  exp.  I  "Y"  (a?  sin  *""y  cos  %—v^t)^  in  the  upper  medinm, 

.  2ir 
^  =  il,exp.  t  — -  (x  sin  r  4- y  cos  r  — ©o^),  in  the  lower  medium. 

A 

Since  ^  is  oontinuons,  we  have 

Ai  =  A^, 

Let  the  part  of  the  vector  potential  propagated  with  the  velo< 
of  electro-dynamic  influence  be 

2t 
F  ss  B  exp. »  —  (»  sin  t  -hy  cos  i—vt)  cos  i, 

J^  =  i9j  exp.  t  —  («8in%-y  cos  %—vt)  cos  t, 

27 

flf  =  J?  exp.  t  —  («  sin  t +  y  cos  i-^^vt)  sin  t  for  the  incident  r 


.  2w 


0{  =  Bi  exp.  f  -^  (j>  sin  i -y  cos  *— vO  sin  t  for  the  reflected! 


\ 

2ir 
Fi  =  i5,exp.  i  —  («sin  r +y  cosr— 1?0  cos  r, 

2ir 
O;  =  5, exp.  i^  («Bin  r+y  coa  i-^vt)  sin  r, 


in  the  refraeting  substance. 

/    t 
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To  these  we  mnst  add  y  i^/daj  for  ^and  yd^jdy  for  0  in  the  upper, 

and  y'  -^  .  y'  ^  in  the  lower  medium,  where 
ax        ay 

\        4fjre/  ip^  \        4t7re/  ip* 

Since  F  and  0  are  continuous,  we  have 

cos  t  (J5-J5i) -cos  r  5, +  (7+70^  sin  1^1=0 .(39), 

A 

sini(J5+50-sinrJ5,-^x  (yy  cosi  +  y'^cosr  )=  0...(40)  ; 

and,  since  the  magnetic  force  parallel  to  the  surface  of  separation  is 
continuous, 

■g  (B+B,)  =  ^B,  (41), 

or  for  non-magnetic  media 

(J5+J5i)Binr-5,sint=0 (42). 

Solving  the  equations,  we  find 

^  _  ^tan(i--r)  I         {         ^        M 
'        tan(i+r)~Ji_^|^^^(._^jj' 

T>  2B  cos  i  sin  r 

*^ C n 7' 

sin  (i+r)  COB  (i— r)  1  1+  y  ^^^"1  (*""**)  f 

i        y  cot  t  +  y  cot  r 

Now  y /yMs  real,  so  that  if,  as  in  this  case,  there  is  a  change  in  phase 
produced  by  reflection,  cot  %  or  cot  /  must  be  imaginary. 

If  t;  is  the  velocity  of  propagation  of  electro- dynamic  influence,   v^ 
that  of  electrostatic  potential, 

/,      sin'  i  v\ 
cosi  =  yl p-^, 

/        /,      sin'  1 1 J 
cosr=  yl ^— ^ 

2  N  2 
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These  wOl  not  in  generml  be  immginmrj  unless   v^  is  consid< 
greater  than  r ;  bat  if  r,  is  a  large  multiple  of  v^  cos  %  and  cos 
be  purely  imaginary,  and 

Then  j_Btan(.'^r)    (l-iiftan(l4-r)} 

tan(t+r)     {l+tJftan  (1— r)}      


loot«(l-r)+lfO   * 


thus  the  ratio  of  the  intensities  of  the  reflected  light  and  ino 
light  is 

oof  (l-hr)-Hr 

oot*(l-r)+3r  

and,  if  e  is  the  change  in  phase, 

e=:tan-'lftan(t+r)+tan-*lftan(t-r)    < 


These  are  identical  in  form  with  Ghreen's  expressions,  and  Jai 
experiments  seem  to  show  that  they  represent  the  facts  if  M  i. 
garded  as  an  independent  constant  very  much  smaller  than  the  \ 
given  by  Green. 

On  Maxwell's  theory  y  =  y',  so  that  there  would  be  no  chauj 
phase  if  the  assumption  is  correct  that  the  potential  is  continuoi 
passing  from  the  one  medium  to  the  other. 

If,  however,  there  were  a  layer  on  the  surface  charged  with  o 
site  electricities  on  its  two  faces,  so  as  to  produce  a  finite  difiPer 
of  potential  in  crossing  it,  we  should  get  formulas  for  the  intensii 
the  reflected  light  and  change  in  phase  identical  with    those 
given. 

Thns,    assuming    the    electro-magnetic    theory,    the   phenon 
of  reflection  and  refraction  are    in   accordance    with    the     the 
that    the    electrostatic     potential     is     propagated    with     a    £ 
velocity    greater     than     the     velocity     of     electro-dynamic 
fluence. 

We  shall  now  investigate  th^F^^^^^rf^the  energy  in  the  conde 
tional  wave  produced  by  ^gj^  ^ij*®  energy  in  the  inoij 
transverse  wave  producing  it.  \j  1^  j 
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From  equations  (39)  and  (40),  we  have 


=  B  cos  1  <  1 


^-^8ini(y-y) 

tan(i+r)     i  .,    i?  ,      /•  ,    \ 
^        ^     l+Ytan(t+r) 

2  cos  r  sin  r 


sin(i+r)cos(i-r)  j^JL^^j^^^ 


-^) 


ox?_2.    COB  1  tan  (i— r) 

^    l+-^tan(i-r)' 


or,  since 


y— y 


v_  _. 

4        y  cott'H-y'cot/' 


^  _  X^  2J3cot  t  tan  (i—r) 


2ir    1  ,    17  ,      /  •  I    \     y  cot  I  +  y'  cot  r 
l  +  -y  tan  (t+r)     '  ' 


(46), 


The  mean  electrostatic  energy,   in    nnit  yolume  of  the  incident 
transverse  wave,  is  the  mean  value  of 


K/diy 
8w\dt) 

where  K  is  the  specific  inductive  capacity  of  the  medium,  and 


-  W.^^' 


2x 

The  mean  electrostatic  energy  in  unit  volume  of  the  condensa- 
tional wave  is 


K     4 


^A\ 


k 


10^    Xj 
The  ratio  of  this  to  the  energy  in  the  transverse  wave  is 

41  ^ 
B"  f\^' 

or,  substituting  for  AIB  its  value  from  equation  (46), 

4cot'ttan'(t—r)    j^  1 


(l+|.tanO--r)y''>'(^«>*»''+^' «>*'')'■ 
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On  the  Development  of  certain  Elliptic  Ff^netians  as   Coni 

Fractions.    By  L.  J.  BoGiRS^  Af.A. 

[JSmnT  Jmtumy  120,  1888.] 

1.  In  Crelle's  Journal^  Vol.  xxxn.,  Heine  has  established  e 
theorems  in  oonnection  with  series  of  the  form 

I  .  sinXtt   sinX^     .  sin  Xa  sin  X  (a-h  1)  sin  A/3  sin  X  (ff  4-1)    , 
sinX  *sinXy  sinX  sin2X  sinXy  sinX  (y-f  1) 

analogous  to  Gauss's  Hyper-£^metric  Series 

and  formed  from  the  latter  by  substituting  for  eyerj  &ctor  ii 
coefficients  the  sine  of  some  constant  angle  X  multiplied  bj 
factor. 

Heine  writes  his  series  in  the  form 

to  which  the  above  can  be  reduced  bj  an  easy  substitution.  I  ] 
however,  thought  it  advisable  to  treat  of  the  series  in  the  tri^ 
metrical  form,  in  order  to  keep  before  the  eye  the  analogy  bet' 
Heine's  series  and  that  of  Gkiuss. 

If  we  call  the  above  trigonometrical  series 

FsinX  {a,  A  y,  «}, 

Heine  shows  that  the  fraction 

FsinX  {a,  /5-hl,  y+l,  x]  -J-  FsinX  (a,  /5,  y,  x] 

can  be  reduced  to  a  continued  fraction  of  the  form 

f,      e^x     e^x 

by  a  method  precisely  similar  to  that  used  by  Gauss  in  establif 
his  analogous  theorem  for  hyper-geometric  serieSi  explaine 
Todhunter's  Algdnxi,  §  801. 
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In  fact  we  have 

_BiDX(o-f  n— l)8mX  (y+n—l^fi) 
^*""'""  8inX(y+2n-2)sinX(y  +  2fi-l)  ' 


^2»i 


—    ^^^^  (i^"^^)  sinX  (y+n  —  a) 
""  sinX  (y  +  2n— 1)  sin  X  (yH-2n)  " 


It  is  my  object  in  the  following  pages  to  show  liow  certain  elliptic 
functions  can,  by  means  of  Heine's  theorem,  be  brought  into  the  form 
of  a  continued  fraction. 


2.  It  can  be  proved  by  induction  or  otherwise  that  the  series 

1  ,  sinXn      ,  sinXn    sinX(n— 1)    •, 
sin  X  sm  X  sm  2X 


(1), 


formed  by  the  process  explained  above  from  the  binomial  series,  is 
decomposable  into  factors,  provided  n  be  a  positive  integer. 

If  n  =  2m,  it  is  equal  to 

(l  +  2a;cosX+a^)(]  -|-2ajcos3X+a?')(l  +  2«cos  5X-haj')...  to  m  fitctors. 

If  n  =  2m4-l,  we  get 

(l+aj)(l+2»co8  2X+«')(l  +  2«cos4X+»«)(l+2«cos6X+aj")... 

to  (m+1)  factors. 

In  either  case  its  logarithm  is 

sinnX        i  sin  2nX    ji  iSinSwX    •_ 
Sin  X  sm  2X  sm  3X 

If  now,  for  brevity,  we  write  the  series  (1) 


we  can  immediately  deduce,  by  writing  « v--T  for  «,  that 
Hence,  equating  real  and  imaginary  parts. 


I-Cfx'+Otx*-... 
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wliicli  can  easily  be  shown  to  be  equal  to 

P8m2X}-_.  -— ,-^.-«'} 


Psin2x{-?i=i,-f,f -a^}' 


2'   2 

and  this,  by  §  1,  can  be  rednoed  to  continned  fraction  form. 
get  after  some  reduction 


,  _  /smnX^     sinSnX    .  ,  sin57iX    »        \ 
\  sin  A         3  sin  3a         5  sm  oA  / 


_  X  sin  nX  a?'  (sin?  »i\ — sin*  X)  a?*  (sin*  nX — sin*  2X) 
sinX—  Bin3X—  sinoX  — 

We  have  obtained  this  result  by  supposing  n  to  be  a  positiv 
teger ;  but,  by  the  principle  of  permanence  of  algebraical  f omu 
may  suppose  it  to  be  true  for  any  value  of  n,  consistent  with 
vergency  in  the  series,  and  definiteness  in  the  continued  fractioi 


3.  If  X  =  0,  we  get  the  known  form 

1 —        3 —  6—  7 — 

If  n  =  0,  we  get  forms  already  investigated  by  Heine. 

Let  o7  ^'  =  y»  8»nd  let  n  increase  and  x  decrease  indefinitely,  i 

y  remains  constant. 

Then  X  sin  nX  =  ^^  e*^'  (l-e"*-^')  =  y, 

aj'sin  3nX  =  ^^.c*"^'  (l-e-«"*0  =  -2*.y«,  Ac. ; 
therefore 

\  sin  X      3  sin  3X      5  sin  5X         /       sin  X—   sin  3X—   sin  5X 


X 


Writing  -7  for  y,  and  v/g  for  e^*,  we  get 
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=  1-5-   l-,--   l-5-_   I-,'-" 
Again  in  §  2,  (2),  pnt  nX  =  ~, 
then  we  have 

t     /  I    I      »^      .      «f      .     \__s_  ?!j 

\BinA     38in3X     5Bin3X         /      einX-Bii 

W- 

Or,  patting  z  =  2y, 

.     /*  2v_   ,     2V     ,     N  _     2y      Vcob'X 
""UnX"^3Biii3x"*""7~8mX-    sinSX-"' 

Now,  the  bracketed  series  oa  the  left  side  is  jest  twice  that  in  (1), 
so  that,  if  we  call  either  side  of  that  equation  y,  each  side  of  (2)  mngt 
,  M-.  or       2 


as*  oob'  X    i^cos'SX 
3X-    sinSX-  " 


be  equal  to  - 


2X 


.' 

4v 

V* 

sin  5X-  •■■ 

ainX- 

8iii3X- 

1        1 

y" 

■  '  BinSi- 

ainSX- 

_  4co8'X    4y'coB'2X  4y*co8'3X 
~8in3X—     sinSX—      sin7X— 

a  onrions  result,  as  we  have  a  linear  relation  conoecting  three  infinite 
continued  fractions.  Transforming  into  q  fanctions,  we  get,  after 
some  easy  reductions, 


1-3+  l-5»+  1-2'+  1-5^+" 

1-3'+       l-2»+        1-9'+     

an  identity  which  holds  good  provided  g  <  1,  s  <  1. 
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Either  side,  when  expanded  as  far  as  g[*,  is  found  to  be 
3+23«-(«-l)2»-(2«-l)5*+(«»-a8+2)g»+(3««— 6«-|-l)3•-h 
4.  We    now  proceed   to    the    investigation   of     certain   eUi 
functions,  when  converted  into  continued  fractions. 

In  §2,  (2),  let 

e*<  =  g-*,    aj  =  1,    nX  =  0, 

then  tan2i(4ii^-l  t^pB^+\ 

^2%^/l^ne  g'{48in«e4-g''(l~g)'}  q' {^sm'S'^q'' jl^f)' 

Or,  calling  the  bracketed  series  S, 

.6**— 1 

i  -TTTT  =  ^^^  same  fraction  as  before 

_  2i  ^q  sin  e  g(l--2ycos20-hg')  g*  (1— 2g*cos2e-f  g*) 
1-j-f  l-g»+  1-^-1-... 


/H-A;sn 1H-A;8n /    Jacobi, 

Now,      4S  =  log  V 2^0  =  log 2W"      (  ^^^- f^^ 

l-jksn^-^  dn^^         \      p.  156 


TT 


,  , ,     2^:0    ,  2Ke 

1  +  Af  sn dn  — 

therefore  e**~l '^ ^ 

*^  ^*       1  +  Afsn +dn 


,      2Ke        T^  ^KB      KB 

k  sn «  sn  —  en  — 


which 


iH-dn dn  — 

TT  IT 


We  shall  always  write  u  =  —  for  shortness. 

TT  A;  sn  fi   _  2  \/q  sin  Q  g  (l~2gcos  2^-f  g') 

iH-dni*""    1  —  2+  1— 5*+... 


2  s/q  sin  0 
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Now  A?Bim    __  1— dim  _  2  ^/g  sin  0 , 

1  +  dnu        A;siit»  F 

and.  since  i±^  =  .r-^-,, 

2 

we  see  that ; is  equal  to  the  aam  of  two  contiiined  fractions. 

^  sn  fi 

This  reduces  to  the  equation 

4v/gsine  _  i_e7+  g  (l-2gcos2eH-<y»)  <y*(l-Voos2^+gO 

,  4g  sin* e  g(l— 2goos2e-hg*)  /q\ 

■^   1-2+  l-3»+...  ^  ^' 

while       4.ygsinednu_  .^2(1-22 cos 20+2*) 

k  snu  1— g*-|- 

4gsin'e  g (1-2^008  26+9^)         /ox 
1-g-f  l-g»+...  ^  ^' 

Adding  -^  to  0,  and  jBT  to  w,  we  get 

4A;Vgcose_  ^  g(l  +  2gcos2e-f  g')  g»(l-f  2g'cos2e+g*) 

4gco8'g  g(l-f2gcos2g-fg')  /4n 

1-g-f  l-g»-f ...  ^  ^' 

Changing  k,  k\  g,  en  u  respectively  into 

!^      2-      _        cn^ 
r     *"         ^'     dnu' 
we  get 

4ygcose   dn«_,  g  (1— 2gcos20+g*)  g*(l-h2g»cos2e-fg0 

k  cnu  ^  l+g"+  1+g*-... 

4gcos'e  g(l  +  2gcos2e+g')  ... 

^  1  +  g-  l+g»+...  ^  ^* 

Adding  -^  to  0,  and  K  to  u,  we  get 

4v/g  Bin  0  _  1  .    _  g(l+2gcos20+g')   g*(l— 2g'co6  29+g*) 
fesnt*  ^  i+3*+  1+2*— 

4g8in'e  g(l-2gcoB20+<7')  .g. 

+  1+3-  l+3»+...  ^''^. 
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We  have  thus  by  a  series  of  transformations  brought  the  left-hai 
side  of  the  equation  (2)  into  its  original  form,  while  the  right-hai 
side  is  different.  This  is  due  to  certain  identities  which  ejd 
between  certain  continued  fractions,  and  which  will  be  established  : 
the  following  section. 

5.  The  left-hand  side  of  §4,  (1)  is  easily  shown  by  elemental 
principles  to  be  equal  to 

A?  sn  —  en  —  /dn— , 
2        2/2 

so  that,  by  writing  2u  for  u,  20  for  6,  we  get 

k  snucn  u  __2y/q8in2e  q  (l-2q  cos  4,8+0^  g'Cl— 2g*  008  46+ g*) 
dnt*  1-5-h  l-2*+  l-g»-|-... 

(i; 

By  changing  q  into  ^q,  we  change  sn  ti,  en  ti,  dn  u  respectiyely  int 

y  sn  u      onu        1 
dn  ti  '     dn  u'     dn  u 
and  (1)  becomes 

A;snncn^_2ygsin26  g(l-h2gcos4a-hg')   g'Cl— 2g*cos4a4-g*) 
dnu  l  +  q—  l  +  g*-h  l+3»— ... 

(2: 

The  right  sides  of  (1)  and  (2)  equated  give  an  identity  which  ma 

be  written 

o    _g(l-f2gco8  2e-fg')  g»  (1  -  2^^008  20 -fg*) 

^^-^  l-h3»+  1+9*-... 

,  g(l-2gcos2e  +  g')   g' (1-2^*008  2^+^0  .^, 

■^  l-g»+  1-9*+...  ^  ' 

and  by  which  we  may  establish  the  identity  of  equations  (2)  and  (6 
in  the  preceding  section. 

l  —  Jc 

It  is   known,   moreover,   that  by  transforming  h  into  - — -^  w 

change  i*,  iT,  E*,  g,  sn  u  into  "^ 

(l  +  fe')t*,  Hl  +  fc')^,    (l  +  ^O-BT,     g»,     a  +  ^>nucnu 

on  tt 


Conversely,  (4)  becomes 

/, 2.VgsinQ 

''''""l     Ja\        ^/ya-2Aco82a+g) 

"^^     l^Vg»  +  ga-2y  cos  2^+9') 

1—  \/g'+... 


(f 
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Adding  £  to  u,  we  get  a  form  *for  ^-^,  from  which,  by  retrans- 
formation,  we  get  '^'* 


V 


6.  Again,  in  §  2,  (2),  let  e^'  =  gr-*,  «  =  g*,  nX  =  0,  so  that 

tan 2»  (2,22^-1. 2;iiS|?+...) 

_2tg8ing  g' (l~2gco8  2Q  +  <y')   g»  (l-2^cos2eH-g*) 
l-g+  1-3*+  1-2*+... 

=  H»,  say 

Then  tan4i(2^-...)=- 

\ 1— g  /       1 


2Hi 
q  I        i+ff* 

which  by  Jacobi,  Fund,  Nov.f  p.  156,  becomes 

1-f  snu      1  +  sin  0 

2H 


that  is, 


1  ~  sn  u      1  —  sin  0      

l-fsnti      l-fsine""  l-j-H^ 
1— sni*      1— sinO 

sn-M— sinO         2H 


1— sniAsinO      l-j-ff* 


(1). 


This  ultimately  reduces  to 

4g cos^  e  sin  ^  ^  l-g-h4g  sin'  g-f  g' ^^ ~^^  ^^  ^^+?') 
sntt  — sin6  1— g*+.., 

Vsin'e  g'(l-2gcos2e+(y»)  .^. 

■*■  l-g+  l-g-+...  ^'^'^• 

From  this  formula  may  be  deduced  a  series  of  like  formulaB  for 

en  u  sn  u 

an  u  dn  u 

by  the  same  methods  as  were  used  in  the  last  section. 

For  instance, 

4gsin'Qcose_;^  Ig-i^coo'e  |  ^(^ -2^ cos 2^  + a') 
cos  6— en  14  1-fg'— ... 

.  Vcos'e   g'Cl— 2gcos2e-i-g')  .^ 

■^  l+g+  1+g*-...  ^^^- 
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Again,  with  the  same  notation,  yj^e  have 

1 -fsn  u  __  1-f  sin  6 
en  u  cos  6     TT 


1  +  sn  u  ,   1 -fain 6 
en  fi  cos  d 


This  reduces  to 


l±Hif-l  cot»-|-l 

en  tt                     ,    B  2 

^- =r  cot  -r- s • 

cnti  2 

,    sn^dnii  1-tan*^ 

X       0         2         2  ^^2 

or  tan  --  =  1  — 


en—  1+irtan- 

Hence 

.      ^  sn  M  dn  ti  _  ,  _  1— tan'Q  4g  sin*  0  g*  (l--2^C08  4tf4-g^) 
cnt*  1+  1  —  5+  1— 2*+.,. 

Bj  adding  j&T  to  u,  we  do  not  get  any  new  identity ;  bnt,  by  ohang 
q  into  —  g,  we  have 

.^Q  k'snu     _^     1— tan'O  4g sin' Q  g'(l-f2gcos4a+7*) 
cnudnu  1—  1  +  2+  1  +  3'+.., 

7.  From  equations  §  5,  (1),  (5),  we  get 

2JcK^    Wq     g  (1-7)'  ^(1-7')' 
X         l-g+    l-g»+    l-5»+...' 

JL-  -    2v/g     7(1+7)'  7'(l  +  7')' 
l+)k'      1-2+     l-g»+     l-g»+...  ' 

T  ^       1-2+    1-2*+    l-g*+...' 

but  they  can  be  as  well  derived  from  Heine's  results,  after  replac 
the  left-hand  sides  by  their  known  equivalents  as  ^-series. 

Moreover,  we  may  derive  many  identities  by  comparing  the  differ 
fractional  expression  obtained  for  snti  in  §§  4  and  5,  and  ded 
values  for  IT,  <&c.  as  continued  fractions. 

8.  Again,  since 


log  tn  tt  =  log  tan  fl— log  ^1c  -      ^    cos  20—    j'    — 


•••» 
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2g'coB40-f9*)  g*(l~2g*coB404-g*^) 


we  get,  by  §  2,  (2), 

tan  0- yA;'tn^_.  2^*008  2^  g*(l 
tanOH- -v/Af'tni*        1—5*+ 

by  the  same  method  as  before. 

This  may  be  written 

/v^     j^*«    A      2tan0  2g" COB 20  g*(l-- 20*008  46+9*)      /tx 
v//.tnt.  +  tan6=-^-^  -f-^  ^^     ^T^^         ^f  ...(1). 

In  the  same  way,  we  get  from  the  equation 

1      J  1        /7 '  ,  40^  COB  26  ,  4o'  cos  66  , 

logdnt*  =  log  Vh  +    ^^_  ,     +  3^^      J)  +•••» 

that 
dnt^-yy  _  2q cos 26  g*  (l-f2g' cos46  +  g*)  g*(l-h2g*cos46-f  g*) 


or 


dnu  1  y//^^^^^  ^^^^^^^  (y'(l  +  VcoB46+(y^)  .. 


From  the  aboye,  we  get 

2K 


l+^/^      l-g»+      1-2"+     1-gW^...' 
as  may  be  proved  by  Heine's  theorem. 

9.  The  question  of  convergency,  as  regards  the  continued  fractions 
above  employed,  is  of  easy  solution. 
It  is  known  that  a  continued  fraction 


1-  1-  1-  1-... 

is  convergent,  provided  the  limit  of  e^  is  numerically  less  than  unity. 
(See  Todhunter's  Algebra,  Art.  783.) 

In  all  the  fractions  met  with  above  in  the  later  sections,  the  value 
of  Bn  is  of  the  form 

g"'(l-2g''cos26-hg**) 
where  m,  n^t^s  all  tend  to  infinite  limit.     Hence  e^  tends  to  ssero 
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limit,  since  q<\.  Similarly,  in  §  3  (3),  all  the  continned  fracti 
are  convergent  if  2g<  1.     We  may  therefore  suppose  that  j?  =  1. 

10.  There  are  a  very  large  nnmher  of  algebraic  identities  'wh 
may  be  derived  from  the  several  equations  established  in  the  ab 
section. 

We  have  already  obtained  one  in  §  5. 

If  we  make  20  =  ir  in  the  identity  §  5  (3),  we  get 

^^        1+9'+     l  +  j*-    •■■      l-3»+    l-3»+...- 

Bnt,  by  §3  (3),  we  can  split  up  each  of  these  fractions  into  t 
others,  so  that  we  hare  ultimately 

2a  =     —2 2!_      +  __2! g* 

I-     1     _2L_... 2! 2!_ 

^l+g+  l+3»+  l+3»+  l+3'+...* 

Again,  from  §  5,  if  we  mnltiply  the  fraction  in  (4)  wi 
that  obtained  by  adding  f  to  w,  we  shall  get  a   product  equal 

; .     Comparing  this  with  §  5  (2),  we  get   the  followii 

an« 

identity  after  some  substitutions  and  reductions — 

1     -»     9'(l-2g'co8  2e+9*)  g*(l— 2g*cos2fl  +  9*) 
2^+  l_g«+  1-3"+... 

_    [  l_o+  g(l-2?coBe  +  q')  y'(l-2g'co8  0+g*)  7 
~    I       '^  1-3'+  1-3'+...  •        ) 

X  h-<7+  2il±23_c9!l±2!l  y'(l+2y'cosfl+g«)  1 

^  I    ^^      1-3*+  1-9'+...      r 

If  cos  0=0,  we  have 

We  may  get  many  other  identities,  e.gf.,  by  comparing  §  8  (2)  wi 
§  5  (5).  We  do  not  arrive  at  very  interesting  results,  as  they  are  f 
the  most  part  very  complicated  and  involve  more  than  three  iufini 
continued  fractions. 
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On  the  c-  and  ^'Discriminants  of  Ordinary  Integr able  Differential 
Equations  of  the  First  Order.  By  M.  J.  M.  Hill,  M.  A.,  Pro- 
fessor of  Mathematics  at  University  College,  London. 

{lUadJune  14M,  1888.] 

Introductixyn, 

The  theory  of  singular  solutions  of  ordinary  integrable  differential 
equations  of  the  first  order,  as  at  present  accepted,  was  first  given  by 
Professor  Cayley,.in  the  Messenger  of  Mathematics^  Vol.  li.,  1872, 
pp.  6—12. 

It  is  there  shown  that,  if  /  (x,  y,  c^,  c, . . .  c„)  be  a  rational  integral 
indecomposable  algebraical  function  of  a;,  y,  and  the  parameters 
Ci,  Cj  ...  c„, ,  which  parameters  are  connected  by  (m— 1)  algebraical 
relations ;  then,  treating  x,  y  as  Cartesian  coordinates,  the  equation 
/  («»  Vt  Ci,  C2 ...  c„,)  =  0  will  represent  a  system  of  plane  curves,  such 
that,  if  the  discriminant  of  /  (a;,  ?/,  Cj,  Cj  ...  c„,)  with  regard  to  the  c's 
be  formed,  it  will  be  made  up  of  the  envelope-,  node-,  and  cusp-loci 
of  the  system  of  curves. 

If,  further,  the  differential  equation  of  the  system  of  curves  be 


♦  {"  "■  t) = "■ 


dx 

and  if  the  discriminant  of  <^  (oj,  y,  p)  be  formed  with  regard  to  p, 
then  the  ^-discriminant  locus  is  made  up  of  the  envelope-,  cusp-,  and 
tac-loci. 

In  this  paper  the  discussion  will  be  limited  to  the  case  where  there 
is  a  single  arbitrary  parameter  c,  i.e.,  when  m  in  the  above  is  unity. 
The  curves  will  then  be  what  Prof.  Henrici  has  called  in  his  paper  on 
the  "  Singularities  of  Curve  Envelopes  '*  in  Vol.  IL  of  the  Proceedings 
of  the  London  Mathematical  Society ^  p&ge  181,  a  Unicursal  Series  of 
Curves ;  and  for  such  curves  it  will  be  shown  that  the  r^-discriminant 
locus  contains  the  envelope-locus  as  a  factor  once,  the  node-locus 
twice,  and  the  cusp-locDS  thrice  (results  which  will  be  obtained  by 
interpreting  certain  theorems  given  by  Prof.  Henrici  in  his  paper 
**  On  certain  Formulae  concerning  the  Theory  of  Discriminants,  with 
applications  to  Discriminants  of  Discriminants,  and  to  the  Theory  of 
Polar  Curves,"  in  Vol.  11.  of  the  Proceedings  of  the  London  Mathematical 
Society^  pS'ge  108)  ;  and,  further,  that  the  p-discriminant  locus  con- 

VOL.  XIX. — NO.  340.  2  0 
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tains  the  envelope-locns  as  a  factor  once,  the  cusp-locus  once,  ai 
tac-locns  twice. 

These  theorems  were  stated  by  Professor  Cayley  withont  pro 
the  Messenger  of  Mathematics,  Vol.  ii.,  1872,  pp.  11,  12 ;  and  Vol 
1882,  p.  3. 

The  discussion  in  the  paper  is  also  limited  to  general  < 
Exceptional  cases  will  be  occasionally  noticed,  bnt  an  exhaustive 
cuss  ion  of  them  will  not  be  attempted. 

[Throughout  this  paper  d  will  denote  total  differentiation  of  y 
regard  to  .i;;  B  partial  differentiation  when  x,  y  are  indepei 
variables ;  d,  or  a  suffix,  partial  differentiation  when  2,  y,  c  are  : 
pendent  variables.]  

1.  To  investigate  the  condition  that  every  curie  of  the  8\ 
f  i^i  yi  <^)  =0  ^"^'y  have  a  double  point,  i.e.,  that  there  may  he  a  1 
locus ;  and  to  show  how  to  determine  the  direction  of  the  tangent  ti 
node-locus  at  any  point  on  it* 

For  eveiy  value  of  c  the  curve  /  (aj,  y,  c)  =  0  has  by  hypothe 
double  point.  When  c  ==  y,  let  the  coordinates  of  the  double  [ 
be  {,  17 ;  then  the  following  equations  are  simultaneously  true, — 

/(i,i;,y)  =  0,    §tC|AX)  =  o,    §t(^  =  o 

of  on 

Next,  when  c  =  y  +  dy,  let  the  coordinates  of  the  double  poin 
^+9£,  »7  +  3»7.     Hence 

cx  oy 

where  x,  y,  c  are  to  be  replaced  respectively  by 

f-h3i,     i?-|-9i7,    y+3y. 
Hence,  adopting  the  suffix  notation, 

/'+/i3«  +  /,9'?+/.3y+...  =  0 (11 

/.+/ii3f+/c>+/r,ay+r..  =  0 (II 

/,+A9f+/„9'/+/.c^y+...  =  o (r 

Hence  (11. )>  (^l^-)>  0-^-)  become,  by  njeans  of  (!.)» 

/,  =  o (V 

/n^i+Zc^-J+AA  =  0  (V 

/;,a«+/„a,+/„ay  =  0 (t: 
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The  equation  corresponding  to  (V.)  must  also  be  satisfied  by  the 
coordinates  of  the  node  at  J-h3j,  »7  +  9»?  on  the  curve  whose  parameter 
is  y  +  3y. 

Hence  f^^f^^SUfJn-^f^h  =  0  (VIIL). 

Hence  Ay^^f^^n+fjy  =  0  (IX.). 

From  any  two  of  the  equations  (VI.),  (VII.),  (IX.)  the  direction 
of  the  tangent  to  the  node-locus  may  be  obtained  by  eliminating  d/. 

In  order  that  these  equations  may  be  consistent,  the  equation 

y/^Mi^o ^. (X.) 

must  hold. 

[In  the  above  it  is  assumed  that  the  coordinates  of  the  node  depend 
on  the  value  of  c ;  hence  the  case  in  which  all  the  curves  have  a  node 
at  the  same  point  is  excluded  from  consideration.  In  this  case  the 
node-locus  shrinks  into  a  single  point  (or  a  definite  number  of  points). 
I  am  indebted  to  Professor  Henrici  for  the  remark  that  the  proper 
way  to  treat  such  singularities  is  to  use  line-coordinates,  and  then 
the  number  of  times  that  the  equation  of  the  point  or  points  into 
which  the  singular  locus  reduces  occurs  in  the  c-discriminant  will  be 
the  question  to  be  investigated.] 

2.  To  investigate  the  condition  that  every  curve  of  the  system  should 
have  a  cusp,  i.e.,  thut  there  should  he  a  cusp-locus ;  and  to  show  how  to 
determine  the  direction  of  the  tangent  to  the  cusp-locus  at  any  point 
on  it. 

Since  the  cusp  is  a  double  point,  the  equations  (I.),  (V.),  (VI.), 
(VII.),  (IX.)  remain  true  as  before.  But,  as  the  double  point  is 
a  cusp,  it  follows  that 

/«/.-/?,  =  0 (XI.). 

Now  eliminate  drf  from  equations  (VI.)  and  (VII.)  ;  therefore 

(/«/„-/,')  3«+ (/„/,-/.,/„)  9y  =  0. 

Hence,  by  (XI.),  it  follows  that 

/.,/n-/„/„  =  0 (XII.). 

Combining  (XI.)  and  (XII.),  it  follows  that 

ixx'^ftn    •  /r>  — /.I   •  /».»  •  /»T (XIIL). 

2  0  2 
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Now  take  equations  (VII.)  and  (IX.),  and  eliminate  9»j ;  therefore 

Hence,  by  (XII.),  it  follows  that 

fl-U.^^ (XIV.). 

From  (XII.)  and  (XIV.),  it  follows  that 

Hence  (XIII.)  and  (XV.)  show  that,  in  the  case  of  the  cusp-locns, 
the  equations  (VI.),  (VII.)  and  (IX.)  amount  to  but  one  equation, 
and  therefore  do  not  determine  the  direction  of  the  tangent  to  the 
cusp-locus  at  any  point  on  it. 

Another  equation  can,  however,  be  found  to  effect  the  required  de- 
termination. 

The  relation  /«/,,—/',  =  ^ 

is  satisfied  at  the  cusp  I,  17  on  the  curve  c  =  y. 

As  there  is  a  cusp  at  the  point  £+3£,  rj  +  dn  on  the  curve  for  which 

c  =:  y  +  3y,  this  relation  becomes  for  that  cusp   (writing  D  as  an 

abbreviation  for  3f  ;r-  -|-  9»;  _-  +  9y  ?r-  J 

9^  dn  9y  / 

D(fuf.-fl)^0. 

Eliminating  9y  between  this  and  one  of  the  three  equations  (VI.), 
(VII.),  (IX.),  the  direction  of  the  tangent  to  the  cusp-locus  is  deter- 
mined. 

Another  form  which  will  be  used  afterwards  is  as  follows  : — 
Since  there  is  a  cusp  at  £,  1;  on  the  curve  for  which  c  =  y,  therefore 

/rr  _-  .^7  _-  Jii 

J  Kn  J  v'l  J  ^1 

and  the  corresponding  relations  for  the  cusp  at  J  +  Of,  »?-f9i|  on  the 
curve  for  which  c  =  y  -f  9y,  will  be 

D^=D^=  D^f   (XVI.). 

Eliminating  9y  from  the  two  equations  (XVI.),  a  single  equation  re- 

mains  for  the  ratio  ~ ,  which  gives  the  direction  of  the  cusp-locus. 

.    ^^  9,7  .  . 

The  most  convenient  form  for  the  value  of  7:—,  for  use  in  this  paper, 

will  be  given  in  Art.  II. 
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3.  Geometrical  representation  of  the  preceding  results. 

The  symmetry  of  the  results,  both  in  the  case  of  the  node-locus  and 
cusp-locus  with  regard  to  f,  tj^  y,  suggests  that  a  geometric  represen- 
tation may  be  obtained  by  treating  c  as  a  third  coordinate. 

If  this  be  done,  /  (^,  t/,  c)  =  0  is  the  equation  of  a  surface  in  space. 
Its  plane  sections  parallel  to  the  plane  of  a;,  y  represent  the  curves  of 
the  system. 

The  envelope  of  the  curves  is  represented  by  the  projection  on  the 
same  plane  of  the  enveloping  cylinder,  whose  generating  lines  are 
parallel  to  the  axis  of  c ;  the  node-locus  is  represented  by  the  pro- 
jection on  the  same  plane  of  a  nodal  line  on  the  surface ;  the  cusp- 
locus  by  the  projection  on  the  same  plane  of  a  line  on  the  surface, 
which  is  such  that  the  tangent  cone  at  every  point  on  it  degenerates 
into  two  coincident  planes. 

4.  Formation  of  the  c-discriminant  of  fix,  y,  c),  and  of  its  partial 
differential  coefficients  of  the  first  and  second  orders  toith  regard  to  x 
and  y. 

Let  f(<^,y,c)  =a«c'"-fa«,.ic''-*-|-...-ha,cH-ao, 

where  a^,  a^  ...  a„  are  functions  of  x,  t/,  not  c. 
Let  the  roots  of  the  equation 

9/  (a?,  y,  c)  _^ 

dc     "  ' 

regarded  as  an  equation  in  c,  be  Cj,  c,,  ...  c^_i ;  then  these  roots  are 
functions  of  a;,  y  ;  and  the  c-discriminant  is 

«rV(^>  y»  c,)/(a;,  y,  c,)  .../(a?,  t/,  c«,_,). 

Call  this  S;  then  ^  is  a  rational  integral  function  of  x,  y. 

It  should  be  noticed  here  that,  if  m  =  1,  then 

is  not  an  equation  in  c  at  all.     In  this  case 

/(if,  1/,  c)  =  0     is     a,c-|-ao=0, 

and  /  \^*  y>  g;  __  q   becomes   aj  =  0. 

Be 

Hence  the  points  of  contact  of  the  curves  with  their  envelope,  and 
the  nodes  and  cusps  of  the  curves  must  lie  on  a,  =  0,  and  therefore 
also  on  a^  =  0.  Hence  they  are  the  intersections  of  the  curves  ao=0 
and  a,=0  ;  and  the  singular  loci  therefore  in  this  caset  degenerate  into 
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one  or  more  points,  and  are  consequently  excluded  from  considera- 
tion in  this  paper  (see  remark  at  end  of  Art.  1). 

Put,  for  brevity, 

Q  =  a2'^f(x,  y,  6,)  .../(ar,  y,  c^.i)  ; 

then  .  !B!  =  Qf  («,  y,  Ci), 

therefore 


To  calculate  r-^,  there  is  the  equation 

ex 

dci 


giving 


and 


therefore 


^s 


with  a  similar  expression  for  y- ,  and 


_l_2^/C«.  y.  ci)  ^Q  I  3/(g,  y,  Ci)  ^  iQ 

a«      2«       80,     ^*  ^ 


=  <2 


a*f  (x,  y,  c,)  _  ^       dydct       ' 


a*' 


+  2    5^^0g+^(^,y,^)^, 


with  a  similar  expression  for 
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i: 

BxSy 


therefore 


5%  C       3aj3y  9a.9c,         iy  ) 

^9/(a;,  y,  C|)  ^Q^9f(g,  y,  c,)  ^ 
9*  ^y  9y  ^a; 

.  9/  (g,  y,  c,)  ^c,  ^  .  i./^  ,,  .^  ^G 


/                    9y(a^,y,ci)  9y(a?,y,c)^ 
^^  _■  Q  I  9y  (a?,  yi  ci)  _     9^9gi ^y^c^ 

^xiy  1        9.B9y  5y(g,  ?ACi) 

9aj  ^y  9y  ^a;     "^        "^         cxcy 

5.  To  jwore  ^Aa^,  if  £,  17  6e  ^^e  coordinates  of  any  point  on  the  envelopes 
of  the  curves  fipnyytc)  =  0,  and  if  a?,  y  be  put  equal  to  {,  ly  tn  ^Ae  c-disr 
crimina^U  of  f  (x,  y,  c),  ^^cn  ^^w  dwcrtmtnaw^  loill  vanish ;  and  that 
consequently  this  discriminant  will  in  general  contain  the  envelope-locus 
once,  and  only  once,  as  a  factor. 

For,  if  aj  =  {,  y  =  17,  then  c„  c,, ...  c^.i  become  roots  of  the  equation 

~dc 
But  f,  17  being  on  the  envelope,  the  two  equations 

/(i,,,c)=0  and  ^fiL!bj)  =  o, 

oc 

are  satisfied  by  a  common  value  of  c,  say  c  =  y ;  and  suppose  that  it 
is  Ci  which  becomes  equal  to  y,  when  x,  y  are  put  equal  to  f,  ly.  (Then 
y  is  the  parameter  of  the  curve  which  touches  the  envelope  at  {,  17.) 

Hence  S  will  contain  the  factor /({,  ly,  y)  when  x,  y  are  put  equal 
to  £,  17 ;  and  consequently  it  will  vanish. 

Hence  fi?,  which  is  a  rational  integral  function  of  x,  y  will  vanish, 
whenever  x,  y  are  put  equal  to  {,  17,  where  {,  i|  are  the  coordinates  of 
any  point  whatever  on  the  envelope  of  the  curves  /  (x,  y,  c)  =  0. 
This  can  only  happen  when  IB!  contains  the  envelope-locus  as  a  factor 
once  at  least.     It  does  not  contain  it  more  than  once  in  general ;  for, 

if  X,  y  be  put  equal  to  {,  17,  and  consequently  Ci=y,  in  -r— 1  -jr-  \  then 
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^;^  beoomes  eqnid  to  the  value  of  Q  -« — 'l  ^'  ^""^ ,  and  -r—  to  the  i 
"     ^  Cx  ^ 

Hence  -7— ,  -r-  ^  11^  Tanish  in  eeneral  when  x^  L  y  =  if. 
€x     ey 

But  v— ,  -:; —  would  both  yanish  when  z=^y^if,  iffl?  oonta 
ex      €y 

the  euTelope-locus  more  than  once  as  a  factor.     For,  let  f  =  0  b< 

envelope-locus,  and  let  S^^f^iff,  where  m  is  a  positive  integer  grc 

than  unitj.     Therefore 

ex  ex  ex 

which  vanishes  when  2  =  £,  y  =  ly,  because  m>l.  ^ 

Hence  S  contains  the  envelope-locus  once,  and  only  once,  in  gen 

as  a  factor. 

Some  cases  of  exception  will  be  noticed  later  on. 

6.  To  prove  ihat^  if  t,ii  he  any  paint  on  the  node-locus  of  the  ou 

IS     eX 
f  (a?.  V,  c)  =  0 ;  then  S  -;^,   -^—  tci/Z  all  vanish  when  x^    y   are 
•^         ^  ex       ey  ^ 

equal  to  l,  n  »  ond  that  consequently  S  trill  in  general  contain  the  n 

locus  twice,  ami  twice  only,  as  a  fcLctor. 

Let  Cj  become  y  (the  parameter  of  the  curve  having  its  nod< 
J,  17),  when  X,  y  are  put  equal  to  i,  i|. 

The  values  a;  =  {,  y  =  i7,  c=y  satisfy  all  the  equations 

/=o,  |^'=o,  |t  =  o,  1  =  0. 

cc  OX  oy 

The  same  proof  as  in  the  case  of  the  envelope- locus  shows  i 
these  values  make  S  vanish.     Substituting  a?  =:  £,  y  =  >?>  <^i  =  1 

the  values  of  ■;—  ,  -^  given  in  Art.  4,  it  follows  that  they  both  va: 

when  35  =  J,  y  =  n- 

It  will  next  be  shown  that,  if  the  coordinates  of  every  point  on 
node-locus  make 

S  =0    and    ^  =  0  ; 

ex 

then  they  must  also  make         -—  =  0. 
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For,  let  {,  ?7  be  a  point  on  the  node-locus,  and  J+^J,  »?+5»/  a  neigh- 
bouring point  also  on  the  node-locus.     Then 


must  satisfy 


therefore 


5:  =  0,     p  =  0; 

ex 

Retaining  only  the  most  important  terms  in  the  first  of  these  two 
equations,  it  follows  that 

f  =  0. 
Hence  it  is  sufficient  to  use  only  the  conditions  that  a;={,  ^=17  satisfy 


^  =  0    and 


=  0. 


ex 


It  will  now  follow  that  IS  contains  the  node-locus  twice  as  a  factor. 

Because  S  =zO,  whenever  a,  y  are  put  equal  to  f,  1/,  the  coordinates 
of  any  point  on  the  node-locus,  it  follows  (as  in  the  case  of  the 
envelope-locus)  that  SI  contains  the  node-locus  once  at  least  as  a 
factor.     Let  ^  =  0  be  the  node-locus,  and  5C  =  ^E ;  therefore 

Sx       Bx  Ix 

Put  a?  =  i,  y  =  17 ;  therefore 

Now,  rp  will  not,  in  general,  vanish  whenever  aj,  y  are  put  equal  to 

{,  I/,  the  coordinates  of  any  point  on  the  node-locus. 

Hence  R  must  vanish  whenever  aj  =  {,  y  =  tj. 

Therefore  R  contains  ^  once  as  a  factor  at  least. 

Therefore  tS  contains  ^  twice  as  a  factor  at  least. 

Further,  IS  will  not,  in  general,  contain  <t>  more  than  twice  as  a 

PIS     PS     PIS 
factor;  for,  if  it  did,  then  would  -r-j-y  ^tt"*  tt  all  vanish,  whenever 

ox      cxcy     cy^ 

07  =  £,  y  =  17 ;  which  is  not  the  case,  as  it  appears  on  substituting 

these  values  in  the  expressions  given  for  the  second  differential  co- 
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efficients  in  Art.  4  that  -^-r  would  become  eqnal  to  the  value  of 

oar 


n  J  ^/  (^1  Vy  gi)  _  ^       ^^^^1 

^3^  9y  (3?i  y>  Ci) 

when  aj  =  J,  y  =  I/,  Ci  =  y ;  and  would  not  therefore  vanifih. 

PS 
But  y-j-  would  vanish  when  «  =  f ,  y  =  i?,  if  X  contained  the  node- 
locus  more  than  twice  as  a  factor.     For,  let  ^  =  0  be  the  node-locns 
'  and  let  Si  =  ^*"^,  where  m  is  a  positive  integer  greater  than  2. 

Therefore    0  =  ^  (^-1)  T"*  (^)  V+^"'"'  ^  4^ 

which  vanishes  when  «  =  f ,  y  =  »?,  because  w>2. 

Hence  X  contains  the  node-locus  twice,  and  twice  only,  as  a  factor, 
in  general. 

Some  cases  of  exception  will  be  noticed  later  on. 

7.  To  prove  that^  if  i,  i?  he  any  point  on  the  ciup-locus  of  the  curves 
/(^,y,c)=0;  then  X,  -,  -,  ^,  ^,  ^  unll  aU  vanu^h  when 

Xj  y  are  put  equal  to  £,  v ;  and  that  consequently  S  wUly  in  general,  con- 
tain the  cusp-locus  thrice,  and  thrice  only,  as  a  factor. 

As  before,  let,  when  a?  =  {,  y  =  i?,  Cj  become  y ;  then  a;  =  £,  y  =  17, 
c  =  y  satisfy  all  the  equations 

/  =  0,    §^=0,    1=0,    ^=0 

oc  OX  oy 

da^     dxdy    dxdc      dydx     dy^    dydc      dcdx     dcSy     3c* 

In  this  case  X,  -—     — -    vanish    (as   in  the   previous   case),   when 

dx      Cy 
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Further,  when  «  =  {,  y  =  »?,  Cj  =  y,  it  follows  that 


5? 


9y  (a?,  y,  cQ 


9y  («?» y»  Ci) 
9cJ 


Q 


a; 

y 


[This  result  is  equivalent  to  that  given  in  Prof.  Henrioi's  paper  in 
Vol.  II.,  page  108,  of  the  Proceedings  of  the  London  Mathematical 
Society,  Its  interpretation  leads  to  the  theorem  that  the  c-discrimi- 
nant  contains  the  cusp- locus  thrice.] 

Hence,  by  equations  (A),  it  follows  that 

pa 


Similarly, 


a? 


=  0. 


9y(a?,  yicQ     ^     9y9ci      ' 


Q 


y  = »? 

Ci  =  y. 


Hence,  by  equations  (A), 


=  0. 


Again, 


^/  (g,  yt  gi)  -I 

8y  (g,  y,  cQ      9y  (a?,  y,  c,)        9y9ci 
9aj3y  3a;9ci        9*/  (a;,  y,  (4) 


yG 


9c? 


X 

y 


f 
»? 


Ci=y. 


Hence,  by  equations  (A), 


=  0. 


It  will  now  be  shown  that,  of  the  three  conditions 

^-0      ^-0      ?^-0 
ax«""    •     aa^ay"^'     ay«  "  "' 


when  x^  y  are  put  equal  to  (,  17,  it  is  sufficient  to  take  the  first  only. 
For 


»  =  0     —  =  0      —  =  0 
^      "'     Sx       ^'     ^y       ^' 


when  Xf  y  are  put  equal  to  {,  17 ;  and  also  when  x^  y  are]  put  equal  to 
£ + d(,  17 + irij  the  coordinates  of  a  neighbouring  point  on  the  cusp-locus. 
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Therefore 

r-^?«-S"^ =»• 

^4-^!^  ^£-1-?^^  4.  =0. 

Hence,  nsmg  iff  =  0,     ^  =  ^>     ^        '     Ip         ' 
these  become  r^-;-  ^Wi?  +  j-  -r-r  ^17'  + . . .  =  0, 

a^*-* =»• 

S  «+&'''+ =«. 

or,  retaining  only  the  most  important  terms  in  each  equation, 

Now,  it  follows  (as  in  the  ca^e  of  the  node-locus)  that  IS  contain 
the  cusp-locus  twice  at  least  as  a  factor. 

Let  ^  =  0  be  the  cusp-locus,  and  let  S  =  <l>^S. 

Therefore    yt^^  ^'^  V  i^  )  +^^"^8  which  vanish  when  0  =  0. 

when  X,  y  are  put  equal  to  f ,  1/ ;  which  values,  therefore,  make  ^  =  C 

-1.  j    =0  when  aj,  y  are  put  equal  to  f ,  17. 

But  I  ^]    does  not  in  general  vanish  when  x,  y  are  put  equal  to  i,  r 
\cx/ 

Hence  S  =  0  when  x,  y  are  put  equal  to  £,  1;,  the  coordinates  of  an 
point  on  the  cusp-locus' 0  =  0. 

Hence  iS  contains  ^  once  at  least  as  a  factor. 

Therefore  S  contains  0  thrice  at  least  as  afector:  it  does  not  con 
tain  it  more  often  in  general ;  for,  if  it^j^^Bfen  its   differentia 
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coefficients  of  the  third  order,  at  least,  would  vanish  when  «,  y  are  put 
equal  to  £,  i; ;  which  is  not  the  case. 

Some  cases  of  exception  will  be  noticed  later  on. 

8.  On  the  Intersections  of  Consecutive  Curves. 

It  has  now  been  shown  that  the  c-discriminant  of  /(«,  y,  c)  in 
general  contains  the  envelope- locus  of  the  curves  f  (x,  y,  c)  =  0  once 
as  a  factor,  the  node-locus  twice,  and  the  cusp-locus  thrice. 

There  is  an  article,*  No.  89a,  in  the  Third  Edition  of  Salmon's 
Higher  Plane  Curves^  which  shows  bow  these  results  might  be  ex- 
pected.    What  follows  is  the  analytical  equivalent  of  this  article. 

If  c  be  eliminated  between  the  equations 

OC 

it  is  implied  that  the  values  of  x,  y  are  the  same  in  each.  In  other 
words,  X,  y  are  points  of  intersection  of  the  two  curves 

/(«,  y,  c)  =  0    and  /  (aj,  y,  c-|-3c)  =  0, 

where  3c  is  infinitely  small.  Two  such  curves  will  be  called  con- 
secntive  curves  of  the  system,  and  their  intersections  will  now  be 
examined. 

Let  £,  17  be  a  point  on  the  carve 

/(«,  2/,  r)  =  o, 

and  £-|-X,  ti-\-Y  o,  point  in  which  this  curve  intersects  the  consecu- 
tive curve  f{x,  y,  y-f  3y)  =  0, 
where  9y  is  infinitely  small.     Then 

/({,  1,  y)  =  0, 

f{UX,v+Y,y)  =  0, 

f(i+X,n  +  Y,y+dr)=0. 

Therefore  0=/(4,  i?,  y), 

0  =  /  («,  V,  y) + xf, + y/, + i  (xy„ + 2XYf„ + ry„) + . . . , 

0=/({,,,y)  +  Z/,+  r/,+ay/, 

+  J  {Xy„+  Y%  +  {dyyf„  +  2XYf„+2XdyU+2Ydyf„] 

^1       •  •  •     • 


*  For  this  reference  I  am  indebted  to  Professor  Cayley. 
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Therefore     0  =  Z/,+  r/,+i  (Z'/„+2Xr/„+ ryj  + ... , 

0  =/,+i  (3y/„+2Z/„+2r/J  +  .... 

The  second  equation  shows  that  X,  T  are  in  general  finite.  They 
will,  however,  be  infinitely  small  of  the  order  of  3y,  if /^  =  0.  Hence 
a  curve  intersects  its  consecutive  curve  in  points  whose  coordinates 
satisfy  both  the  equations 

Hence  these  points  of  intersection  lie — 

(1)  On  the  envelope,  by  what  is  proved  in  treatises  on  the 
Differential  Calculus. 

(2)  On  the  node-  and  cusp-loci,  by  what  is  proved  analytically 
in  Art.  1  [see  equation  (V.)]  of  this  paper. 

It  is,  therefore,  necessary  to  find  out  in  how  many  points  a  curve 
intersects  its  consecutive  curve  when  the  p  lint  of  intersection  lies — 
(1)  on  the  envelope-locus,  (2)  on  the  node-locus,  (3)  on  the  ousp-locns. 

(1)  Let  the  point  of  intersection  be  on  the  envelope  ;  then,  by  the 
equations  given  above,  it  follows  that,  when  X,  Y  are  indefinitely 
small  of  the  order  3y,  in  the  limit 

x/,+r/,  =  o, 

Sy/„+2i/,,+2r/„=:0. 

These  give  only  one  value  for  X,  and  one  for  Y ;  hence  there  is  only 
one  point  of  intersection  here. 

(2)  Let  the  point  of  intersection  be  on  the  node-locus  ;  then  in  the 
limit  the  equations  are 

X%+2XYf„+Y%  =  0, 

dyf„+2Xf„+2Yf„  =  0. 

These  give  two  values  for  X,  and  two  corresponding  values  for  Y, 
Hence  there  are  two  points  of  intersection  here. 

(3)  Let  the  point  of  intersection  be  on  the  cusp-locus ;  then  in  the 
limit  the  equations  are 

Zy„-|-2Xr/j,-h  ry„-|- terms  of  the  third  degree  in  X,  Y  =  0, 

9y/^-f  2Z/,^  +  2r/,^-hte;'ms  of  the  second  degree  in  9y,  X,  Y=  0. 

Now,  by  means  of  the  equations  (A)  of  Art.  7, 

A7„+2xr/„+ r/„  =^  (x/„+r/j'. 

A,  "^ 
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Hence  the  equations  are 

*%  (^/rr  +  !/„)'  +  terms  of  the  third  degree  in  Z,  F  =  0, 

3y/„ -|-2Z/j^-|- 2 yf,^-f  terms  of  the  second  degree  in  3y,  X,  F=  0. 
As  a  first  approximation  the  last  equation  gives 

r  =  -  -i-  (2jr/„+dy/„). 

Hence,  substituting  in  the  first  equation,  it  follows  that 

^llLLa  (3y)*4  terms  of  the  third  degree  in  X,  3y  =  0  ; 

but  f„='t^ibL^£i. 

f  f 

Hence  this  equation  becomes 

\fn  (3y)'-f  terms  of  the  third  degree  in  X,  9y  =  0. 

This  is  a  cubic  for  X,  and  there  are  three  corresponding  values  of  Y, 
Hence  there  are  three  intersections  here. 

Hence  the  number  of  intersections  of  consecutive  curves  at  any 
point  of  the  envelope-,  node-,  or  cusp-locus,  is  the  same  as  the  number 
of  occurrences  of  the  corresponding  locus  as  a  factor  in  the  c-dis- 
criminant. 

These  results  will  now  be  applied  to  explain  some  cases  in  which 
the  number  of  times  that  a  singular  locus  appears  in  the  c-discrimi- 
nant  exceeds  the  number  of  times  given  above,  viz.,  once  for  an 
envelope-locus,  twice  for  a  node-locus,  and  thrice  for  a  cusp-locus — 
cases,  therefore,  for  which  the  preceding  theory  would  appear  to  be 
incomplete.  It  was  pointed  out  at  the  end  of  Articles  5,  6,  7  that, 
though  the  theorems  there  proved  were  true  in  general,  yet  there 
were  cases  of  apparent  exception,  and  it  is  desirable  to  show  that 
some  at  least  of  these  can  be  shown  to  be  included  in  the  general 
theory.  (It  is  beyond  the  scope  of  this  paper  to  examine  all  possible 
oases  of  exception.) 

Example  I. — Consider  the  curves 

[x  {^^  y.  c)]'-  [^  (aj,  y)]*  yi^  («,  y)  =  0, 

where  ^,  ^  are  rational  integral  functions  oi  x^y\  and  x  ^^  &  rational 
integral  function  of  a?,  y,  c. 

Let  0,  ip,  X  he  of  degrees  m,  »,  p^  respectively,  in  ar,  y ;  and  let  x  be 
of  degree  ^  in  c. 
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Hence,  to  find  the  node-locus,  it  is  necessary  to  satisfy  at  the 
time  the  equations 

X'-^V  =  0, 

These  can  all  be  satisfied  by  taking  x  =  ^)  ^  =  0 ;  and,  in  ge: 
these  will  give  all  the  common  solutions.  Hence,  as  ^  does  nol 
tain  c,  0  =  0  is  the  node- locus. 

Each  curve  has  mp  nodes,  viz.,  the  points  where  0  =  0,   x  =  ' 
tersect.     At  each  point  of  the  node- locus  there  are  q  nodes  of 
consecutive  curves ;  for,  if  {,  »/  he  a  point  on  0  =  0,  it  is  a  node 
curves  of  the  system  corresponding  to  the  g  values  of  c,  whicl 

roots  of  the  equation  x  (^>  ^^  ^)  =  ^• 

Each  of  the  q  non-consecutive  curves  intersects  its  consecutive  < 
in  two  points,  thus  making  2q  intersections  at  £,  rj.  Hence  the  i 
locus  0=0  may  be  expected  to  occur  2q  times  in  the  c-discrimii 

To  verify  this,  calculate  the  c-discriminant,  i.e.,  eliminate  e  in 

X*-0V  =  O,     2xxc=0. 

The  second  equation  in  c  has  q  roots  which  make  x  ^  ^>  ^^^  (q 
roots  which  make  Xe  =  0.     Hence  the  c-discriminant  is 

(— 0^\|/)'  X  [the  factor  corresponding  to  the  (9— 1)  roots  of  Xe  = 

Hence  the  node-locus  0  occurs  2q  times  in  the  c-discriminant. 

Again,  i/*  =  0  is  a  part  of  the  envelope,  and  it  appears  9  time 
cause,  at  each  point  {.  ly  of  the  locus  if/  =  0,  it  is  touched  by  q  ci 
of  the  system,  viz.,  those  corresponding  to  the  q  values  of  c  d 

mined  by  the  equation  x  (fi  '/j  ^)  =  ^• 

Example  II. — Consider  the  curves 

(c«~ci/-fajy-(j;  +  y)'  =  0. 

To  find  the  c-discriminant,  eliminate  c  from  this  equation,  and 

2(c'-cy-fjr)(2c-y)  =  0. 
Hence  the  c-discriminant  is 

Here  the  cusp-locus  appears  six  times,  btvauseat  each  point  f,  7 
there  are  two  cusps  belonging  to  non-consecutive  curves  of  the  syt 
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viz.,  those  whose  parameters  satisfy  the  equation  c*— ci|+£=0, 
where  {4-17  =  0.  Each  of  these  curves  intersects  its  consecutive  in 
three  points  at  £,  17.  Hence  there  are  altogether  six  intersections  at  (,  i|. 
Hence  the  cnsp-locus  appears  six  times. 

Example  III. — The  followino:  example  is  worthy  of  notice,  as  it 
shows  that  the  cusps  are  distributed  over  the  cusp-locus  in  such  a 
manner  that,  though  each  curve  has  two  cusps,  yet  there  is  never 
more  than  one  cusp  at  a  single  point  of  the  cus^vlocus. 

Consider  the  curves     («*  +  y' — c)*  —  (y  —  1)*  =  0, 

The  cusp-locua  is  y  =  1. 

Each  curve  of  the  system  has  two  cusps,  which  are  situated  at  the 
intersections  of  y— 1=0  and  aj^-fy*— c  =  0;  so  that  the  cusps  are 
always  on  opposite  sides  of  the  axis  of  y,  and  therefore  at  each  point 
of  the  cusp-loeus  there  is  but  one  cusp  of  the  system  of  curves.  The 
curve  to  which  tliis  cusp  belongs  intersects  its  consecutive  in  three 
points:  hence  the  cusp-locus  may  be  expected  to  appear  three  times 
in  the  c-discriminant,  as  it  does;  for  the  c-discriminant  is  (y  — 1)'. 

On  the  Loci  of  Contarts  of  Parallel  Tangents. 
9.  Let  the  dilPerential  equation  of  the  carves /(;i;,  y,  c)  =  0,  be 


♦  (-.  '■  I) = "■ 


Then  the  process  frequently  adopted  for  finding  the  singular  solution 
is  to  find  the  ^-discriminant  of  9  («,  y,  p)-  Comparing  this  with  the 
other  method,  viz.,  the  finding  of  the  c-discriminant  of  /*(«,  y,  c),  it 
appears  that  p  here  takes  the  place  of  c  in  the  previous  case.     But 

^       dx 

Hence  the  function  -^  is  used  here  in  the  same  way  as  the  constant 
was  nsed  before. 

This  suggests  the  importance  of  discussing  the  loci  of  points  on 

the  curves  /  (a;,  y,  c)  =  0,  at  which  -^  is  constant,  i.e.,  at  which  the 

dx 

tangent  lines  all  make  the  same  angle  with  the  axis  of  x. 
VOL.  XIX. — NO.  341.  2  p 
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If  the  differential  equation  be  f  (af,  y,  p)  =  0,  then  the  lo 
given  by  f  (ar,  y,  a)  =  0,  where  a  is  an  arbitrary  parameter. 

It  is  useful,  however,  to  examine  these  loci  without  reference 
differential  equation  at  all.     They  may  be  called  the  loci  of  co 
of  parallel  tangents,  and  the  following  theorems  will   be  prov 
itigard  to  them — 

(1)  These  loci  all  touch  the  envelope  of  the  cnrves  /  (a?,  y,  c 

(2)  These  loci  all  touch  the  cusp-locus  of  the  carves  /(a;,  y,  c 

(3)  The  tac-locus  of  the  curves  /  (»,  y,  c)  =  0  is,  in  geners 

node-locus,  or  a  part  of  the  node-locus,  of  the  loci  oi 
tacts  of  parallel  tangents. 

10.  To  find  the  direction  of  the  locus  of  coniacU  of  parallel  tange 
any  point,  tohich  is  not  a  singular  pnnt  of  the  curves  f  (x^  y,  c)  =  ( 
to  prove  that  the  loci  of  contacts  of  parallel  tangents  touch  the  enveU 
the  curves  f  {jp,  y,  c)  =  0. 

Let  a  be  the  inclination  to  the  axis  of  x  of  the  tangent  to  the 
/  ('»  //♦  y)  =  0  at  the  point  f,  ly  on  it,  £,  ti  being  supposed  to  be 
singular  point  of  this  curve. 

/  f  \  ^""^ 
Therefi^re  tan  a  =  —  f  ---  j  y=„ 

Let  f  -|-?s,  n  -^^n  be  the  coordinates  of  a  point  on  the  curve 

/(',  y.  y+c)y)  =  0, 

at  which  the  tangent  also  makes  an  angle  a   with  the   axis 


Therefore  tana=— f«^j  y-,,  +  d,, 


A  '    r  =  7  +  d7. 


Hence  "[r)  ^"'^  ~  "(fl  ^^''••'^ 

Hence,  using  D  with  the  same  meaning  as  in  Art.  2, 

.(A)  =  o. 

Again,  f -}-9£,  ly-fOij  is  a  point  on  the  curve 

therefore  /(J +  9^,      J^^  TX)  =  0. 

But  also  / ' 


t 
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Hence  jy  =  0. 

From  the  two  equations 

it  follows  that 

Bi  _  a-j 


4,i^)-4m  4(.»-4ii) 


,(XVII.). 


d- 


The  ratio  drj :  d{  gives  the  direction  of  the  locus  of  contacts  of 
parallel  tangents  at  £,  17. 

If  now  (,  17  be  a  point  on  the  envelope, 
therefore  P =  -—^5 ; 

-4&  4M) 

therefore  /f9"i"l"/,9i?  =  0. 

But  this  same  equation  determines  the  direction  of  the  envelope. 
Hence  the  loci  of  contacts  of  parallel  tangents  touch  the  envelope.* 

11.  To  find  the  direction  of  the  locus  of  contacts  of  parallel  tangents  at 
a  point  on  the  cusp-locus  of  the  curves  f  (^ff  y^  c)  ^=^  0,  and  to  show  that 
the  loci  of  contacts  of  parallel  tangents  touch  the  cusp'locus. 

In  this  article  it  is  useful  to  adopt  the  following  notation.  Denote 
Sia^  tjr  (0.  ^-^-^  bj  ({,  ,).  ai.d  80  on. 

The  direction  of  the  tangent  at  the  casp  situated  at  the  poiat  {,  17 
is  given  bj 

(i,  Oca«)'+2(f,  .,)Sxdy  +  (n,  vKSyy  =  0, 

which,  being  a  perfect  sqaare,  reduces  to 

(i,£)3x-Ha'7)9y  =  o. 

Therefore,  if  a  be  the  inclination  of  this  tangent  to  the  axis  of  x^ 

u^ 

*  For  a  geometrical  proof  of  this  theorem  lee  Note  at  end. 

2  P  2 
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Now,  let  £-f  9s,  i|+3i?  be  that  point  on  the  curve 

/(«,y,y+9r)  =  o 

at  which  the  tangent  is  parallel  to  the  tangent  at  the  cnsp  at  £,  i| 
Then         -7- — -  = -l  •— )y»i,  +  di, 

(,,)-|-(„,J)a£+(iy,i|)a.,  +  («l,y)ar  +  ii8, 

(XVI] 

where  B,  =  (J,  £,  {)  3?  +  ({,  1/, »?)  Bij'  +  (£,  y,  y)  3y' 

+2  (J,  J,  1,)  a£a.7+2  ({,  J,  y)  asay+2  (£,  ,1.  y)  a, 

and     iSf,  =  (17,  £,  £)  3? + (»?,  17, 7)  Si?' + (1,  y,  y)  3y' 

+2  (i,,£,  1,)  as  aii+2  (u,  £,  y)  a£ay +2  (ii,  ,1,  y)  a^ 

Now  (0  =  0,     (i|)  =  0. 

Also  (iii)  =lliJL)={Lr). 

(£,  v)     ('y. »?)     (*?»  y) ' 

Hence  (XVIII.)  becomes  i?,-  ^^  5^,  =  0; 

or,  putting  ^  =  (£,  £,  £)  -  ^^  (17,  £,  £), 

C  =  (£,y.y)-^,(7,y,y), 
l^  =  (£,»7,y)-^J('»,'7,y), 

^=(£,^,y)-(|lil(„,£,y), 
(XVIII.)  becomes 

^a£'+-Bai;'-hcay'-f2Fai?ay+2aaya£+2Fa£ai7  =  o...(xi 

-  Further,  since  £,  rj  is  on  the  curve /(.r,  y,  y)=0,  and  £-l-c£,  i;  +  8 
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the  curve  /(jj,  y,  y+3y)  =  0, 

/(«,  »?,  y)  =  0,    /({  +  a{,  ii  +  ai,,  y  +  By)  =  0  ; 
whence  it  follows  that 

+  J  [ ({,  f )  a? + (,, ,)  3,H  (y.  y)  3y' 

+2  (,,  y)  a,ay +2  (y,  £)  ay8{+2  ({, ,)  343,]  =  0. 
But  at  a  point  on  the  cusp-locus 

({)  =  0.     (,)  =  0,     (y)  =  0, 

({,  f )  (,,  ,)  =  ({, ,)',      (£,  {)  (y,  y)  =  (i,  y)\      ({,  {)  (,,  y)  =  ({,  ,)  ({,  y ). 

Hence  the  last  equation  is  equivalent  to 

~  [  («, «)'  3? + «,  >?)*  3»i' + a  y)'  3/ 

+  2  (£,  „)(4,  y)  a,,  ay  +  2  (f,  {)({,  y)  94  ay  +2  (£,  {)(£, ,,)  343,,]  =  0. 

Hence  (i,i)  a4+({,i?)  ai,-h({,  y)  ay  =  0 (XX.). 

If  ay  be  eliminated  between  (XIX.)  and  (XX.),  an  equation  of  the 
second  degree  iu  dri  :  di  will  be  found.  It  will  be  shown  first  that 
the  roots  are  equal,  and  afterwards  the  value  of  the  equal  roots  will 
be  calculated. 

First,  to  prove  that  the  roots  are  equal,  let  3$,  diy,  ay  be  treated  as 
trilinear  coordinates,  and  all  the  other  quantities  in  (XIX.)  and 
(XX.)  as  constants ;  then  (XIX.)  is  the  equation  of  a  conic,  and  (XX.) 
of  a  straight  line ;  and  it  is  necessary  to  prove  that  the  straight  line 
touches  the  conic,  i.e.,  to  show  that 


A 
H 
0 


H 
B 
F 


Q 
F 
G 

(f,y) 


(£,£) 

({,y) 
0 


=  0, 


I.e., 


(i.y) 

G 

Hi) 


(«.y; 

F 

ill) 


Q-F^M) 

(f.y) 

0 

ily) 


0 


(«.y) 

0 


=  0. 
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To  prove  this  relation.     The  eqoatioxis  (XVI.)   of  Art.  2  mi 
written 

or,  if  C(^  ?fi  he  elements  of  the  cusp-locus  corresponding  to  an  all 
tion  9y  in  y,  tben  the  above  Become 

(« 1) 

-  ^  4  { a .;,  9)  Sf  +  (•»,  1. -i)  a-j + (y.  1,  .f )  ay] 

^  (J,  t  ylM±OLio')  S-J  +  (y.  t  y)  3y 

(>».  y") 

-  ^- 4  { (^'  •»'  r)  ?^+  (n.  >»,  y)  ^n  +  (y, ,,  y )  ay ] 
(»/,  y)* 

Bat  this  with  the  symbols  A,  7>,  C,  F,  O,  H  may  be  written 

which,  by  means  of  equations  (A),  can  be  re-written 

Ad(  ■\^Hd,,  +  ady  _  n?(  +Bdi  +  F9y  _  G9|>F9i|jfC3y 

(i,  0  '  (I '»)  {('  y) 

(XX 

therefore 

[.-ilfi«]o,.[.-|i).]a,.[«-||^]a,=«, 
["-  T7)  "l  *^  [''-  -jy  '•J  ''-^  ['■-  $;] "]  ^  =  ''• 

and  equation  (VI.)  gives 
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Hence,  eliminating  d^,  di|,  dy,  it  follows  that 
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a-(ADh    H-%^B 


{tn) 


a-j) 


H-  ^?)  O      B-  ^^•''^  F      F-  ^^  G 

kly)  (f.y)  (f,v) 


(f,f) 


(f,i) 


(f.y) 


Hence  the  reqaired  relation  is  satisfied. 

This  being  so,  the  direction  of  the  locns  of  contacts  of  parallel  tnn- 
gents  is  to  be  determined  bj  eliminating' dy  from  (XIX.)  and  (XX.). 

Multiply  (XIX.)  by  (f,  y)' ;  therefore 

it  yf  [^a? + B8,'+2H8f  a,] 

+  (f,  y) (f,  y)  ay  [2GdU 2Fdn ]  +  C  [(f  y)  ay  ]'  =  0  -, 

therefore  (f  y)*  [Adi'+BSt,*+2Hd(dn] 

-2(f,  y)  [(f,  i)d(+it  ,)a,]  [Gdi+Fdn] 
+  Gl(i,i)di+iln)dny  =  0; 

therefore         (d()*  [A  {$,  y)'-2G  (f  ^)(f  y)  +  G {(,  ()*] 

+  2a^a,  [ff(^.  y)'-f  (f  y)(f,  f)-(?(f  y)(^,  n)  +  C(f.  (M  -?)] 
+  (a,)'  [B(f,  y)'-2f  (I,  y)(f,  ,)  +  (7  (f,  ,)']  =  0. 

This  has  been  shown  to  be  a  perfect  square.  Hence,  multiplying  by 
the  coefficient  of  (3f)',  and  extracting  the  square  root,  it  follows  that 
the  direction  of  the  locus  of  contacts  of  parallel  tangents  at  a  cusp 
of  the  curves  /(a*,  y,  c)  =  0  is  given  by  the  equation 

ai  [A  (i,  y)« -  20  ({,  £)(£,  y)  +  G  (i,  £)'] 

+a,  [H(i,  y)'-F(f,  y)(4,  «)-(?(£,  y)(«,  .j)  +  C(l,  £)(£,  ,)]  =  0. 

Again,  the  direction  of  the  cnsp-locns  may  be  determined  from 
(YI.)  and  the  first  and  third  ratios  of  equations  (XXI.),  i.e., 

({,«)ai+(4,,)a,+(£,y)ay  =  o, 

»nd         a£  {Aay)^G  (4, «) }  +  a,  [H  (£,  y) -F  (£,  £) ] 

+  ay{G(4,y)-C(i,0}  =0. 
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EliminatiDg  dy,  it  follows  that 

dl  [A  (f.  y)»-20  (£,{)(£.  y)  +  C  (I  {)*] 
+a,  [fl(f,y)»-2i'(£,£)(f.y)-(? (£,,)({, y)  +  <7a,,)(£.0]=( 
Heuce  the  loci  of  contacts  of  parallel  tangents  toacb  the  casp-locc 

12.  To  prove  that  the  tac-locus  of  the  curves  f(Xj  y,  (?)=0  if,  in  gene 
the  node-locusy  or  a  part  of  the  node-locus,  of  the  loci  of  contacts  of  pan 
tangents  to  the  curves  f(x,  y,  c)  =  0. 

At  a  point  £,  i|  on  the  tac-locus  where  the  cnrve  /(ar,  y,  y)  = 
touches  /(a5,  y,  y")  =  0,  the  following  relations  hold  : — 

/(i,n.y')  =  0,     /(i,'i,y")  =  0, 
a/-(£.  q.  y )  3/(f.n.Y") 

at     _ . ..     at 

a/(£..».y')  a/(£.q,y'-)' 

Now,  the  direction  of  the  locus  of  contacts  of  parallel  tangents 
the  point  i,  n  on  the  curve  /  (a;,  y,  c)  =  0,   is  given  bj 

a^. 


/ 


The  values  of  ^,  obtained  by  putting  c  =  y',  y"  respectively,  will 

ox 

in  general,  different.  Hence  the  locus  of  contacts  of  parallel  tange 
passes,  in  general,  in  two  non-coincident  directions  from  a  poiut 
the  tac-locus.  Hence  the  tac-locus  of  the  curves  /(«,  y,  c)  =  0  is, 
general,  at  least  a  part  of  the  node-locus  of  the  loci  of  contacts 
parallel  tangents.  It  will  be  shown  in  the  next  article  it  is,  in  genei 
the  whole  of  that  node-locus. 

[If  the  directions  given  for  the  tangents  to  the  loci  of  contacts 
parallel  tangents  at  a  point  on  the  tao-locus  should  coincide,  then  1 
above  theorem  will  require  raoditication ;  but  this  is  an  exceptio 
case,  and  is  accordingly  excluded  from  consideration  in  this  paper 

13.  To  shmv  that  the  p-discriminaut  of  the  differential  equation  of 
curves  f  (x,  ?/,  c)  =  0  contains^  in  yeneral,  the  envelope-locus  onc^  ai 
factiyr,  the  cusp-locus  once,  and  the  tac-locus  twice. 
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Prof.  Cayley  has  shown  that  the  |?-di8criminant  contains  the 
envelope-,  cusp-,  and  tac-loci  as  factors. 

The  theorems  given  in  Arts.  10,  11,  12  will  determine  the  number 
of  times  that  each  factor  is  repeated  in  general. 

If  the  differential  equation  of  the  curves  be  ^  (»,  y,  |?)  =  0,  then 
the  loci  of  contacts  of  parallel  tangents  are  given  by  0  (oj,  y,  a)  =  0, 
where  a  is  an  arbitrary  parameter.  It  has  been  shown  (Art.  10) 
that  these  cnrves  all  touch  the  envelope-locus  of  the  curves 
/  (a?,  t/,  c)  =  0.  Hence  that  envelope  is  at  least  a  part  of  the  envelope 
of  the  curves  ^  {x,  ?/,  a)  =  0.  Hence,  by  Art.  5,  the  a-discriminant  of 
the  curves  ^  (j:,  y,  a)  =  0,  which  is  the  same  as  the  p-discriminant  of 
^  ('^»  y>  V)  =  Of  wi'^  contain  the  envelope-locus  of  the  curves 
/  (•''i  2/1  c)  =  0  once  as  a  factor,  and  only  once  in  general. 

Again,  it  has  been  shown  (Art.  11)  that  the  curves  ^  (oj,  y,  a)  =  0 
all  touch  the  cusp-locus  of  the  curves  /(«,  y,  c)  =  0.  Hence  that 
cnsp-locus  is  at  least  a  part  of  the  envelope  of  the  curves  ^  (2,  y,  a)  =0. 
Hence,  by  Art.  5,  the  a-discriminant  of  the  curves  0  (a?,  y,  a)  =  0, 
which  is  the  same  as  the  j7-discriminant  of  ^  (a;,  y,  p)  =  0,  will  con- 
tain the  cusp-locus  of  the  curves  /(ar,  y,  c)  =  0  once  as  a  factor,  and 
only  once  in  general. 

Further,  it  has  been  shown  (Art.  12)  that  the  tac-locus  of  the  curves 
/  (^)  y»  c)  =  0  is,  in  general,  at  least  a  part  of  the  node-locus  of  the 
curves  ^  (a?,  y,  a)  =  0.  Hence,  by  Art.  6,  the  o-discriminant  of  the 
carves  ^  {x,  y,  a)  =  0,  which  is  the  same  as  the  p- discriminant  of 
^  (^>  y»  l)  =  ^1  ^^^  contain  the  tac-locus  of  the  curves  /(a;,  y,  c)  =  0 
twice  as  a  factor,  and  twice  only  in  general. 

Hence,  in  general,  the  /7-discriniinant  of  0  (a;,  y,  p)  =  0  contains 
the  envelope-locus  once  as  a  factor,  the  cusp-locus  once,  and  the  tac- 
locus  twice ;  and,  in  general,  there  are  no  other  factors. 

14.  It  is  shown  in  Prof.  Cay  ley's  paper  that,  in  general,  the  |>- 
discriminant  is  made  up  of  the  factors  corresponding  to  the  envelope-, 
cusp-,  and  tac  loci ;  i.e.,  that  these  factors  are  the  only  ones  which 
will  arise  when  the  curves  considered  have  the  ordinary  singularities, 
viz.,  nodes  and  cusps.  It  is,  therefore,  conceivable  that  singularities  of 
a  higher  order  may  give  rise  to  other  factors  in  the  j^-discriminant. 

Further,  ^  (a;,  ij^p)  is  rational  and  integral  inp.  Hence  it  is  possible 
at  once  to  write  down  a  form  of  0  {x,  y^p),  such  that  its  p- discriminant 
may  contain  a  cubic  factor ;  and  that  such  a  differential  equation  may 
be  derivable  from  an  algebraic  pi-imiti ve  of  the  limited  form  considered 
in  the  present  paper,  will  be  evident  from  an  example,  which  will  be 
examined  in  detail,  and  the  factors  of  its  c-  and  p- discriminants 
explained  upon  the  principles  employed  in  the  general  case. 
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Consider  the  equation  t/^p*  =  x\ 

for  which  the  j7-discriminaDt  is  x*y*. 

In  this  case  y^p  =  db  a?*, 

therefore  y*  =  ±  «*  ±  c*, 

therefore  y*  =  aj*  db  2c*  j:*  +  6, 

therefore  (y*— aJ*— c)'  =  4cx*, 

therefore  («'-yY--2c(a;*+y*)  +  c*  =  0. 

The  c- discriminant  is  aj*i/*. 

It  is  necessary  to  explain  the  meaning  of  the  factors  in  the  c 
j>  d  iscr  im  i  nan  t  s . 

To  do  this,  it  must  be  observed  that  the  carves  considered 
each,  at  the  points  a;  =  0,   y  =  c*,  and  y  =  0,  a?  =  c*,  a  singai 
which  is  equivalent  to  a  cusp  and  a  double  point. 

A  penultimate  form  of  each  curve  of  the  family  may  be  obtj 
by  replacing aj*  by  a^ (aj— a)',  and  y*  by  y' (y  —  6)',  where  a,  b  ares 
The  equation  will  then  be 

(X~r)'-2c(X+ 10  +  ^  =  0, 

where  X  =  aj'  (aj  -  a)\     Y=y*{y^  h)\ 

The  c-discriminant  is  XY  =  0,  i.e., 

x'{x^ayy'{y-hy  =  0. 

To  get  the^-discriminant,  form  first  the  differential  equation,  tre; 
Y  as  dependent,  and  X  as  independent  variable.  This  reduces, 
rejecting  factors  which  do  not  contain  any  differential  coefficient 

and  this,  in  like  manner,  reduces  to 


y  (5y-3«^  (2)'"  ""  (^^-^^)'  =  ^  5 


therefore  the  ^-discriminant  is 

a;y(5a— 3a)'(5y-36)^ 
And  the  c-discriminant  was  shown  to  be 

x^x^ayy'{y^b)\ 
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Hence  x  =.  a^  y  ^=  h  are  node-loci, 

«  =  0,  y  =  0  are  cusp-loci, 

a;  =  -r- ,    y  =  -^-  ft^e  tac-loci. 

Now,  diminish  a,  h  each  indefinitely;  then  the  c-discriminant  con- 
tains a;  as  a  factor  five  tiihes — twice  as  node- locus,  thrice  as  cusp- locus ; 
and  y  in  like  manner. 

Also  the  jp-discriminant  contains  a;  as  a  factor  three  times — once  as 
cusp-locus,  and  twice  as  tac-locus,  and  y  in  like  manner. 

From  this  example  it  is  clear  that  curves  of  tbe  limited  form  con- 
sidered in  this  paper  may  give  rise  to  differential  equations  whose 
|7-discriminants  contain  factors  of  degree  higher  than  the  second. 
To  investigate  the  converse  question, — viz.,  given  that  the  p- discrimi- 
nant has  a  factor  of  a  given  degree,  to  find  out  how  it  arises,—  is  beyond 
the  scope  of  the  present  paper.  It  will  only  be  remarked  that  it  may 
arise  in  different  ways ;  for  example,  a  factor  of  the  first  degree  has 
been  shown  to  be  due  either  to  an  envelope-locus  or  a  cusp-locus. 
A  factor  of  the  second  degree  may  be  due  to  a  tac-locus  directly,  as 
in  the  general  case  which  has  been  explained,  or  indirectly,  as  in  the 
case  of  a  higher  singularity  which  is  equivalent  to  two  nodes,  as  in 
the  following  example  (or  in  some  other  way). 

Example. — Consider  the  curves 

a»(y-c)»  =  (aj-|-6)a;*, 
where  a,  b  are  fixed  constants,  and    c  is  the  arbitrary  parameter. 
The  c-discriminant  is  (x  +  b)  aj*. 

The  differential  equation  of  the  curves  is 

4a»  (a?+5)y-aj*  (5a; +  45)*  =  0. 
Therefore  the  p-discriminant  is 

(aj-f6)aj'(5aj  +  46)*. 
To  investigate  the  meaning  of  the  factors,  take  as  the  penultimate 
curves  a*(y—cy  =  («  +  &)(»*  — c*)', 

where  e  is  small.     The  c-discriminant  is 

(x'\-bXx-ey{x'¥ey. 
The  differential  equation  of  the  curves  is 

4a»(^+fc)y  =  (oaj*-h46a!-e')^ 
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Therefore  the  p-discrixninant  is 

Hence  the  envelope-locus  is    as  4- 6  =  0, 

the  node-loci  are   aj4-e=0,    «— e-=0, 
the  tac-loci  are       Saj'-f  4fea:— e*  =  0, 


26  .   '/WTbe 

or  »== — —db = 

5  o 

Hence,  when  e  vanishes, 

the  envelope- locus  is  os-f-t  =  0, 

the  node-loci  are  as  =  0,     «  =  0, 

the  tac-loci  are  «  =  — — ,     »  =  0 ; 

5 

therefore  the  c-discrimiiiant  should  be 

(aj  + 6)  «•.»*, 
the  p-discriniinant  should  be 

which  is  the  case  (neglecting  numerical  factors).  So  that,  in  t 
discriminant,  the  factor  x^  is  due  to  a  tac-locus  indrrectlj  in  vol  v 
the  higher  singularity  formed  by  two  nodes. 

Note  added  February,  1889. 

[The  theorem  in  Art  10,  viz.,  that  the  loci  of  contacts  of  pa 
tangents  touch  the  envelope  of  the  curves  /  (ic,  y,  c)  =  0,  admit 
simple  geometrical  proof,  as  follows  : — 

Adopting  the  geometrical  representation  of  Art.  3,  let  a  cyl 
whose  generatine:  lines  are  parallel  to  the  straight  line  y  =  a* 
ar  =  0,  be  drawn  enveloping  the  surface  /(a;,  y,  z)  =  0.  The  c 
in  which  this  cylinder  touches  the  surface,  projects  into  the  ci 
^  (a;,  y,  tan  a)  =  0  on  the  plane  of  a?,  y.  Consider  a  point  on  tb 
velope  of  the  curves  /(a;,  y,  c)  =  0,  at  which  the  tangent  mai 
angle  a  with  the  axis  of  x.  This  point  is  the  projection  of  a  po 
on  the  surface  /(a;,  y,  z)  =  0,  which  lies  on  the  enveloping  cyl 
which  projects  into  the  envelope  of  the  curves  /(a?,  y,  c)  =  0.  . 
the  tangent  plane  to  the  surface  /(a*,  y.  z)  =  0,   the  tangent  pli 


*  ^  (•*■»  t/i  p)  =  ^  denoting  the  diifcrential  equation  of  the  cur\'e«  /(j*,  y,  c 
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the  enveloping  cylinder  which  projects  into  the  envelope  of  the 
curves  /  (x,  y,  c)  =  0,  and  the  tangent  plane  to  the  enveloping  cylinder 
whose  curve  of  contact  projects  into  ^  (j?,  y,  tan  a)  =  0,  are  all  coin- 
cident. Hence  the  envelope  of  the  curves  /  («,  y,  c)  =  0,  and  the 
curve  ip  (xy  y,  tan  a)  =  0,  touch  at  the  point  which  is  the  projection 
of  P.] 
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Mr.  Basset's  com mnni cation  on  "The  Motion  of  a  Sphere  in  a 
Viscous  Liquid "  (c/.  Vol.  xviii.,  pp.  388,  392)  is  published  in  the 
Proceedings  of  the  Royal  Society,  Yo\.  XLiii.y  No.  260,  pp.  174,  175; 
and  Mr.  Walker's  memoir  **  On  the  Diameters  of  a  Plane  Cubic " 
(c/.  Vol.  XVIII.,  I.e.)  has  appeared  in  Vol.  CLXXix.  A.  (pp.  151 — 203) 
of  the  same  Society's  Philosophical  Transactions, 

In  connection  with  Prof.  J.  J.  Thomson's  paper  "On  Electrical 
Oscillations  in  Cylindrical  Conductors  "  (Vol.  xvii.,  Nos.  272,  273), 
we  refer  readers  to  a  criticism  by  Mr.  Oliver  Heaviside  in  a  "  Note 
on  a  paper  on  Electro -magnetic  Waves  "  (Phil.  Mag,,  March  1888, 
pp.  202 — 210),  wherein  the  writer  impugns  the  accuracy  of  some  of 
Prof.  Thomson's  results.* 

Mr.  Forsyth  draws  attention  to  his  footnote  on  p.  28,  and  points 
out  that  a  history  of  the  theorem  there  quoted  is  given  by  Dr.  T. 
Muir,  in  the  Phil,  Mag,,  for  Nov.  1884,  **  An  overlooked  discoverer  in 
the  Theory  of  Determinants."  The  relation  of  the  form  given  by 
Sylvester  to  the  general  form  is  given  in  §  11  of  Dr.  Muir's  paper. 

Mr.  John  Brooksmith  was  born  at  Huddersfield,  on  the  17th  of 
July,  1824.  He  received  his  early  education  at  Huddersfield  College, 
whence  he  proceeded  to  Edinburgh  University.  Here  he  obtained 
the  Gold  Medal  for  Mathematics,  and  then  passed  to  St.  John's 
College,  Cambridge.  At  the  University  he  displayed  mathematical 
ability  of  a  high  order,  but  ill-health  prevented  him  from  entering 
for  the  Mathematical  Tripos.  In  due  course  he  took  his  M. A.  degree. 
Having  selected  the  scholastic  profession  for  his  life's  work,  he  ob- 
tained, in  1850,  the  appointment  at  Cheltenham  College,  which  he 
held  till  within  a  month  of  his  death  (on  the  5th  May,  1888),  viz.,  the 
Second  Mastership  on  the  Modem  Side.  How  utterly  unexpected 
was  his  death  may  be  inferred  from  the  fact  that  he  vacated  the 
above  post  to  undertake  that  of  Headmaster  of  the  Modern  Depart* 
ment,  and  that,  until  the  last  month  of  his  life,  he  had  not  for  twenty 

♦  Cf.  p.  634  of  this  Volume  for  Prof.  Thomson's  correction. 
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years  been  apart  from  his  class  a  single  day  throngh  indisposit 
As  a  boarding-master  his  popularity  was  most  marked,  so  that  £ 
Jane  1853,  when  he  opened  Boyne  House,  until  the  date  of  his  de 
that  establishment  has  been  constantly  full,  and  indeed  for  m 
years  quite  inadequate  to  meet  the  applications  of  parents  ' 
desired  that  their  sons  should  be  nnder  Mr.  Brooksmith's  care. 
Charles  Warren,  Sir  Charles  Wilson,  the  late  Col.  Barrow,  of  Sou 
reputation,  and  many  others  of  all  professions,  but  more  especial! 
the  army,  were  his  pupils.  In  1872,  he  published  his  Arithmetu 
Theory  and  Practice^  which  has  passed  into  a  seventh  edition.  Bes 
this  well-known  work,  he  was  the  author  of  several  pamphlets 
mathematics.  The  actual  cause  of  death  is  somewhat  obscnre,  bi 
W8S  on  the  Saturday  morning  that  a  rupture,  doubtless  of  the  nai 
of  aneurism,  occurred,  causing  death  with  appalling  suddenness.* 

Mr.  Arthur  Buchheim,  the  eldest  son  of  Professor  Buchheim 
King's  College,  was  born  in  the  year  1859,  and  was  educated  at 
City  of  London  School,  whence,  in  1877,  he  obtained  an  open  Ma 
matical  Scholarship  at  New  College,  Oxford.  He  obtained  a  F 
Class  in  Mathematical  Moderations  in  December,  1878,  and  a  P 
Class  in  the  Mathematical  Final  Schools,  in  December,  1880. 
1881,  he  was  elected  to  the  Senior  University  Mathematical  Scho 
ship.  From  Easter  to  Christmas,  1881,  he  attended  Prof.  Kle 
lectures,  in  the  University  of  Leipzig,  and  was  a  member  of 
seminary.  From  September,  1882,  to  Christmas,  1887,  he  W8 
Mathematical  Master  at  the  Manchester  Grammar  School. 
Leipzig  episode  in  his  life  **  no  doubt  contributed  to  widening  his 
tellectnal  horizon,  but  at  the  same  time  had  the  unfortunate  effec 
getting  him  out  of  the  style  of  ordinary  English  university  exam 
tions,  in  consequence  of  which  he  abstained,  although  strongly  pre! 
by  the  authorities  to  do  so,  from  offering  himself  as  a  candidate  f< 
vacant  fellowship  at  the  College  of  which  he  was  a  scholar."t  ** 
was  a  man  of  singular  modesty  and  goodness  of  heart,  which  m 
him  beloved  by  all  who  were  brought  into  connection  with  hi 
Mr.  Buchheim  was  also  an  Oriental  student  of  some  promise.  1 
feared  his  life  may  have  been  shortened  by  his  intense  applicatioi 
study,  as,  we  have  been  informed,  after  the  arduous  labours  of 
day,  he  would  sit  long  at  night  to  study  Sanskrit,  Persian,  Chin 
and  Russian.  His  father  writes,  "  I  think  one  of  the  favourite  pi 
of  my  beloved  son  was  to  write  a  history  of  mathematics.*' 

•  Our  authority  for  the  above  account  is  the  Cheltenham  College  Magazinej  w 
famishes  other  details  of  interest,  and  also  gives  an  account  of  the  funeral, 
t  Prof.  Sylvester,  in  Nature,  Sept.  27th,  1888. 
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He  was  elected  a  member  of  the  Society  on  the  9th  of  March,  1882,  and 
a  member  of  Council  on  the  10th  of  November,  1887 ;  and  died,  during 
his  tenure  of  office,  on  September  9th,  1888.  Those  members  who  saw 
him  at  the  June  meeting  of  the  Society,  plainly  felt  that  death  had 
already  marked  him  as  a  victim,  yet  he  contributed  several  apposite 
remarks  to  the  discussion,  with  his  usual  fulness  of  knowledge  on 
the  subjects  which  he  had  made  peculiarly  his  own.  This  wa&  more 
particularly  the  case  at  the  Council  meeting,  with  reference  to  a 
paper  for  which  he  had  acted  as  referee.  Dr.  Bnchheim,  in  his  letter 
to  the  Council,  remarks  that,  "  he  highly  valued  from  the  beginning 
his  connection  with  your  Society,  which  served  him  as  a  stimulus  in 
his  mathematical  studies,  and  the  fact  that  he  was  honoured  last  year 
with  a  seat  on  the  Council  was  very  encouraging  to  him  in  his 
laborious  pursuits."  There  is  some  likelihood  of  his  papers  being 
collected  and  published,  to  serve  as  a  literary  remembrance  of 
him. 

Mr.  Buchheim  contributed  the  following  papers  to  our  Pro- 
ceedings ; — 

On  the  Extension  of  certain  Theories  relating  to  Plane  Cubics  to 
Curves  of  any  Deficiency  (Vol.  xiii.). 

On  the  Theory  of  Screws  in  Elliptic  Space  (four  papers  in  Vols,  xv., 

XVI.,  XVII.,  XVIII.). 

On  the  Theory  of  Matrices  (Vol.  xvi.). 

On  Clifford's  Theory  of  Graphs  (Vol.  xvii.). 

To  the  Messenger  of  Mathematics  he  contributed  several  Notes 
which  are  printed  in  Vols.  xi.  (p.  143),  xii.  (p.  129),  xiii.  (pp.  62, 
120),  XIV.  (pp.  74,  127,  143,  167). 

In  the  Philosophical  Magazine  (Nov.,  1884),  he  gave  a  *'  Proof  of 
Prof.  Sylvester's  Third  Law  of  Motion.**  Of  this  Prof.  Sylvester  writes 
**  *  The  three  laws  of  motion,*  of  which  it  forms  one,  were  formulated 
by  me  in  one  of  the  Johns  Hopkins  Circulars,  and  it  is  a  proof  of  the 
keenness  of  his  research,  that  the  subject  of  this  notice  (probably  the 
only  mathematician  in  Europe)  should  have  made  himself  so  well 
acquainted  with  them  as  to  be  able  to  write  an  independent  paper  on 
the  subject.  They  have  no  direct  connection  (except  in  a  Hegelian 
sense)  with  mechanical  principles,  but  are  three  cardinal  principles 
in  my  Theory  of  Universal  Algebra,  between  which  and  Newton's 
Three  Laws  of  Motion  I  considered  that  I  had  succeeded  in  establish- 
ing a  one-to-one  correspondence."     (Nature,  I.e.) 

One  other  paper  he  contributed  to  the  American  Journal  of  Mather 
matics  (Vol.  vii.,  No.  4),  entitled  "A  Memoir  on  Biquater- 
nions." 

It  is  very  grateful  to  us  to  know  that  Arthur  Buchheim  "  always 
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spoke  in  the  friendliest  terms  **  of  ns,  and  onr  somewhat  f 
oorrespondenoe  with  him  quite  hore  ont  the  testimonj  we  hai 
above  as  to  his  modestj  and  goodness  of  heart. 

23rd  January,  1889.  R. 


The  following  oonections  should  be  made  in  the  present  yoI 

p.  42,  linai  ^—S^fir  the  -*-  agn  within  the  hnckets^  nmd  —  (thus  chu 
sign  of  the  Meood  term  in  the  coefictents}. 

p.  261,  line  3  from  foot,  on  ■wwtfr.yW'  •/  rtmi/. 

p.  266,  Alt.  119,  tine  1..^  96,  97  r««tf  116.  117. 

p.  270,  fine  S,  in  last  dmoauBsfttar,.^  1>~«  nrW  2>— «~2. 

p.  270,  ttne  4,  fw  *  mtd  «  or  i. 

Addxtional  enmta  will  be  fooml  oo  pp.  »»,  d6,  67. 

The  fallowing  additiooal  errata  oecar  in  Vol.  xnn. : — 

p.  1S>3,  line  5,  MX«iit  the  the  neg&tzTe  or  middle  term  of  the  sioister. 

p.  191,  Hne  4,  /V  j?  +  —   rif*td  p  -*>  — . 

p.  l!?3.  line  4,  f',r  second  nwY  third- 

p.  :iOO,  Art.  77,  line  l.Jkr  This  mti^  The  scniater  of  this. 

p.  200,  Art.  I  i ,  Hne  S,  ftr  c  nod  r,  &nd  fvr  c  rtmi  c. 

Bt  an  OTexsght.  No«.  301 — 303  of  ToL  xTin.  vere  not  indexed. 
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[The  tnark  *  indicates  thai  the  Paper  has  either  been  printed  in  extenso,  or  an  abstract 
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